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PEEFACE. 



This book will not enable the student of Practical Mechanics 
to dispense with the use of other books treating mechanics in 
the ordinary manner. If it did, it might be entitled * Engineer- 
ing Mechanics developed Graphically ; ' but in this case it 
would have been necessary to include in the text a very great 
deal that would be merely tedious repetition of what is to be 
found in other well-known books, and the author would have 
been open to the accusation of * mere book-making.' On the 
other hand, if he assumed on the part of the reader a familiar 
acquaintance with all the higher mathematical developments 
of mechanical science, and merely showed how to use graphical 
constructions in applying these results to practice, the book 
would lose much of its most important and legitimate utility. 
It is intended to enable those who have a knowledge of ele- 
mentary mechanics to advance that knowledge to any degree 
of thoroughness they may find useful, and to apply that know- 
ledge to the every-day problems of engineering science, with- 
out the aid of the more complicated portions of algebraic 
and trigonometrical mathematics or of the differential and 
integral calculus. Many have no taste or faculty for this 
latter sort of mathematics ; others have not the time needed 
to keep themselves aufait in its use ; and, again, it is undeniably 
true that the solution of many a problem becomes practicable 
in point of time and ease by the graphic method which would 
be intolerably tedious and difficult without its aid. 
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vi GRAPHICS 

It seems to be one advantage of the graphic method that 
it requires a more intimate knowledge of the physical natures 
of the quantities dealt with than does the algebraic method, 
whose essence is that it proves certain propositions regarding 
Xy y, and z, without the smallest reference to what is meant 
l>y ^9 Vf aiid z. This thorough understanding of fundamen- 
tals is particularly uisistcd on throughout this book ; and 
the reading of Chapter VII., on Vector and Kotor Addition, 
is intended to assist in the clear comprehension of some 
mechanical principles which are too much slurred over in 
ordinary teaching. In Chapter VIII., too, the explanations 
that are given regarding Moments and the limited sense in 
which Kesultants may be taken as equivalents for their Com- 
ponents, should help in the same direction. 

On reference to Chapter II., it will be seen that the whole 
subject is divided into eight heads. Of these, only two — namely. 
Arithmetic and Statics — have been dealt with in previous books 
on Graphics. The introduction of Algebra and Trigonometry 
treated graphically is a novelty. It is hoped these chapters 
will be found interesting and useful, but it has not been 
deemed desirable to devote very much space to them. A good 
deal also of Chapter HI., on Graph-Arithmetic, is believed to 
be now for the first time published. The Kinematics of Kigid- 
Bar Mechanisms was first dealt with on the present system 
in a paper by the author, written in 1884, and read before the 
Royal Society of Edinburgh in January 1885. 

In the application of Graphics to the Statics of engineering 
structures, the stress-diagrams for linkages containing beavis 
and those for linkages built in three dimensions — i.e. for solid 
structures — are both new. The latter especially seems to be an 
important development of stress-diagram construction, seeing 
that all structures, if rationally investigated, must of necessity 
be treated as solid. 

Again, the author has not found in other books on Graphics 
any directions as to how to deal with structures containing no 
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joints where only two links meet ; with structures on which the 
loads act at internal joints ; or with others oflfering similar 
difficulties. Nor does he find that the Cyclic Order of pro- 
cedure in stress-diagram construction is anywhere else ex- 
plained, much less insisted on, as it ought to be in view of the 
fact that this is the whole and sole key to the unravelment of 
difficulties in construction and in interpretation. 

Indeterminate Abutment-thrusts is another subject fully 
explained in this volume, although unfortunately lost sight of 
in most text-books. 

Several shorthand symbols have been introduced, and, it is 
hoped, will be found acceptable in offices where graphic work 

is done. The symbols i ]> c ; a ^ 6 ; and a t h enable one 

to write out stress-diagram constructions hi one-tenth of the 
space that would be occupied if uncontracted language were 
used, and the descriptions gain greatly in definiteness and 
ready comprehensibility as well as in mere conciseness. 

The words Locor and Eotor have l)een adopted and freely 
used, the latter in a somewhat different sense to that em- 
ployed by Professor Clifford. The words were very greatly 
needed, and were only finally chosen after very lengthy con- 
sideration and experiment with other possible expressions. 
The word Pen is another new one, the choice of which involved 
much deliberation. At one time the author inclined towards 
the use of ' cell ; ' but, this having an already estabhshed appli- 
cation different from that intended here, the preference was 
finally given to * pen.' Again, the Field in which a motion or 
other vector occurs has proved to bo a convenient and expres- 
sive plurase. These and the symbols ^^ and =|{^ of vector and 
locor equahty enabled the author, as he hopes, to avoid much 
diffuseness in, and give greater definiteness to, his diction. 

A Glossary of the meanings of all the terms and symbols 
used that are either new or not quite commonly understood, 
is given a prominent place at the beginning of the book. 
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It is hoped that the Index to the Engravings, giving page 
references to the text for each figure, will be found specially 
convenient. 

It may be useful to insert here a word of warning to ordi- 
nary readers and of appeal for consideration to critics, to the 
effect that it is 7iot intended that the text should everywhere be 
comprehensible without reference to the diagrams, or that the 
diagrams should be always capable of interpretation without 
reference to the text. 

If the present volume meet with a favourable reception, 
and no unforeseen obstacle arise. Part II. will be issued at an 
early date. In this second part it is intended that the subjects 
dealt with should include * The Distribution of Stress and 
Strain ; ' * The Strength, Stiffness, and Design of Beams and 
of Struts ; ' * Economy of Weight in Structures ; ' ' Stresses in 
Eedundant Structures ; ' ' The Statics and Dynamics of Ma- 
chines ; ' ' Frictional Efl&ciency ; ' * Governors ; ' * Fly-wheels ; ' 

* Valve Gears ; ' ' The Practical Thermodynamics of Furnaces, 
Boilers, and Engines,' including series of curves facilitating the 
calculation and design of boilers and steam and gas engines ; 

* The Hydrostatics and Hydrokinetics of Ships and HydrauUc 
Machines.' Generally speaking. Part II. will deal mainly with 
synthetic problems, and aim more at the design of structures 
and machines than does Part I., which is chiefly analytic. 

Mason College : October, 1888. 
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GLOSSAEY OF SPECIAL TERMS 

AND SYMBOLS. 



1. Sectional Tablet : Square plate of cardboard, porcelain, or slate ruled 
with small squares, used for Multiplication and Division. 

2. Direction indicates not only the ^ of a line, but also the sense along 
that lie. A line has two possible exactly opposite directions, unless it 
be specified to have one only of these two. 

8. Vector : a quantity having the two properties, Magnittbde and 
Direction. 

4. Locor : A quantity having the three properties. Magnitude, Direction, 
and Position. 

5. Rotor : A quantity which, not being a Vector or Locor, is yet capable 
of accurate graphic representation by a Vector or Locor line ; such as 
a rotation or a force-moment. 

6. - means Quantitative or Numerical Equality. 

7. =1= means Quantitative or Numerical Equality, combined with 
Parallelism without reference to Direction or Sense. 

8. zjjr means Vector Equality. 

9. ± means Quantitative or Numerical Equality and Parallelism, but 
of opposite directions. 

10. 4U= means Locor or Rotor Equality. 

11. ^ r indicates Locor Oppositcness ; i.e. quantitative equality, identity 
of position and of opposite directions. 

12. Centre of Volume, Area or Mass : The point whose position is the 
average of the positions of all the individual or part volumes, areas, or 
masses considered, the average being taken with regard to their magni- 
tudes. 

18. Centre-line of Locors : The line whose position is the average of the 
positions of all the locors considered, taken with regard to their magni- 
tudes. 

14. Positive sign of Rotation is used when the rotation is right-handed 
when viewed in the direction coimted positive along the axis of rota- 
tion. If the motion of a screw through its nut be positive, its rotation 
is positive if the thread be right handed, and vice versd. 
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15. Field of a body, or of a group of bodies maintaining their relative 
positions among themselves invariable, means the space geometrically 
attached to the body or bodies^ or the space defined, and measured in, 
relatively to the body or bodies. The field of a body moves along with 
the body when this latter is displaced through the field of any other 
body. The field includes the space both inside and outside the body 
itself. 

16. * Through ' a field means relatively to the field specified. * Paatj* 
• Overt' or * Round * a body or point means relatively to the body or 
point specified. 

17. Integral Area, Volume^ or Mass Displacement ^ means the area, 
volume, or mass, multiplied by the displacement of the centre of area 
or of volume, or of mass. 

18. Axis of Rotational Displacement is the axis round which the actual 
displacement of a body may be produced by pure rotation without 
translation. 

19. Axis of Screw Displacement is the axis round and along which the 
actual displacement of a body may be produced by pure uniform screw 
motion. 

20. A space completely surrounded, or * closed,' by lines or surfaces, by 
bars or plates, is termed a Pen, 

21. Two contiguous superficial spaces, being called A and B, the dividing 
line between them is called A B. This line is common to both spaces, 
and is in this book frequently called the * joint between the spaces,' 

22. Similarly, the straight line joining two points is called the ^ joint 
between the points ; * the intersection of two lines is called the * joint of 
the two lines ; * the surface between two volume -spaces, and common 
to both, is the ''joint of the volumes,' 

28. Any space P being bounded by, and separated from other spaces by, 
the straight lines P A, P B, PC, P D, &o., and being open on one side 
to infinite space, the polygon so formed is called (P) ABCD &c. oo. 
When the polygon is closed it is termed a ' pen * and the sign oo at the 
end of the name is omitted, thereby indicating that the space has no 
side of it open to infinite space ; thus (P) A B C D a pen of four sides. In 
this name the letters must be placed in the order of the sides consecu- 
tively, taken either right- or left-handedly ; thus the above may be called 
(P) A D C B. The pen may often for simplicity's sake be called simply 
P — i.e. by the letter placed in the space — when no ambiguity arises 
through thus naming it. 

24. The joint of two lines A B, B C is called (ABC). When several lines 
A B, B C, C D, D E have one common joint, i.e. meet in one point, their 
joint is called (ABCD E). This is the joint of four lines ; but if the 
spaces E and A have a common boundary, it is the joint of five lines, 
the fifth line being E A. The letters must be placed consecutively in 
this name in the order in which the spaces are arranged round the 
joint, either right- or left-handedly ; thus the above joint may be also 
called (E D C B A). The joint of more than three lines maj- , however. 
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be more shortly and quite explicitly expressed by naming three only of 
the spaces, as (A B C). 

25. When the joints of the spaces ABODE, &c., have one conmion joint 
(ABODE), this latter is a point conmion to all the spaces and may be 
called the ^point-joint ' of the spaces. When the spaces ABODE 
completely surround a pen P, the pen (P) ABODE may be caUed the 
^ pen -joint ' of these spaces. 

26. When a number of lines^ a,ph,p c, &c., radiate from one point p, the 
point p is called the pole^ and the pencil of lines is symbolised collec- 
tively by ip) abcj &c. 

27. The perpendicular distance of a point p from a straight line a 6 is in 
this book written^ (ab). Here a and b may be points. If A and B 
be spaces, the perpendicular distance of the point p from line A B may 
still be called p (A B). Sometimes, for sake of clearness, this will bo 

written p (a b) or p (AB). The moment of a locor A B round an axis P 

is written A B • P (A B). 

28. A couple formed of two equal and opposite locors or rotors A B and 
D is written (AB^C D). 

29. (^ means right-handed cyclical order in stress-diagrams, and Q 

means left-handed cyclical order. 

80. The tension stress is counted -i- ; the compressive stress — . 

81. The elongation strain is counted + ; the contraction strain — . 

82. Shear stresses and strains, when requiring to be indicated by a jsign 
analogous to + and — , are given the signature L. 

* a P ' 

83. « ^ c ^ o means * draw from the known points a and b parallel 

to the known directions P Q and B S two lines, and mark their inter- 
section c' Usually a c is understood to be drawn parallel to the simi- 
larly named known line A 0, and be to the similarly named line B ; 

and in this case the complete symbol j.yc 

, ^ c simply. 

84. • a ^ 6 II P Q * means * find point b by drawing from the known point a 
in plan a line parallel to the known line PQ, and by projecting verti- 
cally downwards on to this line from the known point b in elevation.' 
Usually the line ab is u/nd^rstood to be drawn parallel to the similarly 
named known lino A B, and in this case the complete symbol is con- 
tracted to • a ^ 6.' The converse process of finding a point in elevation 
by upward projection from its already known plan is indicated by 
'a^b.' 

85. *ab='0* means that, the length a b being found to be zero, the point 
6 is to be marked coincident with the already found point a. 

86. In linkages for which stress-diagrams are drawn, the thin hues repre- 
sent tie-bars and thick lines represent struts. 
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The principles according to which stress-diagrams are drawn 
out are stated in a very complete and general manner in a 
paper entitled ' Reciprocal Figures and Stiff Frames,' by Clerk 
Maxwell, in vol. xxvii. of the Philosophical Magazine, 1864 ; 
but this paper is quite useless to the ordinary engineer who 
wishes to know how to apply these principles. The theoreti- 
cal development of the subject is chiefly due to Cremona, an 
Italian, and to Culmann, a German. A very great advance 
in adapting the method to practical requirements, and in sim- 
plifying the comprehension and construction of the figures, 
was made by the introduction of the elegant system of mark- 
ing the diagrams, commonly known as Bow's Notation, the 
earUer invention of which is, however, also ascribed to Pro- 
fessor Henrici. 

Believing that none of the books published on the subject 
in the English language is well adapted to the needs of the 
engineering student who wishes to fit himself for the use of 
the method in business practice, it has been thought well 
to attempt to supply this deficiency. To succeed in doing so 
it is absolutely necessary to illustrate every new statement of 
general appHcabiUty by examples worked out in accurately 
drawn 4iB*grams; and this will accordingly be done. It is 
just as essential for the student who wishes to profit by the 
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study of this book to draw out for himself similar examples 
as accurately and carefully as he can. There is no subject 
in which it is more easy to imagine that one understands 
a problem or theorem, and to find, when one comes to the 
practical application of it, unexpected difficulties cropping up 
which bar progress even at the outset. These difficulties are 
found out only by experience in the art. The way out of 
such difficulties will as far as possible be pointed out in the 
course of the present volume. 

1. Advantages and Disadvantages of the Method. — The great 
importance and convenience to engineers of this method of 
calculation have become very generally recognised of late 
years, but it may be well to make clear what are the grounds 
upon which, and in what respects, it can claim superiority 
to the more time-honoured algebraic, trigonometric, and 
arithmetric methods. The following advantages may be 
easily recognised : — All the things that engineers deal with 
have magnitudes, or quantities, which vary * continuously * — 
that is, one magnitude may differ from another by an indefi- 
nitely small quantity. Designers who never mark on their 
drawings dimensions involving a fraction of -^ in. may be apt 
to forget this, but the workman who has to file down the piece 
to the exact -^ to which it has been designed is in no danger 
of forgetting it. But numerical representation of continuous 
increase of magnitude is impossible ; to represent a very small 
difference a very long decimal fraction must be used, and to 
represent an excessively minute difference is practically im- 
possible by numbers. A line, however, is continuous in mag- 
nitude in the same way as all the quantities to be calculated 
are — the difference between two lines may be indefinitely 
small. It is, therefore, a very suitable vehicle upon which to 

-mark off the magnitudes to be dealt with. 

2. Again, the graphic method brings into strong promi- 
nence before the mind the important fact that all ' scales ' are 
essentially artificial, and that no two scales for quantities of 
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different kinds can be alike in any respect. The magnitudes 
of all sorts of things of different kinds are plotted off along lines. 
Sometimes an inch length along the line means so many tons, 
or pounds, or kilogrammes; sometimes so many cubic feet; 
sometimes a quantity of energy, or of momentum, or a linear 
velocity ; it may even mean so many degrees of angular space, 
or, perhaps, an angular velocity. No confusion of mind is 
more common than that of thinking that a quantity of one of 
these kinds may be in some sense equal to a quantity of another 
kind, and that both may be represented to the same scale. 
At first sight the habit of marking off all such quantities as Seales 
lengths along lines might seem to tend to confirm this confu- 
sion of mind. No commoner mistake is made by learners on 
the threshold of the subject than to ask if they should mark 
off moments, for example, to the same scale as they have em- 
ployed for forces, or forces to the same scale as has been used 
for feet. But they cannot work out thoroughly to the end 
a single problem in graphic calculation without having this 
absurd idea very much weakened in its hold on their minds, 
and it will be driven entirely away before they have completed 
half a dozen examples. 

8. Also, the accuracy of the measurements that can be 
made in this method is in a certain sense proportioned to that 
actually attainable in quantitative knowledge of facts. It 
becomes at once apparent to the calculator that absolute 
accuracy in his results is impossible, and he becomes familiar 
with the true and important idea that all engineering calcula- 
tions — and, indeed, all physical calculations — possess only a Degree of 
certain degree of accuracy, and are burdened with a certain SSon ' 
amount of unavoidable probable error. Nothing is more silly 
than the statements we often unfortunately meet with in 
reports from engineers, who ought to know better, of results 
calculated to a nicety sometimes a thousand, or even a 
hundred thousand, times greater than is at all possible in 
fact. The tensile strength of a material may be stated to five 

b2 



or six figures, when actually it is not kno\ra within 5 per 
cent. The breaking strength of a pirdtir may be stated by 
three or four figures, when it really cannot be certainly 
known within 10 per cent. The horse-power of an engine 
may lie stateil to witliui .Vtli per cent, when it has been cal- 
culated from half a dozen measurements, each of which may 
be subject to a probable error of from ^ per cent, to 5 per 
cent. Such mistaken exactitude in calculation is in the first 
place purely deceptive, and thereby injurious, and in the 
second place it most surely reveals the calculator in a moat 
ridiculous light to the eyes of those who know better. 

4. Fourthly, a very large projMjrtion of the quantities 
engineers have to calculate are quantities having direction, 
and if these are represented by lines which have correspond- 
ing dii'cctiona as well as magnitudes, the comprehension of 
the relations among the different elements of the problem 
becomes much more natural and easy. The word ' graphic ' 
etymologically means ' byline drawing,' and it is in this sense 
that it is used in the title that has been given by common 
consent to this art ; but in its popular sense of ' peculiarly 
representative and calcidated to assist the imagination ' the 
word ' graphic ' may, for the above reason also, be considered 
particularly appropriate and descriptive. To such directed 
quantities the general name ' vector ' has been given. Ex- 
amples are :^Di8tances between two positions, i.e. ordinary 
dimensions, motions, velocities, momenta, forces. 

5. These are general considerations in favour of the 
graphic method, but so far as business utility is concerned 
they might easily, and in fact are frequently, overbalanced by 
more practical necessities, such as, for e.\ample, rapidity and 
accuracy. Absolute accuracy, as has been already said, is 
never attainable, and the pretence of it is in most cases 
ridiculous ; but in many special circumstances it may be 
essential to obtain as high a degree of acciu-aey as is by any 
means possible. lu such special circumstances it not infre- 
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qaently happens that the capability of ordinary arithmetic for 
the attainment of exactitude quite outdoes that of any graphic 
method. It is, therefore, a mistake to suppose that in every 
case the graphic method is necessarily the best. With skilful tfinnta 
draughtsmanship, however — the special points to be attended nnatuia- 
to will be mentioned hereafter — an accuracy of -^ per cent. * 
in nearly all cases, and very frequently of ^^ per cent., may 
be obtained. 

6. To get at all good results exact drawing is needful, and Training 

, to ezMti- 

the endeavour after this exactitude is in itself a good training tnde 
to every engineer of whatever class. 

7. Regarding accuracy, also, there is one very important 
advantage the graphic method possesses — namely, that in a 

large variety of most important problems the drawing always Automttic 
furnishes a very easy test of its own accuracy, so that it be- 
comes absolutely impossible to make a large mistake without 
its being discovered. 

8. As regards rapidity, graphic calculation is in a great 
number of cases the most rapid method that can be adopted, 
provided certain obvious conditions are fulfilled. These are 
that the calculator has his drawing instruments, pen, paper, 
pencil, and ink always at hand and in good condition ready 
for immediate use. If he takes half an hour to get his instru- 
ments ready in order to make a small calculation which when 
these preparations have been completed takes ten minutes 

more to finish, he must not be surprised if his arithmetical or i^ti^ig 

, oonditiona 

trigonometrical competitor has beaten him as regards time, 
and he must not blame the method for his want of success. 
As paper, drawing-board, and instruments cannot always be 
ready at hand, this points to a class of calculations for which 
the graphic method offers no sort of advantage — namely, 
short, easy calculations. We have heard of the product 
4x5 being found with the help of logarithms. We do not 
admire the method, although we remain fully convinced of the 
advantages obtained from using logarithms. If one has to 
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make a single multiplication, say (347^)'* x '7854, there is 
no utility in putting down a piece of paper on a board, 
pharpening a pencil, and getting out one's scale, in order to 
find the product. It may be found by ordinary arithmetic, or 
Tjmuifig by reference to a table of areas of circles, in the time that 
eondiUon. ^^^^ ^^ ^^^^^ ^ sharpening the pencil. If, however, fifty or 

a hundred multiplications of odd factors have to be performed, 
it may be worth while to spend the time necessary for the 
above preparations. 

9. In these last hundred calculations it is also an impor- 
tant consideration that they involve much less mental fatigue 
when performed graphically than by any other method. This 
is one of the greatest, if not the greatest, advantage offered 
by graphics. In scientific designing, and, indeed, in nearly 
all engineers* head-work, a large amount of wear and tear of 
brain power occurs through the need of performing lengthy 
and laborious calculations that are, to a large extent, mere 
mental drudgery. Nothing is more fatiguing to the eyes, and 
through the eyes to the brain, than dealing with interminable 
Xental arrays of figures. Graphic calculation does away with such 
fatigiie fatigue to a very great extent, and in fact a moderate amount 
of such exercise is felt to be pleasant and enjoyable — merits 
which few will venture to ascribe to numerical arithmetic. 
No universal superiority, then, can be ascribed to this art 
over its rivals. It should be used in such circumstances as 
bring into prominence its peculiar advantages. Adherence to 
it under all conditions, and to the entire exclusion of assist- 
ance from other modes of reckoning, is to be avoided as 
dogmatic and irrational, while a denial to it of very great 
superiority in innumerable practical problems would show 
equally unreasonable prejudice. 
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CHAPTER I. 

INSTRUMENTS. 

1. It is only with scrupulously exact drawing that the 
generally useful degree of accuracy can be obtained in graphic 
calculations. It is, therefore, of the highest importance that 
all the instruments used should be true. 

2. The Scale is of the first importance. It should be 
engine-divided. No better material can be chosen for the 
scale than boxwood. Cardboard scales are not sufficiently 
exact for this class of work. The oval section, useful as it 
may be for ordinary working drawings of details of machinery 
and structures, is unsuitable for graphic calculation because 
of the unsteadiness with which a scale of this form rests on 
the paper. Long lines have to be marked off, and measured 
with exactitude ; and as one cannot look fairly at both ends 
of a long line at once, one must be able to hold the scale 
firmly on the paper, secure against the slightest slipping, scales 
while one moves from end to end. The flat section shown in 

Fig. 1 is therefore the best, offering as it does the fullest 
amount of frictional resistance to slipping over the paper. 
The flat underside should be plain, without markings of any 
sort. The two bevel edges may conveniently be divided in 
inches and in millimetres. It is important that the division 
should be decimal. Fig. 2 shows a small portion of the 
length of the scale used in the engineering classes of the 
Mason Science College. The numbering of the divisions 
proceeds in one direction only, from left to right. For each 
edge there are different lines of numbers. The first series pa 



the inch edge reads inches, or ,'(,, or -, Ju, or yiujti "^ ^^ inch, 
or any submultiple of tenths of an inch. The second series 
ie for reading to iin., or sV^hs, or y^ths, Ac, of an inch.. 
The third ia for ^-th, or j^tha, or j^ths, &c., of an inch. 
The millimetre edge has two similar series of numberings, 
The minute division to half millimetres and to fiftieth -inches 

BoftiH is placed at both ends beyond the end line of the scale, and 
alao on each side of the middle line of the scale. The length 
of the scale should not be less than 20 in. Long lines, such 
as frequently occur in the diagrams, ought not to be measured 
in sections. The scale should stretch the whole length of 
the hne, otherwise inaccuracies will accumulate, and much 
unnecessary loss of time will oeoiu". A scale 30 in. long ia 
often useful. 

S. T-atjuares are used in the same manner as in ordinary 

T-iqnuH mechanical drawing. The straightness of the edge is of 
special importance. 

4. Next to the scale the straight-edges and set-squares are 

Btiaight- of greatest importance. Two straight-edges — one about 18 in. 
" long, the other 3ft. Gin, or 4ft. long — are convenient. The 
longer one cannot be dispensed with. Mahogany ia &. good 
material, giving a good edge without special edging. If these 
are edged with ebony, the exactness and smoothness of the 
edge are greatly improved. It ia easential that the straight- 
edges be kept dead true. They should, therefore, be fre- 
quently examined, and trued-up with scrupulous care, if they 
be found to have bent or warped in the least degree. The 
same remai-ks apply to the set-squares — their edges must be 
kept accurately straight. The right angle of the set-square 
should be exactly correct. The accuracy of the 60°, SO", 
or 45° angle is seldom of any importance, but they should 
never be used to set off theae angles with unless they are 

tat- known to be correct. Six set-squarea should be provided : 

■qouM Qjj^ gQO^ ^f j2;^ jjj. j^;^ length of side; one 45°, of 

About 9 in. or 10 in. side; and one 75°, of similar size. 
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Three small set-squares about 4 in. to 5 in. side, and with the 
above angles, viz. 60"*, 45^ and 75"*, are very useful. Frame 
set-squares of mahogany edged with ebony are the best, but Set- 
simple pear-wood set-squares keep their shape and straight- 
ness of edge very well if a number of round or oval holes be 
cut out of the central portion. 

5. In graphic calculation lines have constantly to be drawn 
accurately parallel to each other, and frequently at a consider- 
able distance apart. Parallel rulers are very inaccurate in 
doing this work. The only accurate and convenient method 
is to sUde a set-square along a straight-edge — which may be 
an edge of another set-square, if this be of sufficient length. 
In performmg the transfer of the direction across the paper 
it is important to make the operation as simple as possible. 
In nearly all cases it is possible to complete the transfer in 
one sUding operation. It is at first sometimes rather con- 
fusing to see in what way the set-square and straight-edge are 
to be arranged for this purpose, and a beginner has frequent 
recourse to a tortuous poUcy of many successive slidings of 
one set-square over the other. This is seldom necessary, even 
for the longest transfers. The long straight-edge should be Drawing 
laid on the paper always in the direction of the desired ^* 
transfer, and as close as convenient to the positions of the 
line to be drawn and of the already drawn line to which it is 
to be parallel. Then this last line is found to make with the 
straight-edge some angle lying between 0® and 90**. The set- 
square angle is now to be chosen which most closely approxi- 
mates to this angle between the straight-edge and the line to 
be drawn — i.e. between the desired direction of transfer and 
the direction to be transferred. With the two 60** and 45"* 
set-squares there is a choice of six set-square angles. The 
60"* set-square gives 30®, 60"*, and 90®; the 46® set- square 
gives 45® and 90®. By laying the side of one set-square 
against the straight-edge, and the ^de of the other set-square 
against the hypotenuse of the first set-square, there are 



10 



oMaiiied the two angles 15° and 75"; because 30° + 45° = 75°, 
and 45° - 30° = 15° ; or 60°-45''=15°. These last arrange- 
ments are shown in Fig. 3. The single set-square with angles 
75° and 15° is, however, very greatly to be preferred to this 
combination of the two 60° and 45° squares. Putting a set- 
square edge along the line to be transferred, we may thus place 
the straight-edge inclined to it by any of the six angles 15°, 
30°, 45°, 60°, 75°, and GO", which angles increase by a differ- 
ence of 15°. Thus the settijig of the straight-edge need never 
deviate from the exact desired direction of transfer across the 
paper by an angle of more than 7^° at the most. This will 
throw the position of the line to be drawn further from or 
nearer to the straight-edge than that of the line to which it 
ia to bo drawn parallel. Since the sine of 7^" is aliout J, the 
maximum amount by which it may be thus thrown to one 
side is about one-eighth the distance of transfer. The excess 
of the length of the edge of the aet-square over that of the 
line to be drawn will generally cover this deviation of the 
straight-edge from the exact desired direction of transfer. If 
it does not do so the hue of the edge of the set-sqiiare may 
be extended by laying another set-aquare against it. 

Sometimes the direction of the parallel lines nearly co- 
incides with that of the transfer. In this case the straight- 
edges is simply laid along the given line ; then neai' the posi- 
tion of the desired parallel, a side of a set-square is laid 
against the straight-edge. Finally, a second set-squire is 
laid against this iirst, and the first is slid along the second 
into the required position. When a long line has to be drawn 
through a given point and parallel to another given long hne, 
and at no great distance from this latter, the best procedure 
is to take with the i>encil compass the distance of the point 
from the given line ; with this as radius strike an arc with 
centre in the given line as far away as jK>ssible from the given 
point, and to draw a tangent to this arc from the given point. 

6. In marking off lengths upon lines in the diagram, it ia 
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necessary, In order to secure exactitude, to prick them off 
with a needle point. An ordinary fine sewing needle, stuck 
in a small piece of wood to serve as handle, is a very much 
better instrument for this purpose than the prickers usually 
sold with mathematical instruments. If intersections of lines Keedie- 
are pricked off with this needle point they become much more ^"^^^^ 
sharply defined. The dividers should never be used to take 
dimensions from the scale with ; nor should the points of bows 
or compasses ever be placed on the scale. 

7. The pencil points of the bows and compasses used should 
be filed flat, with a rounded profile. This rounded profile is 
best obtained by filing one side of the pencil quite flat, and 
the other to a rounded conical form. The flat must be per- 
pendicular to the line between the two points of the compasses. 
If this is not attended to, and if the profile be not well rounded, 

the compasses or bows will draw circles of slightly different PeneUs 
radii according as they lean to the paper on one side or the 
other. These instruments should have sharp points and stiff, 
inflexible legs. Two pencils are desirable — one for drawing 
lines, the other for marking and lettering the diagrams. The 
latter may be a No. 4 Faber's, and is given a round point. 
The former may best be a No. 5, and its point should be filed 
flat and broad, and kept always perfectly sharp. 

8. In many of the more complex graphic calculations 
curves need to be drawn. A set of pear-wood curves assists 
greatly in this work. Of these, what are called 'French' 
curves are frequently useful, but * ship ' curves are more 
generally applicable. A good curve for this kind of work 
possesses the same character that a 'ship' curve ought to curves 
have — namely, the curvature should change gradually and 
continuously from point to point. It is surprising what a 
variety of curves may be fairly drawn out with the help of 

only three or four wooden templates of this sort if these have 
been skilfully shaped. The characteristic shape of any portion 
of a curve depends upon the rate at which its curvature varies 



from point to point. It may be very conveniently stated l>y 
specifying the change in the lengtli of the radius of curvature 
per unit length of arc. Thus the rate of change of radius of 
curvature might be J in. per 1 in. length of arc. If one curve 
be derived from another by diminishing the lengths of buc- 
ceseive Bmall arcs, all in the same ratio, and at the same time 
diminishing in the same ratio the radii of curvature of these 
successive small arcs, the two curves will differ simply in the 
second being drawn to a smaller scale than tlie first — they 
will have the same general shape. It would be very convenient 
if the radii of curvature were marked in figures at the different 
points of the edges of wooden template-curves. A very useful 
description of curve is obtained by lieeping the above rate of 
change of radius of curvature per unit length of arc uniform 
throughout the length of the curve. Take, for instance, the 
al)ove given example of i in. change of radius per 1 in. length 
of arc, and suppose this rate maintained uniform from point 
to point. Let the radius of curvature at point A bo 12 in. ; 
let B C D E F be points in the curve whoso distances from A 
measured along the arc are J in., i in., | in., 1 in., and 1\ in. 
Call the radius of curvature p; for instance, at A, p„ — 1'i in. ; 
then p,,= l^ in.; p,= 12^ in.; p^ = l^^ in.; ^, = 12^ in.; 
p,= 12^ in., &c. Let the point K be distant from A 24 in. 
measured along the are. Here pfc=p„+ Y = 124-12=24 in. 
= 2/Ja. Take now on the curve [x>intB L M N P distant 
from K by arcs of lengths ^ in., 1 in,, IJ in., 2 in., and 2^ in.; 
that is, at distances apart double those between BCD, &e. 
We then have p = p,+ ixi = 24i in. = 2pi; p,M = 24i in.=2p,; 
/), = 24J in. = 2pj; jo.= 25 in.=2p,; and ^^ = 25^ in. = 2p,. 
Thus this latter portion of the curve differs from the first only 
in that it is drawn double size. It is clear, therefore, that 
the different portions of the curve have all the same ' shape ' 
as defined above, and differ only in size or scale ; each portion 
is simply a repetition of any other portion drawn to a larger or 
Bmaller scale. With a set of curve-templates designed on this 
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principle and drawn to a suitably graduated series of ' rates 
of change of radius of curvature per unit length of arc/ a 
practically inexhaustible variety of curves may be fairly drawn, 
whether they be required to be drawn to a large or a small 
scale. For instance, the series may be the following : Tem- 
plate No. 1, rate of change of radius of curvature i in. per 
1 in. length of arc ; template No. 2, { in. per 1 in. length of arc ; 
template No. 3, | in. per 1 in. length of arc ; template No. 4, 
1 in. per 1 in. length of arc ; template No. 5, 1^ in. per 1 in. 
length of arc ; template No. 6, 2 in. per 1 in. length of arc ; 
template No. 7, 2^ in. per 1 in. length of arc ; template No. 8, 
S in. per 1 in. length of arc ; template No. 9, 8^ in. per 1 in. Cimrei 
length of arc; template No. 10, 4 in. per 1 in. length of 
arc, &c. 

Fig. 4 shows three examples of these curves accurately 
drawn. A scale of inches is divided off on the edge, and the 
radius of curvature figured at the chief points. The scale 
should be marked on both sides for convenience in drawing 
two-sided symmetrical figures. To ensure perfect symmetry 
of the second side with the first, it is only necessary to plot 
off two points, and lay between them the reverse side of exactly 
the same portion of curve-template as has been used between 
the corresponding two points of the first side." 

9. Curves are frequently drawn with the help of splines 
of lancewood. If these are well made and in good condition 
they answer the purpose very well, but if by warping or other- Splinei 
wise the spline has become irregularly bent, then it is very 
difficult to bend it so as to draw fair curves, the local natural 
bend or twist in the rod always being reproduced to a greater 

' The equation representing the above kind of curve is — 

Radius of curvature p = c ^ "" ^» **" « « 

where c ^^ is the radius at the point where the curve has its maximum height 
above the axis of x (c^, therefore, merely showing the position in which the 
curve lies on the pape^, and C| depends on the ' shape ' as defined above. 
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or less extent in its artificially bent condition. It is difficult 
to preserve splines, even if made of the best wood and perfectly 
straight and regular at first, so as to avoid comparatively 
speedy injury by local bending. This is partly produced by 
the use of the spline, whereby, owing to the imperfect elas- 
ticity of the wood, severe permanent set is produced in special 
SpUnes places. Carefully made splines of slightly hardened steel of 
small section would not be subject to this disadvantage, but 
it would be difficult to harden them as much as would be 
necessary to avoid permanent set, arising through their con- 
tinued use, without twisting and bending them in the harden- 
ing. Pieces of watch and clock spring of different strengths 
are often very useful. 
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CHAPTER IL 

mVISION OF THE SUBJECT. 

Graphics may be divided in correspondence with the ordi- 
narily recognised different methods and subjects of calcula- 
tion. These are :— (a) Arithmetic, (6) Algebra, (c) Trigono- 
metry, (d) Dynamics^ (e) Tabulation and Analysis of Experi- 
mental and Mathematical Eesults. A few words of explanation 
regarding each of these sections of the subject may be useful 
before proceeding to the detailed treatment. 

!• Graph-arithmetiC'^-Anthmetic shows how to find in- 
creased or decreased quantities when they are altered by given 
amounts or in given ratios. As the solution of every practical 
problem involves, and, in fact, to a great extent consists, in a 
more or less complex series of such operations, the rules of Axithm*- 
arithmetic are applied continually throughout all graphic con- ^® 
structions. It is thus of great importance to be thoroughly 
familiar with them, and with the special suitability of each 
rule for the circumstances to which it is most adapted. 

2. Graph-algebra consists in the solution of equations by 
drawing straight Unes and curves. The usefulness of the 
method in solving equations, which would be very difficult or Algebra 
impossible to solve by other means, will be illustrated by 
examples. 

8. Grapho'trigonometry is the * solution ' of triangles and 
other rectilinear figures, that is, the calculation of unmeasured Trigono- 
sides, angles, and areas &om the sides and angles that have ^^^ 
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been measured. Applications to surveying measurements will 
be given. 

4. Grapho-difiiamifs. — Dynamics may be considered under 
three heads :■ — Kinematics, or the pure geometry of motion ; 
kinetics, or the laws of motion as dependent on the masses of 

II the bodies moving ; and statics, that special branch of kinetics 
■ dealing with cases in which the motions are zero, and the 
forces in eqnilibrium. Some simple constructions which apply 
equally to all three sections of dynamics will first be illus- 
trated. 

5. There is great practical convenience in treating statics 
separately from kinetics ; and since the bulk of the interesting 
engineering problems to which the graphic method has been 
applied belonga to statics — e.g. applications to bridge and 
roofwork^this portion of the subject will be taken before the 
more difficult problems of the kinetics of moving masses. 

fi. The plan of separating kinematics from kinetics has 
been followed in many modem test-books of high authority. 
This plan is specially convenient for engincerinfj students 
because it is frequently desired to study the relative displace- 
ments, velocities, and accelerations of velocity of the various 
parts of a mechanism without references to the masses of tho 
moving parts or to the driving and resisting forces. 

A special chapter will therefore be devoted to the Kine- 
matics of Rigid Bar Mechanisms. 

7. ExperimenUtl Titbulation.—'Vhe results of a series of 
experiments^for example, on the relation between the speed 
of a vessel and the horse-power indicated by its engine, or on 
the relation between the pressure and temperature of steam — 
are best made clear by plotting them graphically, i.e. draw- 
ing a dure, the rectangular ordinatos to which are the values 
of the quantities whose relation is to be investigated. This 
assists in the elimination of experimental errors ; it shows the 
relation found in a very clear manner to the eye, and through 
it to the mind ; ami if a formula is desired to represent the 
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variatioiiy the curve can be analysed as to its geometrical pro- 
perties. 

8. Mathematiml Tabulation. — The best and most accurate 
formula by which to design some dimension is often compli- 
cated and tedious in its application to each special case. This 
prevents its use in practical life where men are busy and have 
to economise time. Its use is also prevented by the difficulty 
of understanding the general meaning or the effect of so com- juthemA. 
plex a rule. These difficulties are entirely done away with if ^^^ate 
the results of the formula are represented by a curve, and the tabnlatioa 
application of a difficult and cumbrous formula becomes abso* 
lutely as easy as that of the most simple. These curves ought 
to be drawn on square sectional paper, the divisions of which 
ought usually to be decimal. This plotting out of experi- 
mental and mathematical results may be called graphic tabu- 
lation. 
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CHAPTER III. 

ORAPH - ARITHM ETI C . 

1 . Simple addition and subtraction can seldom be performed 
by graphic means with any advantage, bo far aa ease and 
rapidity are concerned. Suppose two or more quantities known, 
and that they are to be added together. The sum can be found 
hy ordinary numerical EidJition much more easily and quickly 
than can be completed the procesa of plotting off the magni- 
tudes to a certain scale along a straight line, each successive 
length plotted having its left-hand end at the right-haud end 
of the preceding one, and then reading off to scale the length 
of the line made up of these separate parts. This is evidently 
the only poasible graphic process of arithmetical addition. If 
any of the magnitudes are to be subtracted, they are to be 
measured off in the opposite direction to that of the others — 
that is, backwards along the line on which these others have 
already been plotted off. This graphic method of addition is, 
nevertheless, often convenient as a step in a more lengthy and 
complex graphic calculation. Suppose that by graphic means 
we have obtained lines the lengths of which represent to a 
certain scale certain magnitudes. These magnitudes taken 
separately may he of no interest, hut their sum may be the 
final object of the calculation, or may be needed in order to 
continue the calculation to its completion. It would cause 
more trouble, use more time, and he less accurate to read 
off each of these parts to scale and add the sealed lengths 
numerically than to add them graphically by careful use of 
the dividers, or otherwise, and to read off to scale only the 
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resulting sum of the lengths. The scale cannot be read to 
such minuteness and accuracy as the dividers can be set to, 
and the sum of the errors in reading the different quantities 
to scale is therefore always probably greater than that of the 
errors due to inexact setting of the dividers. Moreover, the 
error in reading to scale is nearly always in the same direc- 
tion — either always a little too much or else always slightly Addition 
too small, the direction of the error depending on the pecu- traction 
liarity of the eyesight of the draughtsman. The error in 
setting the dividers has not the same invariable character ; 
it is as often positive as negative, and the chances are that 
numerous errors of this sort will not accumulate, but will 
more probably neutralise each other to so great an extent 
that the sum of a large number of errors will be by no 
means correspondingly Lge. 

2. Sometimes a quantity can only be found by adding up 
a very long series of very small parts. The magnitude of 
each small part in the series may be determined beforehand, 
but not infrequently it cannot be found until the sum of all 
the previous parts in the series has been calculated. This 
kind of addition is called integration. Sometimes, when the 
law determining the successive values of the small parts is a 
simple mathematical one, the process of integration is very 
much simplified by mathematical calculation, as explained in 
the Integral and Differential Calculus. To attain a moderate Integra- 
approximation to accuracy, the parts require to be taken very 
small and correspondingly numerous. Thus to integrate by 
ordinary numerical addition is an immensely tedious opera- 
tion. The same process, however, may be carried out much 
more rapidly, and with much less fatigue, .by graphic means. 
In the later parts of this book, when we deal with somewhat 
complicated constructions, we shall have many illustrations of 
this graphic integration. As illustrations of the beneficial 
employment of graphic integration occur only in these some- 
what difficult problems, we may pass by the subject for the 

c 2 
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Integra- 
tion 



present, promising to return to it when its utility will have 
become more evident and its interest, therefore, greater. 

The graphic addition and integration of areas will be dealt 
with under Trigonometry, Chap. V. 

8. Graphic Multiplication. — The problem is to find the pro- 
duct of two or more known quantities. 

Let a and b be the quantities ; x =ci 6 is to be found. This 
may be thrown into one of the two forms — 

a" 1 
and — X a 



MnltipU- 
cation 



Choice of 
unit 



The graphic construction is to draw two similar triangles, in 
one of which two sides are made 1 and b (or 1 and a), and in 
the other of which the two similar sides are a and x (or b and 
X). This will give us a line a?, the length of which to the 
proper scale represents the product a b. The pair of triangles 
may be formed in the two ways represented in Fig. 5. 

4. In the first of the Figs. 5, b is associated with 1 
in the one triangle and x with a in the other, 1 and a being 
marked off along the same straight line — or parallels — and x 
and b lying along the other side of the angle — or parallel sides. 
The two lines on which bxal are marked may stand inclined 
to each other at any angle. 

In the figures the heavy lines indicate the data. The 
light full lines indicate the lines that require to be actually 
drawn on the paper. The dotted lines (m, and m.^) do not 
need to be drawn, except at the extremity of m^, where the 
intersection has to be marked by drawing a short portion of 
m.^ across the other line. After marking off b^a and 1 the 
edge of a set-square is laid across the end points of b and 1 
in the first figure, or of a and 1 in the second figure ; then 
the set-square is slid on another straight-edge until its edge 
passes through the end point of a in the first figure, or of b 
in the second figure ; finally, in this position the intersection 
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of m^ and b produced, giving the extremity of x, is marked 
with pencil. 

5. These two diagrams of Fig. 5 of course give the same 
length for x ; but the first is a better construction than the 
second. In the first the intersection of m.^ determining the 
length of x is a more sharply defined point than in the second 
figure, because the angle between tw, and x is greater in the 
first than in the second. This arises from the fact that b is 
more nearly equal to 1 than is a. There results the rule for 
the above construction that 1 should be marked off on the 
same line with that one of the two quantities a and b which siiarp 
differs most from 1. The difference between the two cases is gectioM 
expressed by saying that the triangles in the first are * better 
conditioned ' than in the second. If in the second the ratio 
between a and 1 were considerably greater than it is in the 
drawing, the triangles would be * ill-conditioned.' As the 
angle at which two lines cut each other becomes smaller, 

their intersection becomes less well defined, and the reading 
of a length to it becomes liable to a greater possible error. 
This arises in two ways, illustrated in Figs. 6 and 7. 

6. In Fig. 6 the thickness of the intersecting lines is 
magnified, each line being shown by a double line. The in- 
tersection of the two has really the length marked e on the 
diagram. The angle of intersection being 0, and the thick- 
ness of the line t, it is easily shown that the length of the Poitible 

intersection is — *"^' 

1 -h cos^ 



g = t 



sin 



which becomes very rapidly larger as becomes smaller. 
The reading of a length to this intersection must be indefinite 
within this range e. 

7. In Fig. 7 is shown the error in the position of the inter- 
section resulting from drawing one of the lines in a slightly Error 
incorrect direction. If the incorrectly drawn line is drawn 
from a point distant H from the other line, it is easy to prove 



that the error c resulting fiom f 
direction is equal to — 



angular error f in the 



vhich for the same error £ iucreases still more raijidly aa 9 
decreases than does the error shown in Fig. 6, 

8. In Fig. 5, of course, a. and b may represent any qnan- 
titiea either of the same kind or of different kinds. For in- 
stance, they may both be lengths, and then the desired pro- 
doct is an area. If they are both of the same kind, they can 
be marked off to the same scale. If they are of different 
kinds, they must of necessity he represented on different scales. 
In either case their product cannot be measured to the same 
scale as either of the factors. What, then, are the relations 
between the different scales employed in the construction ? 
This IB explained at once by observing that a length to repre- 
sent unity (1) has been marked off. This unit length has 
been, of course, measured to a certain scale. In the first 
diagram of Fig. 5 it is set off on the same line as a. Suppose 
it has been measured to the sanie scale as has been used for 
a, then x must be read to the same scale as h, in order that 
its length read to that scale may numerically equal the pro- 
duct of a and b, the geometrical ratio equation being — 
X _a 
li~V 
But if X is to represent, not only the numerical magnitude of 
(I b, but the real product a b itself to a scale of its own, that 
scale cannot be the same as that of b. The unit of that scale 
represents unit quantity of the particular kind resulting from 
the multipUcation of a and b. For instance, if n and b are 
lengths, say in feet, the unit of the x scale is unit area, say 1 
square foot ; or if a ia a length in feet, and h a weight in 
pounds-weight, the scale of x is one of quantities of work, or 
of force moments, in foot-pounds. This may be more clearly 
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understood, perhaps, by considering the equation in the 

form — 

XX 1 = axb. 

This equation may be expressed in words thus : * x to the 
scale of a multiplied by 1 to the scale of b equals a multipUed 
by ft/ or * a; to the scale of b multiplied by 1 to the scale of a 
equals b multiplied by a.' It is plain that the scale of x 
depends on that to which 1 has been marked off, and that 
any scale may be adopted for 1, provided a corresponding in- 
verse change is made in the scale to which x is read off. For 

m 

example, in the third diagram of Fig. 5, 1 is marked off to 
double the previously used scale. The length in inches 
obtained for x is just half that obtained in the first two dia- 
grams, but when read to half the scale used for x in these 
first two diagrams, the same result is obtained as before. To 
illustrate further : suppose a is a number of pounds weight, 
say 160 lb., measured to the scale of j^ in. = 1 lb., and b is Scale of 
a number of feet, say 11 ft., measured to the scale of jV i^« = ^' 
1ft. Suppose, now, that unity is marked off to the same 
scale as that of b — that is, -^ in. is marked off as 1. Then x 
must be read to numerically the same scale as a — that is, to 
the scale y^ in. = 1 foot-pound. It would be found to be 
17 '6 in. long, and to this scale would mean 1,760 foot-pounds. 
Suppose, however, that 1 is marked off to double the b-scale, 
that is, *2 in. is taken as unity ; then the length obtained for 
X would be 8*8 in., and this length must be read numerically 
to half the a-scale, namely, ^hy in- = 1 foot-pound ; and to 
this scale it will mean as before 1,760 foot-pounds. Once 
more, suppose 1 in. taken as unity (1) — that is, ten times as 
much as represents 1 ft. on the ft-scale. Then the length 
obtained for x will be 1*76 in., and the unit of the x scale 
must be -jV of the length that represents 1 lb. on the a scale — 
that is, TxiVo in- To this scale x measures as befgre 1,760 foot- 
pounds. If 2 in. is taken as unity, the length got for x will 
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be -88 in., which, read to the scale -^-^^ in. = 1 foot-pound, 
means again 1,760 lb. 

In the first two constructions of Fig. 5, 1 = 1 in, ; in the 
third, 1 = 2 in. If ^^ in. had heen taken as unity, the lines 
m, and m^ would have been inclined to b and j at a very amall 
angle, and the intersection of m^ defining the end of x would 
have been an ill-conditioned one. It is true that a long 
length ean be read with a smaller percentage of error than a 
short one. If lengths can be read to -01 in., an error of -005 in. 
is ten times more serious in a length of 2 in. than it is in one 
of 20 in. But the error that may arise from a small inac- 
curacy in the direction of the line m, — due either to inexact 
setting of the set-square to the line m,, or else occurring in 
the sliding of the set square from the i>osition m, to the posi- 
tion m, — increases much faster than does the length of x — 
nearly in the ratio of the square of its length. Also it must 
be remembered that, if it is possible to read the long j; with 
greater proportionate exactitude, to obtain the long x a short 
1 must be Used. As the proportionate error in reading x de- 
creases, the proportionate error in marking off 1 increases. 
It is evident, therefore, that such a length should be adopted 
for 1 as will make the intersection of wi, with x as well-con- 
ditioned as possible. This result is obtained by adopting for 
1 a convenient length as nearly equal either n or b as possible. 
But it must not bo chosen so as to give an awkward scale by 
which to read x. Thus, if the scales used are parts of inches, 
1 may be chosen 10 in., or 5 in., or 2 in., or 1 in., or | in. If 
millimetre scales are used, 200, 100, 50, 20, or 10 mm. may 
he used as 1. 

This rule of arranging the units so as to get well-condi- 
tioned triangles cannot always be attended to through long 
complicated graphic constructions mvolving series of successive 
multiplication of a variety of quantities of greatly different 
magnitudes, because in order to follow it it would be necessary 
to change the unit and the scales from time to time. This 
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would lead to hopeless confusion, and in such circumstances 
it is frequently necessary to work with ill-conditioned tri- 
angles. The above considerations are, however, of the great- 
est possible importance throughout the whole of graphic 
calculation, and they have, therefore, been presented here 
very fully. Whenever it leads to no confusion or other in- 
convenience, the unit should be chosen according to the above 
explained principle. Whenever it is impracticable to do so, 
it is well to remember that increased care and exactitude in 
drawing is necessary whenever intersections at acute angles 
have to be used. In all cases it is necessary to have a clear 
conception of the true meanings of the different scales used 
throughout the diagram, to understand the relations between 
the scales, and to avoid the confusion of imagining that scales 
which are essentially different in kind can be in any sense the 
* same scale' — that is, for example, that 1 in. = 1 lb., and 
1 in. = 1 ft., and 1 in. = 1 foot-pound, and 1 in. = 1 square seaie of 
foot area, are in any sense the same scales, or that they are P"**'**^* 
equal in any way, except that they are to be read numerically 
in the same manner. While the difference of the scale of x 
from those of a and of b should be remembered, its relation 
to these should be clearly comprehended, and the manner in 
which it is to be deduced from these and from the value taken 
as 1 should never be lost sight of. 

The construction of Fig. 5 can be modified in a great 
variety of ways according to convenience in special circum- 
stances. The special circumstances result chiefly from the 
different relative positions on the drawing paper that are 
found to be occupied by the factors a and b in the course of 
an extensive graphic calculation. The factors generally result 
from previous portions of the calculations as lines in certain 
parts of the drawing. It is not desired to draw them over 
again in order to perform the multiplication. They are to be 
used in whatever positions they may happen to have been 
placed in already. They may be near or distant, parallel. 
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por]K'udieular, or oblique to each other. They may both 
radiate from one point ; the extremity of one may lie iii 
some intermediate point of the other ; or they may cross 
each other. 

9. The diagrams given in Fig. 8 show the most usually 
useful variations of the construction. The geometrical proof 
of each is so simple that it need not be given here. The same 
dimensions for a and h as are used in Fig. 6 are used through- 
out, so that the different constructions may be more readily 
comparable. The circumstances in which each should be used 
are explained in the attached notes. Throughout, thick lines 
have been used to indicate the data; thin full lines, the con- 
struction lines, that require to be actually drawn ; and dotted 
lines, those that do not need to be pencilled or inked, but only 
obtained by laying the set square or other edge along them. 

The construction lines are in each case lettered wt,, ih,, ih^, 
&c., in the order in which they are drawn. Of course, in the 
actual constructions none of the letters attached to the dia- 
grams of Fig. 6 are needed, but the numerical value of x as 
read to scale should he written on the line. 



Division. 

10. In division we have the converse problem to that of 

multipUcation, and very slight alterations of the constructions 

given for multiplication serve for division. In multiplication 

we had x = ab, oj '^ = -. In division we have x = r, or 
o 1 b 

--= -j- If) therefore, in each conBtruction given for multipli- 
cation we make b and 1 change places, the construction is 
converted to that for the division of a by b. This subject, 
therefore, requires no farther explanation. 

Very frequently there occurs a problem in combined mul- 
tipUcation and division, say, to find the quantity x= — . 
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This could, of course, be found by first finding a line to repre- 
sent a 6 by a multiplication construction, and then operating 
on this line with c by a division construction. But it may be 
found more directly by a single construction, for it may be 

rp ft 

written -= -, so that if in the multiplication construction c is 
o c 

marked ofiT in place of 1, the line marked x will be the quantity 
( — J desired. The diagram as thus modified is shown in 

Fig. 9, in which a special example is worked out. 

Example^ Fig. 9. — An engine piston has an area of 843 
square inches. The steam pressure on it is 85 lb. per square 
inch. The whole force is transmitted along the piston-rod, 
which has an area of 5*28 square inches. What is the stress 
on the piston-rod section ? It is in pounds per square inch 

— ;n^ — f and this is calculated graphically, in the diagram Diviiion 

5-23 o r .7 1 o andMnl- 

(Fig. 9), to be equal to 5,580. The number is easily found, by combied* 
ordinary arithmetic, to be 5,574*5 lb. per square inch, but the 
degree of accuracy of the data in a problem of this kind does 
not justify the answer being stated to a pound per square 
inch. 

Similarly, continued multiplication of several quantities 
can be readily completed in one diagram. Fig. 10 shows an 
example of the calculation of the weight of water filling a rect- 
angular tank, whose sides are 4*75 ft. and 6*25 ft., and whose 
depth is 5*15 ft. The weight of water per cubic foot is taken 
as 62*4 lb., and the product to be found is 62*4 x 6*25 x 
6*16 X 4*75 = X. Here we have set oflf 62*4 to the scale 
•^0^ in. = 1 lb. per cubic foot, and in this first multiplication, 
instead of unity to this scale, viz. -j*^^ in., we have used 100 to 
this scale, or 10 in. We have set off the sides to the scale 
1 in. = 1 ft., and in the second multiplication used 10 to this 
scale — 10 in. — instead of unity ; and in the third multiplica- 
tion have used simply unity — 1 in. The scale to which x is 
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to be read is, therefore, 



in. = 1 lb. The 



Continued 

MnltipU. 

cation 



Sectional 
tablet 



Vnltipll- 
cation 



lUvifion 



100 X 10 1,000 

result is obtained correct to four figures. It is read to scale 
9540, whereas the exact product is 9540-875. The object of 
changing the unit from 10 in. to 1 in. is to avoid ill-conditioned 
intersections. Still better intersections would have resulted 
from taking 5 in. as the unit for all three multiplications, but 
this would have involved reading x to the awkward scale of 

1^ = =^ = :r-?^r. in. = 1 lb. : a; would be read first in inches, 

50 X 5 X 5 1,250 

then multiplied by 10,000, and finally divided by 8. The 

combined operation of first calculating what the scale is, 

and then reading x to that scale, would be altogether too 

cumbrous. 

11. By the help of a piece of finely and accurately divided 
sectional paper and a straight-edge, multiplication and division 
can be performed very rapidly and with fair accuracy. The 
paper should be divided in millimetres or in twentieths of 
inches, and should be 200 of these small divisions square. A 
piece of fine cardboard or a flat plate of ground glass or por- 
celain ruled in this way is better than paper, which shrinks 
and expands somewhat irregularly as the air becomes dry or 
damp. The straight-edge may be an edge of a set square, or 
better, a very fine phosphor-bronze wire held stretched. The 
readiest constructions for use with this ' sectional tablet ' are 
ihoBe shown in Figs. 11 and 12. 

12. In Fig. 11, for multiplication, at the horizontal distance 
1 from zero on the scale of the tablet and at the vertical height 
a place the straight-edge, letting it also pass through zero. 
Then at horizontal distance h the vertical height of the Une 
measures the product ab = x. 

In Fig. 12, for division, place the straight-edge from zero 
to the point at horizontal distance b (the divisor) and vertical 

height a (the dividend). Then the quotient, = x, is the height 
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of this line at the horizontal distance 1. Here, however, it 
conduces to accuracy to read oflf 10- at the hor zontal dis- 
tance 10. 

13. Similar graphic processes of continued multipUcation 
may be applied to finding the positive and negative integral 

powers of numerical values, such as a', a^, -. — , &c. The 

a' a* 

neatest construction for this purpose is shown in Fig. 13, in 

which two examples are given of series of positive and negative 

powers of, first, a value greater than unity ; and, second, a 

value less than unity. Evidently, for numbers much larger 

than unity, the construction is of no use for high powers, 

because these increase so rapidly that the lines representing integral 

them soon become so long as to extend outside any convenient ^^*" 

limits of the paper if the unit chosen be not extremely small. 

Between two cross lines at right angles a series of lines is 

drawn, starting from a point on one of the cross Unes distant 

unity from their intersection, and each diagonal line of the 

series being perpendicular to those immediately behind and in 

front of it. The length a or 6, whose powers are wanted, is 

measured from the centre perpendicular to 1, and the first line 

of the series is drawn to this point. The construction depends 

on the similarity of all the triangles in the four angles of the 

cross. This gives all the integral positive and negative 

powers. 

14. The inverse problem of finding fractional powers, such 
as ^, \, 4", f , (fee, has never been solved by any direct graphic 
process, although an easy and well-known construction gives 

the square root. In Fig. 14 is illustrated a graphic or me- Fractional 
chanical method by which this problem may be very easily ^^*" 
solved with great accuracy and rapidity. 

Suppose we wish to extract the cube root of a quantity a. 
From the construction of Fig. 13 it is evident that if we lay 
oflf a on the line D in Fig. 14, and from its extremity manage 



30 GllAPHICS CHiP. III. 

to draw between D C, C B, and B A three lines nt right angles 
to eftcb other, and so that the last will cut A at unit distauce 
from the centre of the crosa, then the distance of the intersec- 
tion on B of the oblique lines will liu equal to V,i, and the 
similar distance on C will be «'. This could be done on ordi- 
nary drawing pajwr only by a tedious process of trial and 
error. But with the help of some accurately and finely 
divided Bquare sectional transparent tracing paper, the trials 
may he completed in a small fraction of a minute. Any line 
of the sectional tracing paper is laid on the extremity of «, as 
marked off on the line D. This line is followed by the eye to 
its intersection with C. This intersection does not lie exactly 
on any tracing-paper line passing from C to B, but an inter- 
polated intermediate line is easily followed by the eye without 
actually drawing it in. This is done along to its intersection 
with B, and from this a similar line followed from B to A, 
rrutlonkl This cuts A either further or nearer the centre than unity. If 
**** the intersection is further than unity from the centre, the 

sectional paper is turned round right-handedly a -small dis- 
tance, and the line from the end of a again followed through 
the three angles of the crosa. If it cut A still too far out, the 
tracing paper is again shifted in the same direction, and the 
process repeated. By means of a very few of such repeated 
shiftingH the paper is got in the right position, and then the 
^rd, Jrds, ^rds, grds, &c., powers of a can at once be read off. 
To facilitate this reading off, the cross lines A B C D are finely 
graduated, the marks being made clearly visible through the 
tracing paper. The setting is facilitated by fixing a hue of 
the tracing paper at the extremity of « by a needle-point 
pricker. In Fig. 14 the tracing paper is set so as to read the 
fifth root — and all integral powers of the fifth root — of 0*7. 
It reads Vo7=^'93. The accurate value, as found by loga- 
rithms, is '931. The method is thus capable of great accuracy, 
and is, in fact, of much practical utility. To deal with large 
numbers in this way is not inconvenient in the same way as 
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in the graphic construction for integral powers. Thus if, for 
example, it is desired to find 1/7,000, we first divide 7,000 by 
10-*^, and deal with the quotient, viz. '07, instead of with 7,000. 
Graphically, we find V '07 ='585, and this gives 10 x •585 = 
5*85= V7,000. The correct number is 5-875. Traotioiial 

In Chaps. VI. and VIII., in treating of Linear Velocities 
due to Rotations and of Force Moments, graphic processes 
for the multiplication of a series of factors, taken in pairs, and 
the simultaneous addition of the products, will be explained. 



powen 



32 



GRAPHICS 



CHAP. IT. 



CHAPTER IV- 



OBAPH-ALOBBRA. 



FiTe 
methoda 



Linear 

eo-orcU- 

aates 



1. In ordinary algebra the relation between two quantities 
varying continuously together is expressed by a letter-symbol 
equation. The same may be expressed graphically by a line, 
straight or curved, in one or other of several ways. Generally, 
one of the following five methods will be convenient. 

2. (1st.) The two quantities whose continuous variation 
together is to be expressed are represented by the lengths of 
the two ordinates to a curve. The scales to which they are 
60 represented are necessarily different if the two quantities 
are of different kinds ; if they be of the same kind, they are 
conveniently plotted to the same scale. The ordinates are in 
most cases conveniently taken rectangular, but are not so 
necessarily. Positive ordinates are measured upwards and 
to the right hand of the axes ; negative ordinates downwards 
and to the left hand from same axes. For this first graphic 
mode of algebraic representation, * square sectional paper ' is 
of very great value, especially if it be accurately ruled. The 
division of the paper should be decimal. Centimetre or half- 
inch squares each divided decimally are convenient, but inch 
squares divided decimally are also useful. Every tenth line 
being heavy, every fifth line should be of medium thickness. 
Light blue is the best colour for the sectional lines. If the 
* slope,' or tangent of inclination, be readily found by differen- 
tial calculus, it is of very great assistance in drawing these 
curves to calculate and make use of this slope. 

3. (2nd.) The two are represented by the length of a line 
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and the direction of that line, or the angle defining that direc- 
tion. The line is usually a radius vector from a fixed pole ; 
the angle is measured from a fixed radius vector from the . 
same pole. A right-handed rotation from the fixed zero 
radius should represent a positive angle; a negative angle 
should be plotted oflf left-handedly from this zero direction. 
The line along which the length is to be plotted being thus 
determined, outwards from the pole along the side of the 
angle is to be reckoned positive; the opposite direction, or 
backwards from the pole along the side of the supplementary 
angle, should be counted negative. Fig. 15 explains these 
conventions regarding signs. 

The datum or zero radius is P 0. The angle 0^, is positive, 
and with this angle positive lengths are measured from P 
towards +A and negative lengths towards —A. The angle 
^B is negative, and with this angle lengths from P towards -h B 
are positive; those towards — B being negative. Evidently Polar co- 
a positive length with the angle 7r + ^ or 180**-!-^ will lie in 
the same position as a negative length with the angle 6. Again, 
no distinction can be made between the angles 0, ^+2 7r, 
0'\ iiTy &c. These ambiguities make this mode of represen- 
tation inconvenient except when one of the quantities, viz. that 
represented by the angle, is of a recurrent character ; in fact, 
it is not often suitable except when the one variable is actually 
an angle. In this latter case, of course, it is eminently ad- 
vantageous in some respects, but not always even then. Thus, 
for instance, when the driving moment on an engine crank 
is to be co-ordinated with the angular position of the crank, 
this method will give a polar diagram than which nothing 
could be more intelligible to the eye ; but if the work done 
during any given period of rotation has to be calculated from 
this diagram, the first method explained above, or the ' square 
diagram,' is preferable, because in it the area underneath the 
curve will represent the work. Similar remarks will apply to 
the representation of the relation between the electro-motive 

D 



34 GRAPHICS CHAP. lY. 

force of a dynamo and the angular position of the armature. 

Circular sectional paper is convenient for this kind of dia- 

• gram, but is not made as a regular article of sale. The 

Polar eo- drawing of the tangent of a polar curve at each point 

ordinatef piQ^j^^ jg ^f gygjj greater help in drawing the curve fairly 

than in the case of curves with rectangular co-ordinates. 

The * slope ' from the radius, or the tangent of the angle of 

d 
inclination to the radius, is r^-, and can often be found simply 

dr 

by the ordinary rules of the differential calculus. 

4. (3rd.) The two variables may be made the two angles 
Angular formed by two lines drawn from a point in the curve to two 
natef ' fixed foci with the line joining the foci. 

Badiai eo- 5. (4th.) The two variables may be made the distances of 
* ^ a point in the curve from two fixed foci. 

6. (5th.) The two variables may be two distances from a 
Focni and point in the curve ; the one distance being from a fixed focus, 

the other being the perpendicular distance from a fixed 
straight line called the * directrix.' 

The 3rd and 4th modes of graphic representation are not 
of general applicability, but are suitable for special problems. 

The Straight Line. 

7. Rectangular Equation. — Using the first diagram with 
rectangular ordinates, the straight line is the graphic repre- 
sentation of the linear equation 

y + Dx + F = 0. 
7 + Dx The simplest method of plotting the line from the given 

data D and F is to plot y vertically at any two of the three 
values of the horizontal ordinate a:,— 1, and -f 1. For these 
points y takes the values (D— F), — F and (— D — F). To 
obtain accuracy the two points plotted should be as far as 
possible apart, and, therefore, in general x = — 10 and x = 
-h 10, giving y = 10 D — F and y = — 10 D — F, are the best 
points to use. If the diagram stretch so far it is still better 



+P 



F 
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to use a; = — 100 and x = + 100. Of course, careful atten- 
tion must be paid to the signs of D and of F, either of which 
may be + or— . IfFbe— , the line crosses the vertical axis 
above the origin, and vice versa. If D be — , the line has a 
right-hand upward slope ; if D be -f , it has a right-hand 
downward slope. If the equation be given originally in the Dx + Ej 
form Dx + Ey + F = 0, the easiest pair of points to plot 
out are 

x = with y = — - 

y = with x = — ^. 

Fig. 16 is given to illustrate the most simple graphic 

means of obtaining these points. Very careful attention 

must be paid in this construction to plotting F, £, and D in 

the proper directions according to their signs -h or — . 

8. Polar Equation. — 

C 



r = 



sin (a + ey 



where C and « are the two constants and r and the two 

variables, is represented by a straight line. For in Fig. 17, 

where P is the pole and P the datum direction, and o is the c 

distance at which the line K crosses P at the inclination '"^ ^" "*" ^' 

(— a), we have 

r __ sin a 

o sin (a + ^ * 

The constant C, therefore, corresponds to o sin «. To plot the 

line representing 

C 

r = 



sin (a H- 6) 



from the data C and <x, we have, therefore, to measure from 
the pole along P 0, the datum direction, the length 

-. — (when ^o.r =^ — — ), 
sm a \ sm a/ 

D 2 
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and from the point bo obtained draw a line inclined (— «) to 
P 0. If an arc with radius C be first drawn from centre P, 
and tangent to this arc a line be drawn making the negative 
or left-hand inclination a with PO, then this line is the desired 
line R, the radius vector to which from P at the angle is r. 
The equation may also appear in the form 

cos a* _ C 

■" cos (a* — 0) cos («* ^ Oy 

C Here a} is the complement of « in the above. From P 

008 (o' - (^) p^Qt qQ q along a line, making the right-handed angle a> with 

P 0, and from its extremity draw a second line perpendicular 

to this first. The radius from P to this second line at the + 

angle ^ is r. 

9. Focal Angular Equation. — Let and ^ be the two 
variable angles, and c the distance between the foci. Then 

the equation 

a cot ^ + 6 cot ^ = c 

is represented by a straight line (see Fig. 18). 

To obtain this line plot the foci A and B at a distance c 
apart. From A and B, and perpendicular to AB, plot b and a. 
The line is to be drawn through the two points so obtained. 

This is evident because when = 90^ cot ^ = 0, and, 

therefore, cot </> = y-; and again, when ^ = 90°, cot </> = 0, 

and, therefore, cot^=-. 

a 

a oot 1. To prove that the intersections of lines drawn from A and 

^ ^ B at the angles and <f), connected by the above equation, all 

lie on a straight line, draw parallels to A B through the tops of 

a and b. From A draw any line at any angle meeting the 

first parallel at a distance z from the line b. From this 

intersection draw a line perpendicular to A B to meet the 

second parallel. The line from B inclined at </> to A B must 

pass through this last intersection, because z = acot 0, and, 

therefore, we must have bcot x}>t=:c — z. Let P be the inter- 
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section of the two lines at and <^ from A and B. Let x and y 
be the rectangular co-ordinates of P referred to b and c as 
axes. We find 

y 

X ss Z'l' 

b 

and . V 1/ 

c - X = ((? — ;?)% 

Eliminating z from these equations, we obtain 

y = X H- b, 

c 

which is the equation of a straight line passing the axis ofy a oot e -«• 

at a height l> above the origin, and lying at a slope ^^ '"^' 

c 

from the axis of x. 

If 0^ and (f)^ be the complements of and ^ of the above 
figure, then the same equation may also take any of the three 
other forms : — a tan 0^ + b tan ^' = c ) or, a tan 0^ + b cot 
= c ; or, a cot ^ + 6 tan ^* = c. 

CONICS. 

10. The general equation of the second degree between two 
variables x and j/, 

Ax^ + Bxy + Cy* + Da; + Ey + F = 0, 

can be represented graphically by one or other of the conies — 

namely, the ellipse, parabola, or hyperbola, x and y being taken Conioi 

as the co-ordinates, most conveniently at right angles to each 

other. 

The conic is — 

an elUpse if 4 A C > B»; 

a parabola if 4 A C = B* ; 

and an hyperbola if 4 A C < B*. 

Choosing any two axes for the curve to represent the above 
equation, the centre of the conic is to be plotted ofif with the 
co-ordinates 
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2CD-BE 



X = 



B^-4AC' 



_2 AE -BD 
^ B«-4AC • 

If B*-* = 4 A C, the divisor in these fractions becomes zero 
and the co-ordinates of the centre become infinite ; that is, 
there is no actual centre, the curve being a parabola. If the 
divisor be positive, the curve is an hyperbola ; if negative, an 
ellipse. 

The centre being thus obtained, it is more convenient to 
proceed with the construction from a new set of rectangular 
axes through the centre as origin and inclined to the previous 

T> 

axes by the angle 2 tan "^ -r -^, that is, by an angle 6 given 

A — O 

by 

tan2^= ^ 



A-C 

If we then take 

•^ B^-4AC 

ConioB and use co-ordinates (called, say, x^ and y^) from these new 

axes through the centre as origin, the curve will be expressed 

by the equation 

Aa;'2H-Cy'2=/. 

This will be an ellipse if both A and C be positive, and an 
hyperbola if either A or C be negative ; it cannot be a parabola, 
because in that case/ becomes infinite. The semi-major and 

semi-minor axes of the ellipse are \/ ^ and a/^-* 

To construct the ellipse draw round the centre two circles 
of radii, \/^ and a/ -L, as in Fig. 19. Draw any radius 

to cut the two circles, and from its intersections with these 
two circles draw parallels to the axes. These parallels will 
meet in a point in the curve. For accurate drawing the 
points so constructed must be closer together near the major 



V 
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axis than near the minor axis because of the sharper curva- 
ture at these places. The ratio of the two circle-radii being 

a/Ax-^ = a/-—, the correspondence of the construe- EUipse 

tion with the equation is evident if the equation be written 

Fig. 20 is introduced here only to show clearly the relation 
between the ellipse and the hyperbola, and not as a desirable 
construction for the latter, y' is increased in the ratio 

- by means of a pair of circles similar to those used 

for the ellipse, and this increased length is taken as the height 
of a right-angled triangle whose horizontal side is the constant 

a/Z_. The hypotenuse of this triangle is taken as the 
horizontal x' for the curve corresponding to y\ The construc- 
tion is inapplicable to any value of y' greater than a/ — -^j 

which would be the maximum value of y' in the ellipse if C 
had been positive. 

Fig. 21 shows an easy construction apphcable to the whole 
range of the hyperbola. 

From the centre along axis of y' are plotted a/ ^ and \/A ; 

and horizontally from same axis is plotted V^c. The oblique 

line at the slope a/ "ZsL is drawn. This is one of the asymp- Hyperbola 

totes, the other having an equal downward slope. A hori- 
zontal line at height \/ ^ is drawn. From various points 

^ A 

in this last line arcs are struck from the centre down to cut 
the axis of a/. Taking these intersections as the a/s, the 
corresponding y's are obtained by drawing verticals through 
the upper ends of these arcs down to the asymptote. That 

•d4 
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the construction expresses the equation is shown by writing 
the latter 



x" = /+{.'xy/^ 



2 

A 



the horizontal ordinate to the asymptote being greater than 

the vertical ditto in the ratio a / ~ « The vertices on the 

_ V A 

axis of X are distant \/ i~ right and left hand from the 

centre. 
Parabola When B' = 4 A C, the curve is parabolic and has no centre. 

In this case the equation may be written 

Wk^ + y/CifV + Dx + E.y 4- F =0. 
Draw the two lines representing the equations 

VA ^ + VC y = (diameter) 
and Dx + Ey'fP = (tangent). 

The /ormer line is a diameter of the parabola, and the latter is 
the tangent at the extremity of the diameter. If the perpen- 
dicular distance of any point in the curve from the diameter 
be called jp, and the perpendicular distance of same point 
from the tangent be called i, the curve may be expressed by 

the equation 

(A + C) ;)* + VD« + £2^ = 0. 

To construct the curve the simplest method is to plot out a 
pair of points calculated from this equation, and then to pro- 
ceed by the method of tangents. For example, p may be 
taken ± 1, ± 10, ± 100, or ± 1,000, according to th3 scale of 
the drawing adopted, the choice depending on the desirability 
of getting two points fairly far away from the diameter. If 

A -I- C 
p = ± 1 be taken, corresponding to t = - ,_ ^ — , this 

furnishes a convenient pair of points, which are to be plotted 
as in Fig. 22, where the calculation of i for 2? -= ± 1 is per- 
formed graphically. The lettering of the diagram will make 
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its construction plain without further description. The points 
in the curve for p = ± 1 are marked 9 and 1. The inter- 
section of diameter and tangent is marked 0' ; that of dia- 
meter with chord 9 1 is marked V. The tangents from 9 and 
1 intersect in the diameter at a distance from 0' equal to 0' V. 
By plotting this distance to the left hand of 0' along the dia- 
meter, these two tangents are obtained. These are then divided ParaboU 
similarly and reversely (conveniently, but not necessarily, in 
equal parts) by points 1, 2, 3, 4, &c. The pairs of points 
numbered identically are joined by lines which are all tan- 
gents to the parabola. The division of the two primary tan- 
gents may be continued beyond their intersection, and the 
construction followed out so as to give any desired length of 
the parabola. 

Conic Polar Equations. 

11. The equation 

r^ = a^coB^0 + fc^sin*^ 

can evidently be expressed by an ellipse with a and b as semi- 
major and semi-minor axes in conjunction with a circle of 
radius either a or 6. r is the radial distance from the centre 
to a point in the ellipse. is the angle measured from the 
major axis to the corresponding radius of the circle from 
which the ellipse may be derived by projection. It must be 
noticed that 6 is here not the angle made by r with the datum a«eM*0-». 
direction. The equation represented in this way is, therefore, 
not a true polar equation in the ordinary sense of the term. 

The ellipse representing this equation cannot become a 
circle, because then a = fc, and the equation reduces to r^ = 
a* = b^, giving no determination of 0. 

12. The equation 

r^ = a^cos ' ^ — fc^sin'* aoos e 

+ b nine 

cannot be represented by a conic, although it is easy to con- 
struct a polar curve to express it. 

The equation 

r = a cos ^ + fc sin ^ 
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can be represented by a circle referred to polar co-ordinates. 
If a and b be plotted at right angles to each other (see Fig. 
23), the sum of their projections on a line inclined ^ to a is 
a 001 a a cos 6 •\- b sin 0. The circle desired is, therefore, to be drawn 
on the hypotenuse \/ a* + 1? as diameter, and the a extremity 
of the diameter is taken as the pole. being measured from 
a, r is the length of any line drawn from the pole to the 

circle. 

Conic Focal Angular Equations. 

13. The equation 

a cot (^ — ft) + fc cot {(f) — )8) = c, 

in which and <}> are the two variable angles and a, b, c, « 
and /8 are five constants, may be represented by a conic curve. 
It determines only the shape, not the size of the conic, because 
six data are required for the complete determination of a 
conic. Thus our curve may be drawn to any scale, or, in 
other words, it may be constructed on any base. Take any 
base AB {see Fig. 24), and use A and B as foci, measuring 
at A from A B to the radius from A to a point in the curve, 
and ^ at B from B A to the radius from B to the same point 
aoot(e-a) of the curve. At A and B draw perpendiculars to AB, and 
t m plot oflf from them outwards , i.e. away from A B, the angles a 
and /8. At distances a and b from A and B draw lines A' A' 
and B' B' perpendicular to these last ; these will be inclined a 
and )8 to A B. 

Along these lines A' A' and B' B' from the feet of the per- 
pendiculars a and b measure off c. Call the points so obtained 
6 on A' A' and on B' B', and divide the two lengths c c 
similarly and reversely. In the figure each is divided into six 
equal parts, numbered from to 6 on A' A' away from the 
foot of a, and from to 6 on B' B' towards the foot of b. 
Thus 2 .on B' B' equals 2 on A' A' ; and 2 on A' A' plus 
26 on B' B' equals the constant c. Also, for the point P on 
the curve corresponding to the points 2 2 on the lines A' A' 
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and B' B', the angle 2 A B being 6 and A' 2 A being, therefore, 
{0 — a), evidently 2 on A' A' equals a cot (0 — a). Similarly, 
the angle P B A being ^ and B 26 being (^ — )8), we have 2 6 
on B' B' equal to h cot (^ — )9). Thus the construction gives 
c = a cot (^ — a) + 6 cot (<^ - ^. Similarly, other points 
can be obtained at the intersections of A and B 0, of A 1 
and B 1, of A 8 and B 8, &c., &c. To complete the curve, 
the similar and reverse division of A' A' and B' B' must be 
extended in both directions beyond the part c. In the 
example given, the curve is an hyperbola, having, of course, 
two branches. The points on the curve are numbered identi- aoot(e-a) 
cally with those on the lines A' A' and B' B', from which they (jpJ^i 
have been obtained. Evidently the curve passes through 
A and B. As the points taken on A' A' and B'B' recede 
indefinitely to the right hand, the lines drawn through A and 
B become in the limit parallel to A' A' and B' B'. The cor- 
responding point on the curve is marked oo. The lines joining 
it with A and B make the angles a and /3 with A B ; thus the 
conic is one circumscribing the triangle A B «>. If a or /8 or 
both are negative, attention must be paid to this change of 
sign in plotting them off from the perpendiculars to A B ; they 
should be plotted towards AB if they be negative. If both 
are negative, the curve is always an ellipse. 

Conic Focal Badial Equations. 
14. The equation 

^A + ^B = ^, 

as is well known, can be represented by an ellipse, r^ and r^ 
being the variable distances of a point in the curve from the 
foci A and B. The distance between the foci may be taken at 
pleasure, so that there is an infinite number of ellipses which 
will represent the equation with a given value of c. Simi- 
larly, an hyperbola represents 

r^ — r^ = c. 
If r and p be two variables, the equation 

r =■ mp ; 



r-mp 
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m, being a constant ratio, can be represented by a conic if r 
be taken the distance of a point in the curve from the focus 
ami }> its perpendicular distance from the direetris. If m < 1 , 
the curve is an ellipse. If m = 1, it is a parabola ; if nt > 1, it 
is an hyperbola. 

Of course, the same equation between the two variables 
r and jj may be graphically expressed in a simpler maimer by 
a straight line through the origin, taking r and ;* as rectan- 
gular or obhque co-ordinatca. 

15. Any equation connecting two variables, no matter how 
complicated it be, whether it involve high or fractional powers, 
trigonometrical or exjH>nential functions, is capable of graphic 
representation in one or other of the five methods mentioned 
at the beginning of this chapter. As one method is usually , 
much preferable to others as regards ease of construction and 
applicability to the special problem in hand, the draughtsman 
will always be repaid for the bestowal of very careful considera- 
tion upon the choice of method. The choice should, of course, 
depend on the use to be made of the curve. A famihar know- 
ledge of miscellaneous curves as explamed in books on the 
more advanced modern geometry will be found of great assist- 
ance. Eagle'a ' Constructive Geometry ' is a useful book of 
this claea. Many curves of special utility in engineering are 
dealt with in various subsequent chapters of this book. 



SOLUTION OF EQUATIONS. 
Linear Equations. 
16. The solution of the simple equation 
Dj: -|-F = 

F 

means no more than the finding of the quotient ^ f^ = ^ 

This can be done by any of the graphic methods of divisioi 
already explained in the chapter on Graph-Arithmetic. It ii 
only in certain circumstances that any advantage is obtained 
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by the adoption of the graphic method. But it is instructive 
to view the graphic solution in another way. Choose rect- 
angular axes and draw the straight line 

Dx + F =y. Simple 

eqnatiom 

The point where this line cuts the axis of x, i.e. where it 
makes y = o, gives the value of x desired. 

17. This immediately leads us to the solution of two 
simultaneous equations involving two unknown quantities. 

D^ + E^y + F,= 0. 

Choose rectangular axes; draw the two lines representing simrle 
the above two equations. The co-ordinates of the intersec- taneovi 
tion of the two lines give the values of x and y, which are the •^^^®"* 
roots of the equations. 

18. This method, with the help of a piece of finely and 
accurately divided sectional paper, is not only rapid (when 
one has practised it sufficiently to have become familiar with 
the method of constructive procedure), but is also accurate 
enough for most practical purposes. For instance, with a 
piece of paper 200 mm. square— that is, with its square edges 
each 100 mm. distant from the centre, which is taken as 
origin — the roots of the equations can be obtained with an 
accuracy of 3 places of figures. A piece of paper 10 inches . . 
square divided in half-inches and twentieths will do equally Bectioiua 
well, being slightly larger in scale and therefore to most per- ** 
sons more readable. Ordinary sectional paper, however, is 

not accurate enough in its division, and deforms somewhat 
irregularly with variations in the hygrometric condition of 
the air. It is better, therefore, to prepare a piece specially 
for the solution of equations. Fine hand-made cardboard may 
be used for this purpose. Finely ground glass, porcelain, or 
any of the white materials used for memorandum tablets^ 
would be still more suitable, not only because they are more 
permanent in shape under change of temperature and damp- 
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tablet 



ness of the ak, but chiefly because fine pencil lines may be 
drawn on them and afterwards rubbed out. If paper or 
cardboard, which it is desired to preserve permanently for 
this purpose, be used, pencil lines should not be drawn on it, 
but the lines should be drawn by stretching across the card 
fine wires ; phosphor-bronze wire being very suitable. Since 
two wires have to be handled, one must be held stretched by 
weights after being placed in position. It will facilitate the 
manipulation if the wire be fastened to the two weights either 
permanently by soldering, or by being twisted round pegs 
screwed in the weights for this purpose. 

If a few simple curves {see Fig. 26) be drawn permanently 
on a sectional tablet of this sort, quadratic and other more 
difl&cult equations may be rapidly solved by its help. 



Qvadra- 
tiot 



Quadratics. 
19. The equation 

has the roots x = - _±^ ^^^--. 

Of course each item of this result might be calculated graphic- 
ally, and the items combined by graphic construction so as 
to find the two roots. This process is, however, too clumsy 
and tedious to oflfer any practical advantages.* 
Since, however, the equation may be written 



X 



2 



D 



X 



F 
A' 



a rapid graphic solution is possible. Choose axes and draw a 
curve of squares — i.e. the curve y=x\ Note that this curve, 
being once drawn carefully in a permanent manner on the 

* In Eagle's Constructive Geometry a solntion on this principle is given 
which looks simple ; but it starts with the equation in the redaced form 

Beally fully half the work of the solution of any quadratic consists in finding 
the quantities a and b to reduce it to this form. 
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sectional tablet, is sufficient for the solution of aU quadratic 
equations. 

Now draw the line 

Bx + Ay + F = 0, 

which is the same as 

D F 

Evidently the two intersections of the line with the curve 
of squares give the two solutions of the quadratic. The line 
may be * formed * without drawing it by simply laying a set- 
square edge or by stretching a fine wire along its true posi- 
tion. If the line does not cut the curve the two roots are 
* impossible ' or * imaginary,' and cannot, therefore, be foimd, 
or represented in any way, by graphic means. 

Since the curve of squares rises very rapidly, it is more Quadra- 

convenient to use the curve y =--7^, as in Fig. 25. The ver- 
tical scale of the diagram being now -^ the horizontal scale, 
the straight line that must be drawn is 

that is, the line has to be drawn through the two points 

x = with V = — 

^ 10 A 

and 2/ = with ar = — =-. 

In the example given in Fig. 25 the two roots are x^ = 
+ 8-56 and x^= - 8-20. 

20. The solution of simultaneous quadratics involving two 
unknowns consists in drawing the two conies representing the simnlta- 
two equations. Their two intersections give the two root J^^^[!^ 
pairs of values of x and y. If the conies do not intersect, the ^^* 
roots are imaginary, and the equations are incapable of graphic 
solution. 
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Cubio 



General 



21. The cubic equation 

Gx^ + Dx + F = 

is of not infrequent occurrence. It can be solved by drawing 
the curve 

y = jQQ ^ (see Fig. 25) 



and drawing the straight Ime 

D 



F 



Their intersections give the real roots of the equation, there 
being either three or only one intersection. The curve once 
drawn will serve for the solution of all such equations. The 
vertical scale is taken y^ the horizontal scale in order to get 
the cubes from — 10 to + 10 into the sectional tablet. 

22. Similarly, iff{x) be any function of r, and we have to 
determine the value of x from the equation 

Af{x) f Da;+ F = 0, 

the graphic solution consists in drawing the curve 

tj=f{x) 
and the straight line 

Da: + At/ + F = 0. 

The intersection or intersections of the line and curve give 
the real roots of the equation. 

For instance, an important equation insoluble otherwise 
except by approximation is 

A log X + D ;r + F = 0. 

Draw the curve y = log t, and the above-mentioned straight 

line ; their intersection gives the desired value of x. Similarly, 

the equations 

Asme + De + F = 0, 

- Atan^^ + De + F = 0, 

Aa^ + Dx+ F = 0, &c., 
may be dealt with. 

23. Generally, if the equation be f{x) = 0, it is solved 
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graphically by drawing the curve /(x) = y down to its inter- 
section with the axis of x. Only that portion need be drawn 
accurately near the intersection. The proper mode of pro- 
cedure will be understood from what follows regarding simul- t (x) 
taneous equations for two unknown quantities. If the tangent 
to the curve be easily constructed, it should be used in con- 
junction with calculation of the points. 

24. The function may, however, sometimes be considered 
as the sum of two functions which are easier to deal with 
graphically separately than combined. The last equations 
mentioned above are examples, one part of the whole function 
being very simply represented by a straight Une. Or, again, 
for instance, the equation — 



A V ^'' - ^^ + Dx + F = 0, 
in which r is a constant, is most rapidly dealt with by drawing Special 

. , equation 

the curcle 

2/ = y^ r^ — x* 

and the straight line 

A2/ + Dx + F = 0, 

the intersections giving the two roots. 

25. In such cases, the equation taking the form 

F (ic) + / {x) = 0, Genw«l 

the two curves 

Y :^ F (X) 

and 

y= -f{^) 

are drawn, and their intersections give the roots of the equa- 
tion. 

26. Similarly, if we have for the determination of two un- General 
known quantities x and y, the two equations 

F{x,y) = 
and 

f{x,y) = 0, 

the two curves represented by these two equations have to be 

E 
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procedure 



drawn, and the values of x and y satisfying the equations 
measured at their intersections. 

27. These various processes must, however, be carried out 
systematically in order to economise labour. For distinction's 
sake let the vertical ordinates oiV{xy) =0 be called Y, and 
those of/ (a; 2/) =" be called y. 

First, note that it is waste of time to complete the calcu- 
lation of several points or to draw a considerable stretch of 
one curve before proceeding with the other. Pairs of points 
for the two curves should be calculated and plotted for each 
value of X taken before proceeding to another value of x. 

Secondly, note that, although the calculation and drawing 
of the tangents at the points found assist greatly the good 
plotting of the curves, there is practically little use of doing 
this for one of the curves unless it can be easily done also for 
the other. 
Method of Thirdly, the plotting of one point and the tangent at that 
point is nearly, but not quite, so useful as the plotting of two 
points without their tangents. Whether tangents should be 
used or not, therefore, depends upon whether the nature of the 
curve allows the drawing of a tangent with considerably greater 
ease and less expenditure of time than would be occupied in 
the plotting of an additional point. 

Fourthly, after plotting a pair of points in the two curves 
corresponding to a certain x^ the next x should be chosen as 
near the intersection as can be estimated. 

Thus the process should be carried out in the following 
manner : 

Choose any value of a:, say x^. Find the corresj^onding Y,, 
audi/p and plot the two points. If the tangents are to be used, 
draw them and produce them to their intersection. Choose 
Xg in the neighbourhood of this intersection, but rounding off 
to an easy value to deal with if the finding of Yg and y.^ involve 
any complicated arithmetic. If these latter are to be found 
entirely by graphic construction, then take x.^ exactly at the 
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intersection of the first two tangents. Plot now Yj and 2/2*^^ 
draw the two new tangents. Next, through these last two 
points draw arcs of circles to touch the two pairs of tangents 
at the two pairs of points 1 and 2. (This can be very quickly 
done by anyone well practised in circle drawing.) Take x^ 
exactly at or close to the intersection of these arcs, and repeat 
the last process, finding two points 3 and their tangents, and 
drawing circular arcs through them to touch the tangents at 
3 and 2. 

The fourth chosen a:^ at the intersection of these arcs will 
in all probabiUty be found to give Y^ and y^ so nearly equal, 
that a practically exact solution will be obtained by drawing 
arcs as before through these fourth points. But if not, the 
process must be repeated once more. In most cases, indeed, 
it will be found unnecessary to go beyond the third pair of 
points. 

If, on the other hand, the tangents are not to be used, Method of 
after finding the first pair of points choose any horizontal ^'*^* ^^ 
ordinate, x^. Find Yg and y^ and plot the points. Draw the 
chords between the pairs of points 1 and 2, producing them to 
their intersection. Take x^ near or exactly at this intersection, 
and proceeding as before find and plot the pairs of points 3. 
Now draw arcs of circles through the two sets of three points, 
1, 2, 3. Take x^ at the intersection of these arcs, and plot 
Y4 and y^. Draw the arcs passing through the two sets of three 
points, 2, 3, 4. Compare the radii of curvature of these latter 
arcs with the former arcs passing through 1, 2, 3, and estimate 
a change of radius of curvatm*e from the averages through 2, 3, 4, 
up to those at the points 4. In making this estimate consider 
the average radius through 2, 3, 4, to be the actual radius mid- 
way between 2 and 4, and the average through 1, 2, 3, to be the 
acual radius midway between 1 and 3. Using these estimated 
radii at the points 4, draw arcs through these points and tangen- 
tial at these points to the last drawn arcs through 2, 3, 4. The 
intersection thus found will probably be a very close approxi- 

K 2 
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mation to the solution sought for ; but if it be not found to be 
so, the same process must be repeated to a fifth or possibly a 
sixth pair of points. 

In carrying out these processes it must be remembered 
that each new estimate of x may just as probably as not 
overstep the mark aimed at — that is, lie on the opposite side of 
the intersection of the curves to that on which lay the last 

Xefhod of taken x. Thus the successive x's taken may be alternately 

procednre greater and less or vice versa. 

Similar general methods of procedure should be followed 
when the curves chosen to represent the equations are polar 
or focal. In these cases the drawing of tangents through the 
points plotted is even more useful than when rectangular 
co-ordinates are used provided they can be obtained without 
much labour. 

28. Sometimes special graphic methods of trial and error 
are much more direct and rapid than the above general 
method. A good example is furnished by the equation 

A sm {20 + a) = B sm (5 + /3). 

Draw two concentric circles of radii A and B (sec Fig. 26). 

Draw any datum radius P 0. From P set off negatively, 
i.e. to left hand, the angles a = P a and ^ = OFb, If either 
a or y8 be negative it must be set off to right hand of P 0, i.e. 
in positive direction. Then take any trial point 1 on circle b. 
With this as centre, and with radius 1 strike the arc O 1', 
cutting circle a in 1'. Then if angle P 1 were 9, angle P 1^ 
would be 26; aVV would be {2 + a) and 6 P 1 would be 
{0 -i- fi). Also the perpendicular distance of V from a P 
would be A sin (2 5 + «), and the perpendicular distance of 1 
from h P would be B sin {0 + fi). By trial with the dividers 
we find the first of these distances much greater than the 
second. Take a second trial point 2 and find the corresponding 
point 2' by striking an arc from 2 with radius 2 0. We now 
find distance of 2' from aP less than distance of 2 from 6 P. 
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Assuine a third point, 8, and find the corresponding point 8'. 
We find 3' viore distant from a P than 8 is from b P. The 
fourth point, 4, chosen makes these distances equal, and, there- 
fore, P 4 is the angle satisfying the equation. In a very 
short time this angle can be found with a degree of accuracy 
such that the possible error is less than can be measured on 
the paper, the error, therefore, being in inverse proportion to 
the scale of the diagram drawn. 
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CHAPTER V. 

ORAPHO-TRIOONOMETKY. 

1. We will deal here only with plane trigonometry. We 
have to make calculations regarding plane figures bounded by 
straight lines. In doing so we must frequently plot off angles. 
The instruments called * protractors ' are nearly all of them 
very rough devices at the best, and are far too untrustworthy 
for accurate work. The vernier protractor made by Stanley 

Protrae- with a silvered divided circle and two opposite arms is a re- 
liable and accurate instrument, but it is costly. The card- 
board protractor of 12 in. diameter made by the same maker 
is also useful, although not so reliable as the other. But as 
any angle can be set off very easily with ordinary instruments 
with any desired degree of accuracy, the use of protractors is 
best wholly avoided. 

2. The method is the following, and requires the use of a 
table of chords, such as one finds in Chambers's or in most 
other mathematical tables. The table found in Molesworth is 
not sufficient for the plotting of angles taken in surveys, 
because it gives the chords for every degree only ; whereas the 
angle is read in the field to minutes. First draw from the 

Plotting centre from which the angle is to be plotted a circle of, say, 
ang 68 jQ j^^ radius. On this circle the chord of the desired angle 
is evidently 10 in. multipUed by the tabulated chord for the 
given angle. This quantity in inches, taken in the dividers, 
is set off as the chord of the desired angle. For example, 
suppose the angle to be plotted is 69° 22'. We find 10 chord 
69° 22' = 11-38, and set this oflf as the chord on a circle 
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of 10 in. radius. Now, from the table we find that 11-39 
= 10 chord 69° 27' and 11-37 = 10 chord 69° 17'. Now, it 
is possible with ordinary care to set the compasses to ^^^in., 
but much greater accuracy than this is not easily possible. 
Thus we cannot pretend to set off very accurately as a chord 
anything between 11-37 and 11-38 or between 11-38 and 11-39. 
These, as we have seen, correspond on a circle of 10 in. radius 
to angles differing by (P 5\ With this size of circle, then, 
we cannot pretend to plot angles to any greater accuracy than 
5'. With very small angles, indeed, the accuracy is increased 
to 3^', but with angles larger than the above it is considerably Plotting 
reduced. Thus it is advisable never to plot oflf by this method "* *' 
angles greater than 45°. The complement of the angle— for 
instance, 90° - 69° 22' = 20° 38'— should be plotted oflf in- 
stead. This is also the degree of accuracy obtainable with a 
circular protractor without vernier, with a divided circle of 
20 in. diameter. If a circle of 20 in. radius is used, an accu- 
racy of 2^' is obtainable in plotting. To make the construc- 
tion on this large scale requires beam-compasses, and, of 
course, to maintain this accuracy throughout the diagram it 
requires to be drawn to a correspondingly large scale. 

3. The * solution ' of any triangle or other plane rectilinear 
figure is accomphshed graphically by plotting it oflf accurately 
to scale, and measuring the quantities desired. If it is a Triangles 
length that is to be found, it is measured in the ordinary way ; JJj^. 
an angle is to be measured by a reversal of the above ex- ^«*r 
plained process ; and the measurement of areas we will im- 
mediately proceed to explain. But it should first be observed 
that, in plotting oflf, all the angles required should be set oflf 
in the first place upon one and the same circle, and the direc- 
tions so obtained then transferred by sliding set squares upon 
straight-edges into the positions required in the drawing. 
That is, we are not to draw a new 10 in. circle at each new Datum 
point of the drawing where an angle is to be set oflf, because ^ ^^ 
such a proceeding would involve the waste of time and labour, 
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because it would cover the paper with unnecessary and con- 
fusing lines, and because at several of theae points it will 
usually be found that there is not room inside the limits of 
the paper to use a good-sized circle. The centre of the mark- 
ing-off circle ia convcnieutly chosen near the middle of the 
paper. Thus in Fig. 27 let it be required to mark off 
from the line A downwards the angle 140^, Instead of 
doing this directly, we mark off upwards 18{P — 140^ = 40" 
from A to B, and thus get B as the desired direction, which 
can now be trausferred to any part of the drawing. Again, 
let it be required to mark off 70° downwards from A, the 
angle A V being less than 70°. We first mark off 20'^ to C 
from H X V, then take the chord A C in the dividers and set 
it off from V to C. We thus obtain C as the direction wanted. 
We now give two examples of plotting off. In Fig. 28 ia 
shown the calculation of thu height of a church spire from 
' theodolite measurements. Tlie theodolite is first placed at a 
station A. The height of its axis from the ground is measured 
4'12ft. The angle of elevation to top of spire is measured 
43° 26'. Another station B is chosen in line with A and top 
of spire. Distance A B on ground is measured 120 ft. Dif- 
ference of level of ground at B and A is measured by reading 
with theodolite at A placed with telescope level on surveyor's 
levelling staff held at B, 2-34 ft. Theodolite is now placed at 
B, and height of its axis above ground measured 4-47 ft, 
The angle of elevation to top of spire is measured 25" 15'. 
The construction is so simple and so easily understood from 
the fiffure that no explanation ia needed. The marking off 
circle is struck from 0, the position of the theodolite axis at 
station B with radius Oil = 5 in. The line ii' is drawn 
parallel to a, the angle H On being made 43" 25'. From x 
the intersection of «' with '' is measured X down to the 
ground Ihie through station A. This is the height required. 
The distance Y from station A to centre of base of spire may 
alao be dii'ectly measured from the diagram. The calculation 
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of X by ordinary trigonometry involves the solution of the 
two following equations : 

(120 + Y) tan 25° 15' + 4*47 - 2-34 = Y tan 43° 25' 

X = Y tan 43° 25' + 4-12. 

The solution of these equations gives X = 121*207 and Y = 
123-744. 

In Fig. 29 is shown the plotting of a piece of ground 
surveyed with the theodolite, and through which flows a river, 
preventing the direct measurement of the two sides C D and 
A G. All the other five sides are measured in the field, and 
the external angles between each contiguous pair of sides are 
also measured. The sum of these external angles measured 
in semicircles is two more than the number of sides, so that, 
except as a check on the accuracy of the work, the measure- 
ment of one of these angles may be omitted. The sides C D Sarvey 
and A G are measured on the plot and stated below the dia- river* 
gram. In plotting oflf the angles at the left-hand of the dia- 
gram, always the difference between the given angle and the 
nearest greater or less multiple of one right angle is made 
use of. After plotting D E F G, from G is drawn G h parallel 
to the direction of AB and equal to the known length of B A, 
namely, 230 ft. Then t c is drawn parallel to the direction of, 
and equal in length to, B C. Then c C is drawn || G A, and 
D C in the known direction to meet c C in C. Finally, C B 
is drawn || c 6 to meet 6 B || A G, and from the intersection B 
there is drawn B A || to the known direction to meet G A in A. 
To find CD and AG by ordinary trigonometry involves a 
considerable amount of tedious preliminary trigonometrical 
calculation, and the solution of two not very easily formed 
equations. 

4. Areas. — The areas of rectilinear figures already plotted 
can easily be calculated by taking one side as a base and Areas 
multiplying it by the mean height of the area above that base^ 
The following are amongst the most convenient constructions 
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for this purpose. The proofs of the constructions are easily 
recognised and d^ not need formal demonstration here. 

H 



Fig. 80. Area of Triangle = A = base x ^ Height =6 x 



2 



grami 



or ^ = 5.— To find A, mark oflf 2 or 20 or 200 or 2,000 along 

Triangle B to scale of figure. Draw m^ and m.^ ||Wj. The height of 
intersection of m^ with opposite side measures the area ; that 
is, A X 1, or A X 10, or A x 100, or A x 1,000 = area of tri- 
angle = i H B. 

5. Fig. 31. Area of Parallelogram = A = H B. — Mark oflf 
Parallelo- 1 or 10 or 100, &c., along one side, A = height of inter- 
section of mj and m^, or of m^ and niy Area = A, or 10 A, 
or 100 A, &c. 

6. Fig. 32. Area of Quadrilateral with Unequal Sides = A. — 
The given quadrilateral is indicated by heavy black lines. It 
is spUt into two triangles by the diagonal m,, along which is 
marked oflf 2, or 20, or 200, &c. m^ and m^ are drawn from 
end of 2 on m^ ; m^ is drawn || m^ and m^ || m^ to meet the two 
sides of the quadrilateral meeting at corner from which 2 was 
marked oflf; m^ is drawn || Wj. A is measured perpendicularly 
to mj or mg. The construction is equally good whether the 
diagonal m^ is > or < 2. The area = A, or 10 A, or 100 A, &c. 

Another good construction is the following. The quadri- 
lateral is divided into two triangles by the diagonal 7n,, from 
one end of which a circular arc is struck with radius 2, or 20, 
or 200, &c. {see Fig, 33). A tangent m^ to this arc is drawn 
from the other end of m^^ and m^ and m^ are drawn || m^ They 
cut oflf A on m^. The radius 2 in this construction must be 
less than the diagonal m^. The area = A, or 10 A, or 
100 A, &c. 

7. Fig. 34. Areas of Irregular Polygons. — Reduce to a 
Polygons triangle, and proceed as in Fig. 30, or to a quadrilateral, and 

proceed as in Fig. 32 or Fig. 33. The given polygon in Fig. 
34 is indicated by the heavy lines. The extension of the side 
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09 is chosen as the base because it is the longest. Draw 
12' II 20. Then the triangular area 92'29 equals the quadri- 
lateral area 90129. Similarly draw 23'||32' and 34'||43'. The 
triangular area 94'49 equals the area of the polygon 9012349. 
Also draw 87'||79, and 76'||67', and 65'|156', and 54''||45'. 
Then the triangular area 4'^ 4' 4 4" equals the polygonal area 
to be calculated— namely, 90123456789. From 4' mark off 2, 
or 20 or 2,000, &c., and from the end of this to 4 draw m,, and 
draw r/ij from 4" || to m^ to intersect 4' 4 produced. The length 
of m^ from 4" to this intersection measures the area— that is, 
the area equals A or 10 A or 100 A, &c. 

Fig. 35 shows the method of applying the construction of Poiygom 
Fig. 33 to the polygon. It is somewhat shorter and neater 
than that of Fig. 34. It consists essentially in reducing the 
area to a triangle whose height is 2, the base of which there- 
fore, of course, measures numerically the area. From any 
corner 6 describe arc mj with radius 2 or 20 or 200^ &c. To 
this arc draw a tangent m^ from any other corner, such as 0. 
Use 111^ as a base on which to reduce the polygon, in same 
manner as in Fig. 34. The polygonal area equals the tri- 
angular area T, 6', 6 7\ of which the height is 2. Therefore 
the area = A or 10 A or 100 A, &c. 

8. Areas with Curvilinear Boundaries, — These are best calcu- 
lated by dividing them into parallel strips, each of a width easy 
to deal with as a multiplier of the mean length or height of 
the strip. If there is no inconvenience in making them so, all 
the strips are made of equal width. In this case all the mean 
heights are first added together and their sum then multiplied 
by the common width. But trouble and time are often saved Curved 
by taking the widths unequal. The sharper the curvature of *"*' 
the boundary the narrower ought the strips to be taken. The 
mean height is obtained in all cases with sufficient accuracy 
upon the supposition that each small portion of the curve 
belonging to one strip is parabolic. The approximation shown 
in Fig. 36 does not imply the supposition that the whole curve 
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from end to end is a jiart of the same parabola. The different 
small portions are supposed to be parts of different parabolas, 
Buch as most nearly coincide with them throughout the small 
length. 

In Fig. 86 the strips are ruled off in the direction of the 
greatest length of the figure in order to have as few strips as 
possible, and in order to make the small areas at the ends of 
the strips between the boundary and the chords as small as 
possible ill proportion to the areas of the strips. The full 
lines indicate the dividing lines between the strips taken, and 
the dotted lines are midway between the full lines— i.e. they 
are the centre lines on which the mean lengths of the strips 
ai'e to be measured. The first two strips are taken -^^ in, wide, 
the next two ■|*ui'^- wide, the next two ^in. wide, and tliia 
leaves a portion of width x X which is an odd fraction of an 
inch. The mean length of this last portion is xy, and it is 
reduced to a strip of width ^,j in. ( = 67), and of length X Y 
hy the construction shown — i.e. by drawing the line x Y. 
The mean lengths taken on the dotted lines are not measured 
to the curve itself, but are taken as the lengths between the 
chords plus two-thirds the distances between the chorda and 
the curve. This is shown on the small diagram to the right 
hand. Instead of measuring to n on the curve, or to m on 
the chord, the mean length is measured to r, m r being two- 
thirds of m n. The division of m n into three parts can be 
accurately enough performed by the eye, and the points 
r need not actually be marked as in Figure 36 ; the length 
can be read off on applying the scale to the line without the 
point r being visibly marked on the paper ; in fact, the smalt 
divisions on the scale assist in the accurate taking of the 
|- of the small length m n. The construction lines need not 
be drawn in fully as shown in the diagram ; it is sufficient 
to mark their intersections with the curve and with the 
chords. 

9. One of the most useful and interesting examples of the 
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calculation of areas with curvilinear boundaries is that of 
steam-engine indicator diagrams. Here, however, it is not 
the area but the mean height that is really wanted. The 
mean height might be arrived at by calculating the area and 
dividing by the extreme horizontal length of the diagram ; 
but this is not the most direct way of proceeding. The 
ordinary method is to divide this extreme length into an exact 
number of equal parts, to measure the mean heights of the 
vertical strips of equal breadth corresponding to these equal 
parts, to sum up these heights and divide the total by the 
number of strips. For simplicity's sake the number of parts 
is usually taken as 10. To faciUtate the exact division of the 
length into 10 equal parts there is used what is called a 
gridiron parallel ruler — that is, a set of 11 small steel straight- 
edges all linked together by two cross-bars so that all the 11 
edges must always remain parallel and equidistant, but may 
be placed with larger or smaller spaces between them ; in indicator 
fact, constructed in exactly the same manner as an ordinary ^^^^sraiM 
parallel ruler, only with 11 instead of 2 bars. It is very im- 
portant to observe that the heights of the strips have to be 
measured each on its middle line. Thus, if the corrections 
for curvature of the top and bottom boundaries of the strips 
be neglected, as is usual, — that is, if the height be measured 
simply to these boundaries and not to the two-thirds point 
between chord and curve — it is really unnecessary to draw the 
vertical lines dividing the strips, but, instead of these, it is 
better to draw only the middle lines. The gridiron parallel 
ruler is first set on the diagram as if to draw the dividing 
lines between the ten strips. With it so set the widths of the 
two end strips only are marked with pancil. These are then 
bisected either with dividers, or, as is usually sufficiently 
accurate, by the eye simply. Between the centres of the two 
end strips thus obtained we now set the edges of the parallel 
ruler so as to enclose nine strips between these centres -r that 
is, not using the end one of the series of 11 straight-edges of 
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the gridiron. Wo tbcn di-aw in the 10 centre-line n wbiuh 
the heights have to he measured. 

10. Although to the email scale to which steani-cngjue 
indicator diagrams are drawn it is nearly always sufflclently 
accurate to measure the height of each Btrip to the ciirve "■"t 
it must usually happen that the point of eut-o£f falls b- 
where within the boimdary of one of the strips, and ir this 
case it would evidently be very inaccurate to measui'e simply 
to the upper boundary without correction, especially if the 
cut-off be sharp. In Fig. 37 are ehown two constructions by 
which the necessary correction may always be made with suf- 
ficient accuracy for practical purposes by freehand sketching 
or by ruling with the help of the gridiron jiarullel ruler, cdia 
the last part of the ' admission ' portion of the diagram, and d 
is the point of cut-off. a c and d/are the dividing verticals 
enclosing one of the strips. It is sufficiently accurate to take 
d/as a straight line, and, therefore, c df aa a triangle. In 
construction (A) w, is drawn from c to/and m^lm^. Then 
rnij is drawn from e to the intersection of m^ with hf. The 
height of the strip is to he measured on the centre line to m^ 
In construction (B) the height ;// is bisected in c, and vl^ is 
drawn through e liorizontaily. From the "intersection of a c 
with m^ the hne jn, is drawn to g, and the height of the strip 
is measured to the interstction of n(j with the vertical drawn 
through the point of cut-off d. It is evidently unnecessary to 
actually draw the lines in, and wi, on the paper ; it is enough 
to mark their intersections with the other Unes. 

11. Indicator diagrams are sometimee measured with the 
aid of an instrument called a planimeter, which measures 
areas enclosed by re-entrant curves. The instrument carries 
a tracing point which is carried round the complete curve, 
and at the beginning and end of the circuit a difference of 
readings on a small dial-plate is obtained which measiu-es the 
area. The most commonly used is Amsler's Planimeter, which, 
when carefully used, gives veiy fairly accurate readings. It is 
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no part ^' ihe work of this treatise to describe or demonstrate 
the action of these instruments. They are, however, very valu- 
able aids in many graphic calculations, and, therefore, they 
deserve notice here. Wherever an enclosed area bounded by 
an irregular curve has to be measured, they may be usefully 

»*yed. But where, as in the case of indicator diagrams, 
the r^al object aimed at is not the area, but the mean height, 
their use is clumsy, slow, and not to be recommended unless . 
in conjunction with logarithmic calculation. The method em- Piani- 
ployed is, of course, . to measure the area by the instrument , 
and divide arithmetically by the length. In dealing with 
indicator diagrams this division must always be an awkward 
one, because the length is never any exact simple number or 
fraction of an inch. If, however, the division be performed 
with the help of a logarithmic sUde rule (of which Fuller's 
Spiral Slide Eule is the most accurate pattern), and if there 
be a large number of diagrams to work, the use of the plani- 
meter saves much time and labour. 

12. By the above processes the value of a complete enclosed 
area is found or 'integrated.' It is frequently required to 
integrate an area progressively — that is, to find the progressive 
value of the portion of the area lying behind a straight line 
cutting through the area, which straight Une is gradually 
moved (or progresses) perpendicularly to itself, thus always 
keeping the same direction or parallel to its original direction. 

If the line progress towards the right hand, the portion of 
the area to be found Ues to its left hand, and vice versa. To Integra- 
represent the result of this progressive calculation, usually the ^^ 
best way is to represent the gradually increasing area by the 
gradually increasing height of a curve measured from a straight 
base line drawn anywhere i)eri)endicular to the moving line. 
Such a curve may be called the integral area curve. If y be 
the height between the boundaries of the curve enclosing the 
area, measured perpendicularly to the above base line, and 
corresponding to an abscissa x measured parallelly to the same 
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base, the ordinate to the above integral curve corresponds (is 
rather identical) with the integral of y with respect to x as 
determined by the integral calculus. Thus the graphic con- 
struction of this integral curve, which is about to be explained, 
is really a method of performing graphically any desired piece 
of integration. The construction is shown in Fig. 38. 

The irregular curve bounds the closed area to be integrated 
by strips perpendicular to the line 0'. 0' is any line drawn 
in the required direction (i.e. the direction of progression of 
the integration). The dotted lines separate oflf the strips into 
which the whole has been divided. The portions of the strip- 
areas lying above the line 0' have been called A B C D, &c., 
and those lying below the line 0' are called A' B' C D'. Each 
line separating these strips is conveniently named by the two 
letters which name the two strips it separates. Thus the line 
between strip A and strip B is called A B ; that between strip 
Integra- E and strip F is called E F. The vertical centre lines of the 
strips, on which their mean heights are measured, are called 
a' rt, V h, c! c, &c. Through any point p in the line 0' pro- 
duced a perpendicular is drawn, and on this perpendicular all 
the points a h c, 4&c., and a' V c\ &c., are projected. Thus on this 
perpendicular we have measured upwards and downwards from 
the point p all the mean heights of the strips A A', B B', C C, 
&c. On the line p is measured oflf the length p P, which we 
may take in the meantime as unity. Then from is drawn 
1 across the space A and parallel to the line from P to the 
projected a. Then across B is drawn 12 parallel to P6 (pro- 
jected) ; then 23 across space C parallel to P c ; then 3 4 across 
space I) parallel to P d ; and so on with the series of succes- 
sive lines 4 5, 56, 67, 78, 89 across the spaces EFGHI. Simi- 
larly, starting again from 0, the lines 1', 1' 2', 2' 3', 3' 4', &c., 
are drawn across the spaces A'B'C'D', &c., parallel to Pa', 
P //, P c\ P cV. If now fair curves are drawn through the 
points 1 2 3...7 8 9 and 1' 2' 3'... 7' 8' 9', the vertical height 
between these curves will, to a certain scale to be explained 
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immediately, measure the integral area to the left hand of the 

line at which this height is measured. 

13. To prove this we notice that the triangle 1 1' is similar integra- 

to P a a', because 1 is parallel to P a, 1' parallel to P a', and p^^^ 

1 1' 
1 1' parallel to a a\ Therefore the ratio — > is the same as 

a a 

that of the horizontal breadth of the strip A to the distance 

Thus, since a a' is the mean height of the strips A and 
A' taken together, we have the rectangular area IV x Fp =^ 
area of strip (A + A')- That is, 1 1' measures to a scale 
numerically equal to the reciprocal of P|) the area of the com- 
bined strips A and A . To this scale evidently the height of 1 
above line 0' measures area A, and the depth of 1' below 0' 
measures area A'. Again, suppose the line 1 a drawn parallel 
to 0'. The triangle 1 2 a is similar to Vhp, and, since 1 « is 
the breadth and bj) the height of the strip B lying above (Y, 
we have the rectangular area 2a x P j> = area B. Thus, 
since the height of a is the same as that of 1 above 0', we have 
the height of 2 above 0' measuring to the above-mentioned 
scale the sum of the areas A and B. Similarly, 3 fi measures 
area C, and 4 7 measures D ; so that the height of 3 measures 
A + B + C, and the height of 4 measures A + B + C + D. 
Thus the height of each of the points 1 to 9 measures the 
portion of the area to its left hand lying above 0', and the 
depth of each of the points 1' to 9' measures the portion to its 
left hand lying below 0'. 

The point P is called the j^ole of the ^orojection diagram, 
and P p the pole dhtance. The scale to which those heights 
measure the corresponding areas is inversely as the length soale of 
chosen for the pole distance ^ Vp. As this is a most important *'•**'""'• 
point often leading to confusion in engineering problems if not 
clearly understood, it must be fully explained. 

If the diagram be drawn full size and the dimensions of 
the aiea be measured in inehes ; and if, further, the pole dis- 
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tance F phe taken the natural unit, namely 1 in.; then our 
equation becomes 

Height of integral curve x P^) = rectangular area of breadth 
1 in. and of height equal to height of integral curve = the 
integral area within the given irregular boundary. 

The breadth of this rectangular area being 1 in., its height 
— namely, that of the integral curve — if read oflf in inches, will 
give the number of square inches in the desired area. 

But in most practical problems the integral curve would 
be inconveniently steep, and would soon run out of any ordi- 
nary size of paper if P^) were taken so small as 1 in. Suppose 
P 2> be taken 10 in. Then all the heights of the integral curve 
will become just one-tenth of what they were before. Thus 
-j^ in. = 1 sq. in. is now the scale to which the heights measure 
the areas. Another way of putting it is, the height of the 
integral curve to the scale of the given figure (that is, in 
Soale of inches) multiplied by the pole distance to the scale of the pro- 
jection diagram (namely, 10 in.) .equals the desired area in 
square inches. 

IfPp were taken 5 in., then the scale would be ^ in. = 1 
sq. in. ; if it were taken 20 in., the scale would be ^V iii. = 1 
sq. in. 

Now suppose the figure has been measured, say, in feet, and 
has been plotted off to a scale of, say, ^ in. = 1 ft. It is desired 
to measure the area in square feet. The projected heights are 
to the scale ^ = 1 ft. Suppose we find it convenient to take 
the pole distance equal to 10 in. This to the scale of the pro- 
jection diagram means 80 ft. Then the height of the integral 
curve measured in feet to the scale ^ in. = 1 ft. multiplied by 
80 ft. equals the area in square feet ; or the height of the 

intef^ral curve measured to the scale — ;- = _ in. = 

80 X 8 G40 

1 sq. ft. equals the area in square feet. 

Now suppose that for some reason or other the figure has 

been plotted with different vertical and horizontal scales. For 
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example, suppose it to be a plot of a longitudinal section for a 
railway cutting, in which the horizontal scale is invariably 
smaller than the vertical scale. Suppose the vertical scale to 
be ^ in. = 1 ft., and the horizontal scale -^jj in. = 1 ft. The 
projection diagram has the same scale as that of the vertical 
ordinates — namely, ^ in. = 1 ft. Let 12 inches be the distance 
found convenient for the pole distance — that is, Pp measures 
60 ft. on the scale of the projection diagram. If the horizontal 
were the same as the vertical scale in our figure, we would 
now read the heights of the integral area- curve to the scale 

- -^^ = .TTTT^in. = 1 so. ft. But since the horizontal scale is 
5 X 60 300 * 

only one-tenth the vertical scale, the actual areas are evidently 
ten times greater than we would find if we supposed the hori- 
zontal scale equal to the vertical. Therefore, the scale to 
which the heights of the integral area-curve must be read is Scale of 



= ----- in. = 1 sq. ft. To take a numerical ex- 
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10 X 300 3000 
ample, and referring to the strip B and the triangle 1 2 « of 
Fig. 38 ; suppose the mean height p b measures 6" = 30 ft. to 
scale y = 1 ft., and breadth 1 « measures 4'' = 200 ft. to 
scale 3^'' = 1 ft- Then the area is, of course, 6,000 sq. ft. The 

pole distance being 12 in., we have .^ ■ = ^.^t/ = 7- = t77> 
^ Pj) 12 1 « 4 

whence 2 a = -rr^y,-- = 2'. This height to the scale ^^jVo in. 

Itu 

= 1 sq. ft. means 3,000 x 2 = 6,000 sq. ft. Otherwise ex- 
pressed : the pole distance is 60 ft. to the scale of the projected 
mean heights, and the horizontal scale of the area is 3^^'' = 
1 ft. Then the scale to which areas are to be read oflf on the 
integral area-curve is 1 sq. ft. =: ^^^j x ^ in. 
_ fraction of inch representing 1 ft. on horizo ntal scale of are a 
pole distance in feet read to vertical scale of area 

14. One useful application of this area- integration is the Water 

itoraffe 

storage of water in reservoirs. A curve is plotted, giving the 

V 2 
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rate of 8ui)ply from day to diiy, wtiicb, of course, varies with 
the season. Another is plotted to represent the rate at which 
water is drawn off. The integral of the area betweeu these 
two curves is this total escesH or deficiency of Bii|)ply over or 
below discharge. An example is shown in Fig. 39. Tho 
esoesH curve is alternately positive and negative, and its 
maiima and minima points occur simultaneously with the 
crossings of the supply and drain curves. The points at which 
the excess curve reverses the direction of its curvature (iMjints 
of inflexion) are simultaneous with those at which the supply 
and drain curves run parallel to each other, i.e. where these 
two are at maximum or mmimum distance apart. 

15. Another extremely important application of the inte- 
gration construction that has juat bean explaijied is the calcu- 
lation of the excess of energy delivered by an engine to the 
crank-shaft during one jwrtion of the revolution and the defi- 
ciency during another. Examples are worked out in subse- 
quent chapters. 

Still another use of the same construction is the calcula- 
tion of the sheer force on different sections of a beam or girder 
from the known manner in which the load is distributed over 
the span. This also is treated of in a future chapter. 

16. lleferring again to Fig. S8, it is to be noted that we 
have there determined only ten jioiids in each of the two inte- 
gral curves. It must not be supposed that the diagram is 
composed of straight lines drawn between these points. To get 
the intermediate points more accurately than can be done by 
simply drawing a 'fair curve' through the points already 
determined, it would only be necessary to divide the area into 
a larger number of narrower 8trii)s, and thus obtain more 
points. In most practical calculations, however, no gi'eat re- 
finement is needed, and tlie curve may be drawn in with 
enough accuracy from a few points only, provided tlie draughts- 
man is guided in doing so by an intelligent and careful com- 
prehension of the true character of the curve at its various 
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points. Thus it must be noted that, so long as the mean heiffht 
of the strips is increasing, the integral curve beTids upwards, 
i.e. its centre of curvature lies above. If the mean height 
remahi constant throughout a certain length, the integral 
curve becomes a straight line throughout that length : it bends 
neither upwards nor downwards, but maintains a uniform 
inclination. If the mean height decreases, the curve bends , 

downwards. In the ordinary case the mean height increases Charae- 
to a maximum, and then immediately begins to decrease. of?nte-* 
With this maximum or minimum of the mean height coincides ^'•^ ^^"^^ 
a reversal of curvature of the integral area curve. If the mean 
height becomes zero at any point, then at this point the curve 
becomes horizontal. It slojies upwards so long as the mean 
height is positive. If the mean height ever become negative, 
the curve slopes downwards. 

m 

17. Although the upper boundary of a strip may be practi- 
cally a straight line, it does not follow that the integral curve 
also approximates to a straight line throughout the corre- 
sponding stretch. Let (in Fig. 40) AaBbhe one of the strips, 
and let « ;8 be the corresponding stretch of the integral curve. 
Since the mean height of the strip increases at a uniform rate 
from a to b, therefore the inclination of the curve afi increases 
also at a uniform rate. It is easily recognised that the curve 
is one of the second degree. It is, in fact, parabolic. Its 
curvature depends on the steepness of the line a b. The dis- CorreetioB 
tance of the curve on the middle line p q from the chord « yS 
may be calculated graphically without trouble if desired. 
Let the letters ab afihe taken to represent the heights of the 
corresponding points. Then, tv being drawn horizontally, 
av =: ^ {fi — a). It can be shown that the distance from 

chord to curve ty = ^ (8 — a) f \ "" f . Now, a r being drawn 

^ * ^ i (^ + «) 

horizontally and r q being bisected in s, we have evidently q s 
= i (6 — a) andp q — ^ {b -{■ a). If, then, we draw the lines 
q OL and p r, and through their intersection draw the line s x, 
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then evidently ^ = ^ . ^^ = i 08 - «) ^ ,, 7 ^ x> ^^^ ^^' 

therefore, the distance fy required. It is seldom that this 
calculation of the versine is needed in practical work, and it 
must be remembered that the same result— namely, to de- 
termine the point y of the curve independently — can be just as 
Correetion well, and probably more quickly, obtained by taking the strip 
in two parts instead of in one in the general construction for 
deriving the curve. This latter course is, in fact, the more 
satisfactory one, because the correction above explained is 
founded on the assumption that at is a straight line, which 
in most cases is only an approximation. 

It must be understood that in all the constructions from 
Fig. 30 to Fig. 40 the dotted lines represent lines which are 
not to he actually drawn but only * formed ' by laying the 
edge of the set-square along them and making the required 
intersections. The practical draughtsman avoids drawing in 
as many lines as possible, because unnecessary lines not only 
dirty the paper when in pencil, but they also make the diagram 
confused and obscure, and render the useful result less readily 
perceived by the eye. 

Frequently the number of measurements taken, from 
which the figure has to be plotted, is in excess of the number 
absolutely required. Such is the case always, for example, 
in a survey. There is then an embarras de richesses of data 
for the calculation, and the results calculated from different 
sets of data may not exactly agree. The disagreement shows 
that small errors have been made in the measurements. Later 
on we will show how these errors are most equally distributed 
in the graphic constructions. 
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CHAPTER VI. 

COMBINED MULTIPLICATION AND SUMMATION. — MOMENTS OP 

PARALLEL VECTORS. 

1. In the last chapter the graphic summation of area strips 
was explained. Each area strip was the product of its mean 
height and its breadth, and the strips stood side by side. Any 
product of two quantities may be represented by a rectangular 
area whose sides are the two quantities measured as line 
magnitudes to suitable scales. A number of such areas can 
be added together only if they all represent things of the same 

kind and if the scales for the different areas are the same, gun of 
We have now to consider the frequently occurring case in P™*^^^ 
which the areas representing the products overlap each other, 
each of them having one edge lying on the same straight line 
common to all. In the diagrams necessary for the calcula- 
tion it is seldom necessary to actually draw in the actual sides 
inclosing the rectangular area ; it is suflScient to draw in their 
correct directions the two perpendicular dimensions of the 
rectangle. 

2. This problem is of very frequent practical occurrence. 
The most familiar example is that of the total moment round 
some axis of several parallel forces; for instance, the total 
turning moment round the fulcrum of a lever of a number of 
weights hung on the lever, or the total bending moment on Parallel 
any section of a beam due to a number of different loads. 
The constructions given in this chapter for parallel forces are 
capable of extension to the case of non-parallel forces, and 
this development will be dealt with in Chap. YIII. 

*F4 
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The general conBtruction applicable to the summation of 
products of any kind of quantities is shown in Fig. 41. Let 
the products be A a, B 6, C c, &c., the factors ABC being all 
of one kind, and abc being all of one kind. From any point X 
along any straight line lay oflf the factors a 6 c to any suitable 
scale, each factor being measured from X. Then from X draw 
a line perpendicular to this first. Also draw another perpen- 
dicular C in any other position on the paper, and from any 
point mark oflf along this line to any suitable scale the 
factors ABC successively. These factors are not measured 
all from one point so as to overlap, as the factors abc are, 
but are added along the line so that C is the sum of the 
three. 

3. From any point p in this line draw a line p P perpen- 
dicular to C and, therefore, parallel to X a, and make p P 
equal to 1, or 10, or 100, &c., to the scale of the factors ABC. 
Then from a draw, the line a o || P and a a || P A'. The tri- 
angle o a a is similar to the triangle P A', and therefore 
similar dimensions in the two triangles have all the same 
ratios ; thus the bases A' and o « have the same ratios as 
the heights Fp and a X. But A' = A and aX = a; there- 
fore, we have P|> • o « = A • a. If P^^ be taken unity to scale 
of A, then o a to the scale of a will numerically equal the pro- 
duct A • a. If Pi? be taken 10 to scale of A, then ten times o « 
to scale of a will equal A a. Whatever length it be convenient 
to take for Pj), we have o « to scale of a multiplied by P|> to 
scale of A equal to the product A • a. 

Now draw 6 6' || o X to meet a a in b\ and draw 6' )8 1| P B'. 
The two triangles Va^ and P A' B' are similar ; therefore, the 
heights b X and Pp have the same ratio as the bases a ^ and 
A' B'. Thus P2> • a /? = B • ft ; that is, a fi measures the second 
product B'b to same scale as o a measures the first A a. Also 
we have o ^ the sum of the two products. 

Again draw c c' || o X to meet b'fi in c' and draw c' 7 || P C 
We have now fi 7 measuring the product C c to the same scale 
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as above. Thus we can find the sum of any number of pro- 
ducts by this construction. 

The scale to which the result is read is inversely propor- 
tional to Vp. The larger the factors we have to deal with 
are, the larger must we take Fp in order to get the result to a 
suflBciently stnall scale to allow of the sum being represented 
by a line within the limits of a convenient space on the paper. 
Pis called the 'pole' and Vp the 'pole distance' of the 
diagram. The pole distance should be taken a convenient 
number (to the scale of ABC) by which to multiply the 
quantity read to the scale of a be. In different practical pro- 
blems it is convenient to use 1, 5, 10, 50, 100, 500, 1,000, 
10,000, and even sometimes 100,000. 

The pole may be either to left or right of the vertical G\ 
If it is at P' to the right, the diagram aV e ^ would slope up- Bight or 
%vard% intead of downwards, and a o would slope downwards ; • P* • 
the diagram would be simply reversed on the line a X. 

Suppose all the factors a 6 c to be diminished by the same 
amount. This is equivalent to shifting X to X^ a distance 
equal to the diminution of each factor. The rest of the 
diagram remains unaltered : oV now measures the sum of the 
new products. If the diminution exceed e \ for example, let 
it be X X'^ then e becomes negative and the product C c is to 
be subtracted instead of added. This is still effected without Change of 
alteration of the diagram, o" ^'' measured to the line c'7 
produced backwards gives the algebraic sum, because o" V 

measures (A-aX'' + B • fcX'^ and V 7" measures the nega- 
tive product C . c X''. 

If X be shifted to X"', to the left hand of the crossing I of 
the lines ao and c'7, then the negative products overbalance 
the positive ones, and the sum 0'" 7"' is to be read as a nega- 
tive quantity. 

4. It is on account of these last peculiarities that this 
construction is most useful for calculation of the moments of XomeBt 
parallel forces or loads on beams or levers, a X represents the 
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line of the lever or beam : X the fulcrum or section round which 
the moments of the forces are to be taken. The points ah c are 
the positions at which these forces act perpendicularly to the 
line a X — that is, parallelly to the line C — and the quantities 
abc are their leverages around X. ABC marked and added on 
this line represent the forces. The diagram composed of the 
two straight lines 7 7"' and and o 0'" parallel to the two lines 
Xoment P and P C form a complete graphic calculation and record 
^'^"^ of all the moments this set of forces ABC exert on any and 
every point or section of the lever or beam, because X may 
he taken anywhere. The moment on any section is read 
off between these two lines 77'" and 00^'' on the vertical 
drawn through the section. To the right of the intersec- 
tion I of these two lines the moment may be regarded as 
positive ; to the left of the same crossing it has the opposite 
sign. 

5. Immediately under the crossing the moment is zero ; 
that is, round a fulcrum under this crossing the given set of 
forces would have zero turning moment or would balance so 
far as moments are concerned. Also it is evident that if a 
single force equal in magnitude to C, the sum of the given 
forces, were applied to a point of the beam immediately 
under this same intersection, this single force would produce 
on all sections the same moment as the given set of forces 
actually produce. For example, round the section X this 
Axil of single force C applied through I would produce the moment 
o 7, because the two triangles I 7 and P C are similar, 
and, therefore, Vp'oy equals C multiplied by the hori- 
zontal distance of I from o 7. 

Any of the forces may be negative, i.e. directed upwards. 
They are then marked off upwards on the line C\ and from 
the beginning to the end of this line still represent the alge- 
braic sum of the forces. 

Thus the left-hand diagram gives the * resultant force ' and 
the right-hand diagram gives the ' resultant moments.' The 
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first has, therefore, been called the Force Diagram, and the Axit of 
second, the Moment Diagram. It is to be noted that the pole moment 
distance V p represents a force, 

6. All quantities which have, Uke forces, directions and 
magnitudes are called * rectors.' These will be explained fully Yecton 
in next chapter. Examples are motions, velocities, momenta, 
accelerations of momentum or of velocity. Vectors whose pro- 
perties or effects depend upon the definite position in space in 
which they occur, have been called * rotors.' In this book, Looom 
however, they will be called * locors.' 

The moments of all locors are calculated in the same 
way as those of forces, and, therefore, the above construction 
is applicable to the moments of all kinds of parallel locors. It 
will be extensively used throughout the rest of this work. In 
all such diagrams the pole distance represents a vector. The 
extension of the method to vectors that are not parallel will 
be explained in Chap. VIII. 

7. By varying the pole distance the inclination of the two 
final lines oo''' and y/'' is also varied ; what may be called 
their combined 'slope' or the sum of their slopes to the 
horizontal line a X varies inversely as the number of units 
taken for the pole distance measured to the vector scale. It 
follows that, although a shifting of P parallel to C alters 

the inclination or slope of each of the lines o o'" and y y"\ it PotltioB 
does not alter the sum of their slopes. Also any shifting of J^^ 
P either vertically or horizontally does not alter the horizontal 
distance of the intersection I from any line o X ; the point I 
shifts vertically as P is moved, but it always remains in the 
same vertical line. This line parallel to the forces in which I 
lies is called the centre Hue or resultant line of the locors. 

In the case of bending moments on beams and in other 
similar cases, we wish to determine for each section the resul- 
tant moment of all the forces lying to one side of that section, ex- 
cluding the moments of those lying to the other side. The above 
diagram, Fig. 41, gives this at once. For instance, if the section 
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to be investigated be at X", we have A and B acting to the 
left of this section, and their resultant moment round this 
section is o" h" : while we have C only to the right hand and 
its moment (of opposite sign to the former) is measured by 
V 7''. Thus for the resultant moment of all forces to the left 
of any section we measure vertically between ao and the 
diagram outline a6'c'7, where ao is the final line of the 
diagram outline going from force to force towards the left. 
For the resultant moment of all forces lying to the right hand 
of any section we measure vertically between c' 7 (or the same 
produced) and the outline c' V a 0, where c' 7 is the last line of 
the diagram going from force to force towards the right. 

8. The lettering of Fig. 41, although almost necessary in 
explaining and proving the mathematics of the construction, is 
by no means the best for practical use. 

Fig. 42 shows the more convenient method of lettering. 
The utility of this method increases rapidly with the com- 
plication of the figure. 

The spaces between the force lines are called by the names 
ABC, &c., and the lines themselves separating those 
spaces are called by the two letter-names of the spaces they 
separate ; thus, A B, B C, E F, &c., are the lines separating 
spaces A and B, B and C, E and F, and so on. These lines 
are of indefinite length. The vectors along these lines are 
called ahy he, c d, &c. 

They are plotted off successively along a line parallel to 
the given vector direction. The small letters on this line in- 
dicate points, and the magnitudes of the vectors are measured 
between these points. Thus the Une between the points d e 
in the vector diagram give the viagnitude and direction of 
the vector whose position and direction are shown by the line 
D E on the moment diagi-am. The pole p is placed anywhere 
at a convenient pole distance. Then parallel to the radii 
(which need not be actually drawn), from p to abed, i&c, 
are drawn lines across the corresponding spaces ABCD, &c., 
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these being drawn so as to form a chain of successive links 
— that is, the two lines across adjacent spaces meeting in the 
line separating these two spaces. The whole of the space 
on one side of this diagram outline or chain is named P, the 
names ABC, &c., being confined to those portions of the spaces 
between the vector position-lines that lie on the other side 
from P of the chain. The lines or links of the chain are 
called P A, P B, PC, &c. Thus, corresponding and parallel 
lines in the two diagrams are called by the same large and cyelieal 
small letters. The series of lines or * chain ' may be referred ^**** * 
to as (P) A B C D E F G H, and the pencil of radii from pole p 
may be called (j)) ahc d, &c. This makes a complicated dia- 
gram easy to comprehend and easy to read, and it makes it 
almost difiBcult to make an error in its construction. The 
two final lines or links in Fig. 42 are P A and P H, and their 
intersection I is on the centre line or resultant of the seven 
locors whose resultant magnitude is ah. The resultant 
moment round any axis is measured between P A and P H. 

9. This resultant moment is, therefore, not zero except 
round axes situated in the line drawn through I in the direc- 
tion of the locors. This set of locors, therefore, does not 
balance generally with respect to moment. In order that 
there should be such balance, there must be zero moment round 
all possible axes. This evidently can occur only if the two 
final lines of the chain coincide. If an extra vector h r along 
a line H R were added to the existing set, the line P H would 
cross the space H to its intersection with this new locor H E, Balaneing 
and from this intersection would be drawn a line P R parallel ^^*' 
to J) r in the pole diagram, in which h r must first be plotted 
off. This new line P R can only coincide with P A if the new 
locor line H R cut P H in the intersection I. In order that 
the extra locor should produce moment balance, its line, there- 
fore, must pass through I. It is further necessary that P R 
should have the same direction as P A, which can only be if 
r coincide with a, because P R is to be drawn parallel to p r. 
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I ■ Thus the new balancing locor must have tlie magnituJe h a^ 
tbut is, must be equal and opposite in sign to the sum of the 
other vectors. The sum of the magnitudes of the complete 

BaianeiiiK set then becomes zero, and the moment round every possible 
axis is also zero. 

Thus, if the first given set is to be balanced by a single 
locor, both its magnitude, its direction, and its position are 
determined by the condition that it must balance the others. 

10. Evidently in the diagram there will he no need for 
either of the letters R or r ; r coincides with a and is not 
wanted. The letter P will now refer only to the enclosed 
space inside the chain. The chain is now a chsed chain, its 

olsMl final links meeting in I. The space A extends from line B A 
^'*'*°' to the resultant line through I. The space H extends simi- 
larly from line G H to same line through I, Therefore, this 
last line is now to he called H A. The closed chain or outlhie 
of the enclosed space P is called (P) A D C D E F G H. 

11. If, however, the set is to be balanced by two other 
locors, these may have positions assigned to them indepen- 
dent of the condition of balance, which condition may then 
he fulfilled by assigning proiwr magnitudes to the two. A 
familiar example is that of the two vertical supporting forces 
at the ends of a beam which keep the loads in balance. 

Let R, A and H E^ be the assigned iiositions of the two 
balancing locors. Then to complete the diagram there have 
Two to be drawn a line P R, across the space R, from the intersec- 

loeon ^ ''"^'1 of P A and K, A, and a line P R.^ across the space Rj from 
the intersection of P II and H R,, these lines being parallel to 
corresponding lines drawu from the pole j>. But if these two 
new locora are to balance the set completely, these two lines 
P R, and P R, must coincide with each other, and must there- 
fore lie from the first-mentioned intersection of PA aud R, A 
to the second-mentioned intersection of PH and HIl,^. PR, 
and P R, being thus one and the same line, they correspond to 
one line only in the pole diagram. This line p r, is to he 
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drawn from j) parallel to the line P R joining the above two 
intersections. The point r^ thus found gives h r^ as the mag- 
nitude of the balancing locor along H Rj, and r^ a as that 
along Rj A. Also the chain is once more a closed chains and 
the letter P should be applied to the space enclosed by it. 

It must further be noticed that there is no need of both 
letters R, Rg and r, r^. The space R may be supposed to 
stretch from line A R^ to line H R, on the other side of the Two 
space P enclosed by the chain to that occupied by A B C, &c. fj^^ 
Also, r simply may be substituted for r^. 

The new closed chain is now to be called (P) ABCDEFGIIR, 
the space inside it being P and the whole space outside it being 
divided by the nine locors into nine spaces, each of which is 
definitely bounded on three sides by three lines but has no 
definite outer boundary. 

12. This closed chain is still used as a moment diagram ; 
not, of course, of moments of the whole set of nine locors, 
because the set taken as a whole has zero moment roimd any 
and every axis, but of the total moments of all the locors 
lying on one side only of any line parallel to the locors. The 
total moment of those lying to one side of any such line round 
any axis lying in this same line is the length of this line 
intercepted inside the closed chain, measured to the scale 
determined by the reciprocal of the pole distance. This 
moment must be taken (say) positive for the set of locors B«ieof 
lying to the left hand and negative for those to the right "^^^ 
hand, the sum of the two being zero or the moment of the 
whole set. If the line pass altogether outside the closed chain, 
the intercepted length is zero, which means zero moment 
because we have now the whole set lying to one side. 

There is an extremely useful convention to notice with 
regard to the signs of these locor moments. It is the fol- 
lowing : — 

The pole being taken at any convenient position may 
stand on the paper cither right or left of the line on which 
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the vectors are marked off successively and added. If the 
vector Une stand to the right of the pole, call the figure a right- 
handed diagram; if to the left, call it left-handed. Now 
observe the cyclical ord^r in which the adding of the vectors 
leads from letter to letter — i.e. the order in which the letters 
must be read in the pole diagram to give the true directions 
of the vectors. Now, taking the sides of the chain surround- 
ing the closed space, P, in the same cyclical order, pass from 
one end to the other of the intercept measuring the moment 
inside the closed chain, following round that portion of the 
chain lying to the same side of the intercept as do the locors 
whose total moment is to be measured. This will give the 
intercept measured in a definite direction, either up or down ; 
up for the locors lying on one side and down for those "lying 
Bide of on the other side of the intercept. The rule is now that an 
*^"* upward intercept means a positive or right-handed moment ij 
the diagram he right-handed, and if it be a left-handed diagram 
an upward intercept means a negative or left-handed moment. 
Vice versa, a downward intercept means a left-handed moment 
on a right-handed diagram, and a right-handed moment on a 
left-handed diagi-am. This rule is of universal application, 
and may save considerable confusion of mind if the diagram 
be a complicated one with the sides of the chain crossing each 
other several times. 

A precisely analogous convention will be shown hereafter 
to be of the greatest utility in stress diagrams for complicated 
frameworks. 

In this constiuction we have assumed the positions and 
directions of the two balancing locors as known, and that 
these directions are jtarallel to the other known locors. 

13. In the cases of such structures as roofs and bridges 
resting on walls, piers, or abutments, it is seldom known in 
Abutment which directions the supporthig forces are exerted ; the 
* *^ * thrusts ' or horizontal components of these forces are un- 
known. All that is known is that they are exerted through 
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certain comparatively small surfaces which we may assume 
in our diagram as known points. If this condition is all that 
is known regarding the action of these forces, it leaves the 
problem of calculating their amount and direction to a certain 
extent insoluble. But only to a certain extent. Although 
they cannot be completely determined, these forces have cer- 
tain determinable relations which tell the engineer a great deal 
about them that is useful. Later we will find how these rela- 
tions enable the forces to be completely determined as soon as 
certain coefficients of pliability of the abutments and of the 
structure are known. Meanwhile the graphic calculation of 
these relations is the following in Fig. 48. 

The diagram shows in heavy lines the outline of a 
girder which is taken as sloping, that is, with supports not 
at the same level, for the sake of greater generality, the 
method being equally applicable and easy whether these sup- 
ports are on the same level or not. The loads appUed are Abutment 
supposed to be four only, their lines being A B, B C, CD, D E, 
and their magnitudes, ab, bcy cd, de. The supporting points 
or foundations are marked F^ and F^. Through these are 
drawn Unes (dotted in the figure) parallel to the loads. A 
pole, ])y is chosen at a convenient distance and the chain (P) 
ABODE drawn, the sides being drawn parallel to the radii 
from j). The intersections of PA and PE with the lines 
through F, and F^ are joined, and parallel to the line (P R) 
joining them is drawn p r. Then we know that if the forces 
at F, and Fj were parallel, their magnitudes would be er at 
Fj and rfl at F,. But if they are not parallel, then each of 
them may be resolved into two components, one parallel to 
the loads and the other along the line Fj F^. These latter 
components parallel to Fj F^ may again be resolved each into 
a component parallel to the load and one perpendicular to 
the load. These perpendicular components must have equal 
and opposite magnitudes in order that the whole system may 
balance, because all the other forces in the system are at right 

G 
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angles to them. Since the two primary components along 
I\ Fg and exerted at F, and Fj are in the same direction, 
and since their secondary horizontal components have the 
same magnitude, therefore these two primary components 
have also equal and opposite magnitudes. Thus, each of the 
supporting forces being resolved into a component parallel to 
the loads and a component parallel to Fj Fj, which we may 
call the * abutment Une,' we find that the latter components 
parallel to the * abutment line ' are equal and opposite. Since 
they also act along the same straight line, their moments 
round any and every axis exactly neutralize each other. 
Therefore, the rest of the system, exclusive of these two, must 
independently balance with respect to moments ; that is, the 
two remaining components parallel to the loads of the forces 
at Fj and F, must be e r and r a, the same as if the whole sup- 
porting forces were vertical. 
Abutment Through r draw the line r p || Fj Fj, the abutment line. 
We now see that the force at F, is represented to scale by a 
line from e to some undetermined point in the line r p, for it 
is compounded oi er and a force parallel to rp ; and that the 
force at Fj is similarly represented by a line from the same 
point in rp to a. The indeterminateness of the problem is 
now expressed by the indefiniteness of the point p at which the 
two forces e p and pa meet in the force diagram. 

If any one other particular concerning either of the two 
supporting forces be known, then the problem becomes capable 
of solution. For instance, if it be known that the support at 
Fi be capable of exerting only a horizontal force, then the 
point p can be at once found by drawing from a a horizontal 
line to intersect r p. If either force be known to be wholly 
vertical, then the point p will coincide with r and the horizontal 
thrusts be zero. If the direction of the force at ¥^ be known, 
a line can be drawn from e parallel to that direction to inter- 
sect r p. Thus, in the special example shown, if the force at 
Fg were horizontal, or had a less inclination to the horizontal 
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than rp, the intersection would fall to the right hand oi ae 
and the force would be a tension. It will, however, be after- 
wards shown that, if the direction of one of these forces be 
known, their magnitudes can be found by a slightly more 
direct and expeditious construction than the one here ex- 
plained. As a further example of the utility of the above Abutmmit 
construction, suppose that the horizontal component of either 
of the forces exerted at Fj and F^ be known. This horizontal 
component is to be plotted off in the proper direction to the 
right or left hand of the line a e, and at the distance so ob- 
tained a vertical line is to be drawn to intersect r/9. This 
intersection will then be the true position of p. 
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VECTOR SUMMATION. 



1. There is a large series of different kinds of things 
many of the useful calculations regarding all of which are 
made by exactly the same methods because the various 
members of this group have two characteristics in common. 

▼•etors They all have magnitude or qtuintity and they all have direction. 
This circumstance has led to its being convenient to give a 
distinctive name to this class — namely, vector. Everything 
that has both direction and quantity is a vector, whatever be 
the other qualities it may possess. A vector may, therefore, 
be shortly and completely defined as a directed quantity. 

2. Here the word direction is used in its strictest sense. 
A given line in space does not necessarily have a definite 
direction, or rather it has two possible dh-ections exactly 
opposite to each other. It is not a vector unless it is specified 
to have one and one only of these two opposite directions — 
that is, to be directed from one specified end of the line 
towards the other end. When two lines have the same lie 

Direction in space, if they have opposite directions or if one or both 
have no specified direction, their coincidence in lie is expressed 
by the word parallelism ; they are said to be parallel. The 
word * direction ' has often been used to mean the same as 

* lie ' in the last sentence, and to avoid ambiguity the word 

* sense ' has been employed to convey the stricter meaning 
ascribed above to * direction.' But, although we have no other 
word meaning exactly what has been expressed above by * lie,' 
there seems to be no practical need of using * sense.' To say 
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that two lines have the same * lie ' would, apart from the con- 
text, be awkward and ambiguous, but the same meaning can be 
exactly expressed by saying that they * are parallel.' In this 
book the word direction will be used to indicate one only of 
the two possible opposite directions along a straight line. 

Different kinds of vectors have, of course, other properties Dinetioii 
besides direction and magnitude which distinguish them one 
from another. But when dealing with them as vectors we 
assume that the consideration of these other properties is 
abstracted from ; we deal with them as having only these two 
properties, magnitude and direction. 

8. Thus the motions of the different soldiers of a regiment 
marching straight forward through a field take place in differ- 
ent parts of the space of the field. These different motions 
are distinguished from each other by having different positions 
in the field. But abstracting from their property of position^ 
they are vectors all having the same direction and the same 
magnitude, and are, therefore, all one and the same vector. 
Two coaches running along different but parallel roads and 
in the same direction, and with the same speeds along these 
roads, have velocity vectors which are equal or rather are the 
same vector, although the actual motions occur in different 
parts of the countiy. 

Again, simple changes of position, velocities, and momenta mnitra- 
are all vectors, but of different kinds, being distinguished one °* 
from the other by the first having position only as a property 
besides direction and magnitude, while besides these the 
second involves both position and tiwi€, and the third position, 
time, and mass. 

Again, if two masses have the same momenta both quan- 
titatively and as regards direction, these two momenta are 
one and the same vector although they have different positions 
and occur in different masses. 

It is to be noted that vectors of different kinds cannot 
possibly be added together. 
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4. The sign = indicates quantitative or numerical equiva- 
lence. The sign || ordinarily indicates simple parallelism, but 
we will, when applying it to vectors, use it invariably to indicate 
identity of direction. These two signs are combined into 4^ 
to symboUse vector equality or combined quantitative equality 
and directional identity. This sign is to be used in all vector 
equations. The symbol ^ is used to indicate equality in 
magnitude and in parallel but opposite directions. The 
symbol =|= indicates quantitative equality combined with 
parallelism without reference to direction or * sense.' 

When it is desired to express equality, identity, or coinci- 
dence of the other properties of the vectors compared besides 
those of direction and magnitude, the sign ^ will be used. 
This sign will be more particularly used to express coincidence 
of position or situation as well as of direction and magnitude 
Symboli of the vectors compared. When we consider the results or 
iwwe'"^*" effects of the combination of the three properties, position, 
direction and magnitude, the things dealt with will be called 
locors, and we may term ^ the symbol of locor equality. 
Nearly all vectors are actually locors ; a vector is, usually if 
not always, simply a locor considered without regard to its 
definite position. 

The sign ^jp will indicate exact locor oppositeness ; thus 
a ^ fc means that a and b are locors with equal magnitudes 
and exactly opposite directions lying along coincident lines. 

5. The locors or vectors that are chiefly dealt with in 
mechanics are the following : — 

Difference of Position. 

Change of Position or Displacement. 
loeors Velocity and Change or Difference of Velocity. 

Acceleration (i.e. Time Rate of Change) of Velocity. 

Momentum and Acceleration of Momentum. 

Fofce and the one-directional aspect of a Stress, including 
the stresses called Gravitation, Cohesion, Electric and Mag- 
netic Induction. 
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Flow of Fluid or Flow of any quantity of any kind what- 
ever, and this being either the Integral Flow throughout a 
given time or the time-rate of flow, and either the Integral 
Flow through a given area or the flow per unit of area. The Locom 
flow may either be of one or other kind of substance or matter, 
or it may be of a condition — for example, of a dynamic condition 
such as momentum, stress, strain, kinetic energy. Electric 
current may be taken as coming under the latter head. 

6. Rotations and Angular Velocities may also be repre- 
sented by vectors or locors, the direction and position being 
taken along the axis of rotation and the quantity (represented 
to a convenient scale by a length measured along the axis) 
being an angle or angle per second. The length along the 
axis is to be directed + or — according to the direction of 
rotation ; the most convenient convention being that it is to 
have that direction in which the rotation will appear right- 
handed. Viewed in the opposite direction, the rotation would, 
of course, appear left-handed. But there is a distinction 
between this kind of quantity and those previously mentioned 
which should not he lost sight of. While all the others are Boton 
vectors in themselves and in reality, rotations are evidently 

not vectors at all ; it is only the graphic representation of the 
rotation by a directed line that is a vector. The vector is the 
conventional symbol, not the real thing itself. This essential 
distinction should be preserved in the language used, and this 
kind of quantity will be called a * rotor,^ a name applied by 
Professor Cliflford to all locors as well as to what is here called 
a * rotor.' When the position of the axis of the rotor is con- 
cerned in the problem dealt with, as well as the direction of 
that axis and the magnitude of the rotation, the rotor may be 
called a * locorotor.' 

Angular momenta and force-couples are rotors of a kind 
very similaj: to rotations and angular velocities. 

7. In some circumstances it is convenient to represent Surfaee 
plane surfaces similarly by directed lines. These may also '^ " 



be called rotorB. The line is taken of a length measuring 
to tlie scale adopted the area of the surface. It is taken 
normal to the surface, and directed in aueh a way as to 
indicate whether the area is to be counted positive or nega- 
tive. An area is frequently to he regarded as generated by 
the motion of a line — i.e. as being swept out by a line, and 
the sign of the area tlien indicates the general direction in 
which it has been generated. Thus it may be a ' polar area ' 
swept out by the radius vector from a iixed pole to a moving 
bodj'. In this case tlie sign given to the area is naturally 
made to coincide with that of the rotation of the radius vectol 
round the pole— i.e. tlie line representing the area is to be 
drawn in that direction in which the sweeping out of the area 
round the pole appears to be right-handed. There are several 
other conventions with regard to the signs of areas used under 
various circumstances. This rotor representation of a surface 
indicates nothing as regards the shape of the boundary of the 
surface, and, therefore, is not a complete description of the 
surface any more than the vector representation of a mo- 
mentum is a complete description of the momentum ; this 
latter not affording any information regarding the mass or 
the velocity separately of the moving body, but only regarding 
the product of the mass and of its velocity, 

8. We habitually talk of all these things having position 
and du'ection in space. It shonld be held clearly in view that 
in douig so we think only of reUitive positions ; that the space 
referred to is that occupied by and geometrically attached to, 
BtUtiTity BO to speak, and surrounding, some material object or set of 
objects. Careful consideration will convince anyone tliat we 
have, and can have, no other idea of space than this relative 
one; th&i i&ik of uhsoliite space and tibsoliite position is talk 
only and does not correspond to any real consciousness or any 
real thought, probably because it quite certainly corresponds 
to no real experience. Clerk Maswell says with keen and 
deUcate sarcasm, 'Anyone who will try to imagine the Btate 
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of a mind conscious of knowing the absolute position of a 
point will ever after be content with our relative knowledge.' * 
9. The positions of things in space can only be recognised 
and defined in relation to other things. Thus the position of a 
picture is thought of in reference to the walls and furniture of 
the room in which it hangs ; the position of a cricket-ball at 
any instant is thought of in relation to the wickets, bat, 
fielders, and the field on which the game is being played; 
the motion of an engine-crank is regarded as taking place in 
the space defined by reference to the engine bed-plate; the 
motion of a pinion in a watch is thought of in relation to the 
space defined by reference to, that is * geometrically attached 
to,* the watch-case; the motion of a ship propeller-blade The 
may be \iewed as taking place in the space attached to 
the ship itself, or in the space attached to the water, or 
in the space attached to the solid earth, this latter being 
different from the water-space if there be a water current 
giving motion as between the water and the earth. The space 
geometrically attached to the body in relation to which a 
vector, locor, or rotor is defined is conveniently called the 
* field ' of that body. Thus, the stellar field is that in which 
the motion of the sun is astronomically calculated ; the field 
of the sun is that in which the planetary orbits are mapped 

* Matter and Motion^ p. 20. ' Absolute space is conceived as remaining 
alwajs similar to itself and immovable. The arrangement of the parts of space 
can no more be altered than the order of the portions of time. To conceive 
them to move from their places is to conceive a place to move awaj from itself* 

' But as there is nothing to distinguish one portion of time from another 
except the different events which occur in them, so there is nothing to distin- 
guish one part of space from another except its relation to the place of mate- 
rial bodies. We cannot describe the time of an event except by reference to 
some other event, or the place of a bodj except bj reference to some other 
body. All our knowledge, both of time and space, is essentially relative. When 
a man has acquired the habit of putting words together without troubling him- 
self to form the thoughts which ought to correspond to them, it is easy for 
him to frame an antithesis between this relative knowledge and a so-called 
absolute knowledge, and to point our ignorance of the absolute position of a 
point as an instance of the limitation of our faculties. Anyone, however, who 
wiU try to imagine the state of a mind conscious of knowing the absolute posi- 
tion of a point wiU ever after be content with our relative knowledge.* 
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out; the field of the earth is that in which wuid and ocean 
curreutB and railway trains, &c., are regarded as moving; 
the field of the locomotive frame is tliat in which most com- 
moiily the momenta, forcep, &c., of the various parts of the 
machine arc considered ; the water flowing ihrough a turbine 
may be considered to move either through the field of the 
blades, which field ia rotating along with the blades iii the 
field of the fixed casing, or it may he regarded as flowing 
through this field of the fixed casing — i.e. the field of the earth 
— the word ' fixed ' here meaning motionlosa in the field of the 
earth. We hardly ever thijik of the motion of a watch-pinion 
ae relative to any other field but that of the watch-case, 
because it is that motion alone that has any great imjwrtance 
as regards the construction and action of the watch. It was 
probably only after the discovery that the rate of a watch 
depends shghtlyon the position as regards the force of gravity 
and as regards the force of terrestrial magnetism, that any 
one ever thought of the motions of its whct'Is relatively to 
the earth field. On the other hand, the motions of a ship 
propeller reckoned relatively to the ship and relatively to the 
earth ai-e equally important, and, therefore, the recognition of 
the relativity of the motion in this case has always been 
familiar to engineers. It is the same in the case of turbines. 

10. Since all vectors are thus relative to one or other field, 
there will be no occasion to use the phrase ' relative to.' If 
the vector is said to be ' through ' a spccifietl field, that will 
mean that it is to be regarded relatively to that field. If it is 
said to be ' past,' ' over,' or ' round ' a specified material body, 
auch as the bed-plate or frame of a machine, that will mean 
that it is reckoned relatively to the ' field of that body.' 

11. it is now evident that every possible motion or other 
vector has a dual aspect ; or rather that the phenemenon of 
which the given vector is one aspect is also capable of being 
viewed in an exactly opposite aspect. It is necessarily a dual 
phenomenon, capable of interpretation by one or other of two 
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equal and opposite vectors. Thus, while the propeller-blade 
has a certain motion through the field of the water, the water 
has a simultaneous exactly equal but opposite motion through 
the field of the propeller-blade. While the pump-bucket is 
moving upwards in the field of the pump cylinder, the pump 
cylinder may be considered to be, and actually is, moving 
downwards in the field of the bucket. While the water of a 
river is flowing downwards through the field of the river bank, 
the bank is traveUing upwards through the field of the water. 
While a crank is rotating right-handedly through the field of 
the engine bed-plate, the bed-plate is rotating with an equal 
left-handed velocity through the field of the crank. The 
ancient belief that the sun moved round the earth daily from 
west to east has exactly the same truth in it as the more 
common modern notion that the earth rotates daily about its 
own axis ; these are only the two opposite aspects of one and 
the same phenomenon ; the sun moves round the earth in the Beei- 
field of the earth, while the earth revolves in the opposite JuSity 
direction in the field of the sun, the two axes of rotation being 
coincident. The two experiments that will produce the 
greatest personal conviction of the truth of this doctrine of the 
essentially dual and relative nature of motion are — first, riding 
in a train side by side with another train moving through 
the field of the earth with only a slightly different 8i>eed from 
our own, and, secondly, going down and up a deep mme shaft 
with the cage moving at a considerable velocity. The un- 
familiar sensations that are experienced when these experi- 
ments are first made are not illusions^ as they are often thought 
to be ; they are, on the contrary, the awakening of the mind to a 
consciousness of the fact that it has hitherto been resting in the 
habitual delusion that all motions necessarily take place in the 
field of the solid earth. These two experiments should be re- 
peated until the sense of strangeness wears off and the mind 
becomes habituated to, grasps familiarly, and makes part of its 
permanent instinct the true notion of the dual relativity of all 
motion. 
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All other vectors are similarly the one-sided aspects of 
dual phenomena, the complete vector description of each o^ 
which consists of a pair of equal and opposite vectors through 
Baoipro- two dififcrent fields. The student is left to trace out for him- 
duality ^^^ ^^^ principle of dual relativity or reciprocal duality 
through the series of phenomena corresponding to the different 
kinds of vectors mentioned above. 

12. The graphic process of summation of vectors is almost 
self-evident. Since the vector properties do not depend on 
position, we may place the vectors where we please in order to 
effect their addition, provided only we keep their directions and 
magnitudes unchanged. They may, therefore, be placed so as 
to form a continuous chain, the beginning of each vector being 
placed so as to coincide with the end of the one preceding it 
in the chain. 

Vector Thus in Fig. 44 the five vectors AB, B C, CD, D E, and 

E F, or «, fi, 7, B, and e, are arranged in this successive or 
tandem fashion. 

Here the vectors are added one on to the other, and the 
total result of this addition is the same as, or equivalent to, a 
vector from A to F — i.e. with direction A F and magnitude 
measured by the length A F to same scale as that employed 
in plotting the separate vectors. This being the total result, 
the vector A F may be called the Vector Sum, or in symbolic 
language calUng A F by the letter o-, 

13. The addition may be effected in any order— that is, the 
vectors may be joined to each other successively in any order ; 
in whatever order they be arranged or plotted, the sum A F is 

Diitribn- always the same. In the figure one other order is shown — 
namely, a + S + 7 + e + i9. 

By the above vector equation it is not meant that the 
single vector a is in all respects equivalent to the combina- 
tion a4-i9+7 + i + 6; nor that this combination is in all 
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respects equivalent to the combination a + S + 7-fe + /9. 
All that is meant is that, so far as total result or suvi is con- Distribn- 
cerned, these three are equivalent to each other, or rather that ^^^* ^^ 
they are the same — that is, have the same vector sum. 

14. Although the correctness of this process of vector ad- 
dition is, as already said, self-evident to one who has geometri- 
cal experience, it is by no means self-evident that the process 
corresponds to any actually occurring physical combinations 
of vectors. It remains to trace this real correspondence in 
the case of each of the kinds of vectors already mentioned. 
Because the correspondence does actually exist for one kind of 
vector, it by no means follows that it does so for others. 

Let us see what it means in the case of displacements or 
changes of position. Firstly, suppose the displacements to be 
those of one and the same body occurring successively in point 
of time. I wish to go from my house to, let ue say, a house in 
Harborne Road. I go along St. Augustine's Eoad a certain 
distance, represented in direction and length by a; I then 
walk along Hagley Boad a distance given by /8 in length and 
direction ; I then perform the motion y along Norfolk Eoad, phjiieal 
then S along Augustus Eoad, and finally I go along Harborne ™***^»" 
Eoad in the direction e, a distance measured to scale by the 
length of e. The total result, so far as change of position is 
concerned, is my displacement from a house in St. Augus- 
tine's Eoad to one in Harborne Eoad. Or in a survey, the 
problem being to determine the distance and direction of one 
point F on an estate from another point A, the surveyor has 
to range out successive lines, a /8 7, &c., of various directions 
and lengths. The result of his adding one line to another is 
to obtain a single line of definite length and direction from 
A to F. Here, although the surveying of the diflferent lines 
has taken place successively in point of time, the lines or vector 
differences of position exist simultaneously and continually. 

Suppose now the vectors to be the simultaneous change 
of position of the different soldiers of a regiment on the march. 
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They are marching straight northwards, say. The object of 
the officer in command is to bring soldiers northward. Let 
us consider the result of the whole company marching thirty 
yards. The movement of each soldier this distance is so much 
partial accomplishment of the officer's object. This thirty 
yards northwards multiplied by the number of soldiers moved 
is the measure of the total amount of his object accomplished 
in this interval. This total result can be represented graphi- 
cally by plotting to a suitable scale all these distances of 

Phyiieai thirty yards successively along a straight line due north. 
The sum of the diflferent movements occurring simultane- 
ously in diflferent parts of the field is thus represented by a 
straight line whose length is the sum of their lengths. The 
movement of the regiment taken as a whole could now be 
obtained by dividing the length of this line by the number of 
the parts of which it is the sum. The quotient will, of course, 
be the motion of one soldier, because in this particular case, 
where all the parts are moving together, the motion of the 
whole is the same as that of each part. 

15. Suppose now the company to be a skirmishing party, 
the diflferent units of which move in diflferent directions and 
diflferent distances. At a given instant let the officer in com- 
mand be situated at the point P in the field, and the soldiers 
at the positions ABC, &c. Let the vector differences of 
position PA, PB, PC, &c., be called a6r, &c. These vectors 
are partly northward and partly eastward. Let the unit A 

posiUoB stand a„ north of P and a^ east of P ; that is, let a -^^ a^^ -h a^. 
Similarly, let b^b^ -h K and c 4f ^n + ^o &c. The average 
distance north from the officer of all the units of the company 

is, of course, 

^n -^ b,, 4- r„ 4- &c. 

N ' 

where N is the total number of units. Also, the average dis- 
tance eastward from P is 

a"" -f /v + ^i. 4- &c. 

N 
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If a vector be drawn from P, whose northward and eastward 

components are 

a^ +_ ^,_+ _r^ 4^ &C. 

N 

and a,. -\- K -^ c^ -*- & c. 

N ' 

the extremity of this vector will give the average difference of 
position of the whole company from that of the ofiBcer, This 
may be called the centre of the company and indicated by I, 
the vector P I being called i. Now find the vector sum of the 
vectors ab c^ &c., by arranging them successively as in the Xean 
last figure. The northward component of this vector sum is ^" ^^ 
evidently «„ + 6n + ^n + &c., and the eastward component 
«e + 6e + ^e + &c. Thcsc are each N times the components 
of the vector i. Therefore, i has the same direction as the 
vector sum a -{- b -\- c + &c., and its length is gth of that sum. 
The average or central position of the company from P, as 
defined by the vector t, is, therefore, ^th the vector sum of the 
position vectors from P to all the units of the company. 
This explains the meaning of the summation of position 
vectors. 

16. Now let these units smultaneously move distances re- 
presented in du'ection and magnitude by a, /9, 7, &c., the 
officer remaining at P. The position vector from P to the new 
centre of the company is ^th of the vector sum 

(a + ft) + (6 + a) + (c + 7) + &c.; 

that is, it equals Displace- 

ment of 

a + a + 6 + /8+c4-74-&c. n a + b -h c + &c. 

' ^ r jj + 

« + /8 + 7 + &c. n . . « + /9 + 7 4- &c. 

. . ^ -_|^t+ N-~"~- 

Call the simultaneous motion of the centre t;. 

Since the position vector to the original * centre ' or aver- 
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age position was t, the motion of the * centre ' resulting from 
the motions of the units is 



iMipUee- 
ment of 
eentra 



v^ 



N ' 



that is, ^th part of the vector sum of the motions of the units. 
This is the explanation of the meaning to attach to the vector 
summation of motion vectors occurring simultaneously in 
diflferent portions of matter in the same field. 

So far we have spoken of the positions and motions of 
persons or material bodies as if each had one definite position, 
and as if the various parts of each all performed one definite 
motion. The diflferent parts of an extended body must evi- 
dently have diflferent positions in whatever field they be 
reckoned. The motions of these diflferent parts considered as 
locors must be diflferent, and considered as vectors simply they 
may be, and in general arCy different. When, therefore, we 
speak of the position of a body as a whole (that is, not con- 
sidered as regards its parts), it must be understood that we 
refer to its central or arera/je position as defined above ; and 
when we speak of the displacement or motion of any kind of a 
body taken as a whole (that is, eliminating consideration of 
the differences of the displacements of its different parts) we 
mean the displacement of its central position or, more briefly, 
of its * centre.'^ It is important to note that the smaller the 
body be the less must the difference be between the positions 
and motions of its centre and those of its parts, provided the 
small body be net durin/f the motion considered broken up and 
disgregated into parts far asunder, in xchich case the assemblage 
of parts constituting the body ceases to be a small body in at any 
rate the original sense. 

We have explained the finding the centre of a body made 
up of separate units. The finding of that of a continuous 
body is precisely similar. It is to be geometrically dinded 
into a number of equal parts of such degree of smallness that 
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the differences of position and motion of the minute parts of 
these small parts may be neglected. These equal small parts 
are then dealt with as the separate units of the regiment in 
our first explanation. The * equal ' parts may be taken of 
equal volume ; in this case the centre found will be the * centre 
of volume ' or * volumetric centre.* A * centre of area ' will be 
found if the thing dealt with be a surface. The equal parts iubpUm- 
may also be taken of equal mass, that is, of portions having JJ^^^ 
equal inertia ; and then the centre obtained is the ' centre of 
mass ' or ' centre of inertia.' As it is usually given the latter 
name, it will in general be indicated on the diagrams in this 
book by the letter I, the first in the word * inertia.' 

17. The displacement of the centre of mass is the displace- 
ment of the mass as a whole. This displacement multiplied 
by the whole mass is called the ' integral mass displacement.' 
This may be otherwise expressed thus. If the equal mass- 
parts into which the whole is divided be each jth part of the Xui 
unit of mass, then the jjth part of the vector-sum of all the ^St *^ 
displacement vectors of these parts is the integral mass dis- 
placement. Thus we see what meaning to attach to the 
addition of simultaneous mass-position and mass-displace- 
ment vectors in the same field. 

18. Suppose now P, the position from which the position 
vectors are measured, to coincide with I. Then the vector i 
or P I becomes zero. But the vector-sum of all the position 
vectors from P is N i where N is a purely numerical factor. 
Therefore, the sum of all the position vectors from I is zero. 
This furnishes a definition of the ' centre * I slightly diflferent 

from that already given ; namely, ' the centre I of a body or DiipUee- 
aggregation of bodies is that point from which the sum of JJJa 
the position vectors to all its equal parts is zero.' This will ^^^^ 
apply to both the volume-centre and the mass-centre. 

Similarly, it may be seen that the vector-sum of the dif- 
ferences of displacement of all the equal parts from the dis- 

H 
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placement of the centre is zero. Let the displacement of the 
centre be called tf as before. We saw that 

Now a being the displacement vector of the part A, the diflFer- 
ence between it and r) is {a — rj). Thus the vector-sum of all 
the similar differences is 

lUplaee- (a — t;) + (^ ^ rj) -^ (7 — 17) + &C. 4f a 4 y8 + 7 + &C. — N 17 

because 

a + y8 + 7 + &c. 4f N 17 

from above. This important truth is sometimes expressed by 
saying that *the vector-sum of the displacements from (or 
measured relatively to) the centre is zero.' 

It should be observed that all these propositions are 
equally true of solid, fluid, gaseous bodies, and disgregated 
assemblages of bodies like our planetary system. 

19. Let us now consider possible displacements not simply 

as regards the * centre ' of the displaced body, but also as 

regards its various parts. It will be unnecessary at present 

to consider any bodies except such as are not changed in 

shape or in size during the displacement. So far as regards 

the motion of such a body, it will be the same as if the body 

were absolutely rigid — i.e. incapable of such change of shape 

Laplace- ^^^ size. For shortness' sake, therefore, the bodies to be 

Sd ^^ taken may be called * rigid ' bodies, which must be understood 

•^7 to be shorthand for * bodies which are invariable in shape and 

size during the occurrence of the vectors considered.' 

Suppose the body A B C D in Fig. 45 be displaced fi-om 
the position 1 to position 2, the displacement being * co- 
planar ' — i.e. the dis^ilacement of all its points being parallel to 
one and the same plane. The displacement of A is A, A2, and 
that of B is B^ Bj, &c. Draw B, B' 4^ A, A^. If all parts of 
the body moved in same direction and through same distance 
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as A, then B would come to B'. The body could then be 
brought into the actual position 2 by a rotation 6 sound an 
axis through A^ and perpendicular to the plane to which all 
the actual displacements are parallel, the rotation bringing B 
from B' to B^. The whole displacement may be looked upon 
as a combination or resultant of these two motions, the first 
4f A, Aj, in which all parts move uniformly in same direction 
and through equal distances, i.e. in which all suffer the same 
vector displacement, being called a motion of 'translation.' 
Similarly, the actual displacement could be looked upon as 
the resultant of a * translatory ' displacement of the whole 
4f B, Bj, which would bring A to A^ and of a rotation round 
an axis through B^ ; or of a translatory displacement 
4f D, Dg, which would bring A to A^*, combined with a rota- 
tion round the line through D^ perpendicular to the above 
plane as axis. In these different ways of analysing the whole 
displacement, the translatory displacements are different and 
to each corresponds a different position for the axis of the BUplMe- 
rotation ; but note that the rotation is through the same ^j[ j'. 
angle and in the same direction in each case. Also it is, of 
course, indifferent whether the rotation be thought of as occur- 
ring after or before the translation in point of time. If it be 
taken as occurring before it, then its axis must be through 
the initial position of the point whose translation is taken. 
Or the rotation and translation may be supposed simultaneous, 
the axis at each instant coinciding with the simultaneous 
position of the same point of the moving body. In fact, it is 
evident that the axis of the rotation has a definite position in 
the moving body itself or in its own field that moves along 
with it, and not in the field through which the displacement 
occurs. The displacement of the whole rigid body may thus 
be described to be the resultant of a translatory displacement 
4f to the actual displacement of any point of it or of its own 
field, and of a rotation round an axis through that same point 

h2 
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of the body or its field, the axis being normal to the plane of 
the total displacement. 

20. The translatory displacement taken may be of any 
point either in the body itself or outside it in its own ^ fields 
There is always one point either in the body or outside it in 
its field whose displacement is zero, unless the whole motion 
be one of pure translation unaccompanied by rotation. This 
point can be found by bisecting the displacements of any two 
points such as A and B (bisect A, A^ and B^ B,), and drawing 
from the bisecting points perpendiculars to the displacements 
(perpendicular to A, A^ and B, B,). The intersection of these 
perpendiculars is the point of no displacement. If the two 
displacements A^ k^ and B^ B, be in the same direction, the 
perpendiculars are parallel and their intersection is non- 
existent. The axis, normal to the displacement plane through 
this intersection, when it exists, is called the * axis of rota- 
tional displacement.' The whole displacement may be looked 
on simply as a rotation round this axis. This is the simplest 
mode of viewing the motion, but the above more general 
analysis is for practical purposes more commonly useful. 

21. In the general case of non-planar displacement, i.e. 
the displacements of diflferent parts not being all parallel to 
one plane, the corresponding analysis of the displacement of 
the whole body is that it may be looked on as the resultant of 
a translatory displacement ^ that of any one point in it, and 
of a rotation round an axis in a certain direction through 
that point. 

Whichever the point be whose displacement is taken as the 
translatory component, the rotary component will be of the 
same magnitiuh (i.e. of same angle) and its axis will have the 
same direction. The position of the axis of 0, of course, varies 
with the point chosen. In this general case of non-planar 
displacement, this axis is not perpendicular to the displace- 
ment vectors of the various points. These latter vectors are 
not parallel to each other nor parallel to one plane, and since 
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the axis retains the same direction in the field whatever point 
is chosen as above, it can evidently have no constant direc- 
tional relation to these vectors. Any point A being so chosen, 
the direction of this axis can be found as follows from the dis- 
placed positions of A and of any two other points, say B and 
C. Let A, Bj C, and AjB^Cj be the original and displaced 
positions of these three points. Through B, and C^ draw 
B, B> 4|r Ai A,, and C, C» 4= ^i ^2- Then B» B^ and C^ C^ are 
the relative displacements of B and of C round or past A. 
Bisect each of these relative displacements B^ B.^ and C* C^t 
and through the points of bisection draw planes perpendicular Hon* 
to these same lines B* B^ and C* C^. Both these planes must displace- 
necessarily pass through Ag because of the rigidity of the body "'"^^ 
whereby we have AjBj = Aj Bj and A2B^4NAi Bp therefore 
Aj Bj = Aj B^ and similarly A^ C^ = A^ CK The intersection 
of these planes is the axis sought for. It passes through A^. 
We shall not find frequent use for this analysis in graphics 
because its graphic use involves a construction in three 
dimensions, and these are so much more tedious than con- 
structions in two dimensions that in adopting them one finds 
that many of the characteristic advantages of the graphic 
method have been lost. 

22. There is in this problem always one set of points lying 
along a straight line parallel to the axis of rotation, either in 
the body itself or outside it in its field, whose displacements 
are all equal and in the direction of the axis of rotation, that 
is, along the line itself on which these points lie. If this set 
of displacements be taken in the above analysis as combined 
with the rotation &, the motion is seen to be the same as that Sorew 
of a screw. The axis of the screw coincides with the line on niSt**^*' 
which the above-mentioned points lie. The pitch of the screw 

2 TT 

is ->,- times the displacement of these points — that is, the 
u 

pitch is such that the axial screw motion corresponding to 

the angular motion equals this displacement. This is the 
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simplest analysis of the general non-planar displacement of a 
rigid body. This line coinciding with the axis of the screw 
may be called the * axis of screw displacement.' 

It must not be supposed that in this combination of trans- 
latory and rotary motions the vectors representing the trans- 
lation and the rotation 6 can be added together in the manner 
already explained for vector summation. They are vectors 
of different kinds : one represents a set of parallel locors, 
and the other is a rotor, and they are incapable of being 
added. 

23. We have hitherto considered the addition of displace- 
ments occurring in one field only. Let us now consider the 
meaning of the addition of displacements occuiTing in one 
body in two different fields. 

Suppose a body, say an engine-piston, suffers a translatory 
displacement in the field of a ship. Call this displacement in 
this field a. Suppose that the ship is also given a translatory 
displacement h in the field of the earth. The diagram, Fig. 46, 
may make the addition clearer. If the piston had no dis- 
placement in the field of the ship, it would be simply carried 
along with the ship, and would thus be given in the field of 
the earth the displacement h. It shares this displacement 
with the ship in the latter field, and besides this it suffers the 
former displacement a of its situation as regards the decks, 
bulkheads, &c., of the ship. Its total displacement through 
the field of the earth is thus the vector sum of the two vectors 
a and h. This is the evident result whether the two displace- 
ments take place successively in point of time or simulta- 
neously. There is here no question of displacements due to 
rotation, because both motions are supposed translatory. 

Take next the connecting-rod, which has a rotation ac- 
companying its translation ; and suppose also that the ship 
rotates in the field of the earth through an angle e at the 
same time as it moves w^ith translatory motion. 

Eeferring to Fig. 47, let A indicate the cross-head pin 
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centre and B the crank-pin centre. The field of the ship, 
which is the same as that of the engine- frame, because they 
are rigidly bolted together, is sufficiently indicated in the 
diagram by drawing in the guide-bars and the engine centre 
line. The paper itself will indicate the field of the earth. 
The displacement's in both fields will be supposed wholly co- 
planar. The rotation e of the ship may be supposed due to 
rolling if it be a screw-propeller ship, or to pitching if it be a 
paddle boat. 

The displacement of the connecting-rod in the field of, or 
more shortly * over,' the ship or engine-frame consists of the 
displacement a of the point A and the rotation a. This 
brings A and B into the positions A' B^ in the ship- field. 

The displacement of the ship and its field over the earth 
consists of the displacement a^ of the point Aj (the original 
position of A in this field) and the rotation e. This brings 
the original positions of A and B in the ship from A^ Bj in the 
earth-field to A/ B^^ in the same field. If there had been no Bimul- 
displacement of the connecting-rod in the ship-field, the rod oo-planar 
would now occupy the position Aj* B^*. But the displacement ^^Jj®*" 
a^ over the ship has shifted A from A\ to Aj, and round this 
centre A.^ the line AB, which has already been rotated 
through € by being carried along with the ship in its motion 
over the earth, is further rotated through the angle a by the 
rotation relatively to the ship. This line is thus brought 
into the direction A^ Bg, and the length A B being taken along 
this line from Aj determines the final position of B, namely, 
Bg, in the earth-field. In the illustration both s and a are 
taken positive — i.e. right-handed. 

The result of this analysis may be shortly described thus : 
the displacement of the rod over the earth equals the dis- 
placement in the earth-field of any point A of the rod com- 
bined with a rotation (e + a) round an axis through the same 
ix)int A of the rod ; the displacement of A being the vector- 
sum of a^, the displacement over the earth of that point of the 
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ship which was coincident with the original position of the 
point A of the rod, and of a vector equal to a, rotated through 
the angle s where a. is the displacement over the ship of the 
same point A of the rod. 

24. In the diagram this last vector, namely a. turned 

through s, is marked (— 1) » a,. This symbol may be used as 
representing the result of turning a through the angle s, the 
symbol ( — 1)^ implicitly indicating the direction of the axis 

round which the turning is to take place. The symbol 

« 
( — 1) » represents algebraically the operation of turning per- 
formed by the rotor e. If the angle e were 180° = tt, then 
( — 1)» = — 1, and the operation would be a simple reversal 

of the vector. If the vector a were turned through 2 e, or 
HamU- through vi e, m being any number, the result would be written 

(— 1) IT a, or (— 1) » fl. The same result could be obtained 



nomen- 
elature 



by two, or m, successive turnings of a round the same axis 
each through the angle e. This latter process would have its 

c e c 

result symbolised by (— !)»(— !)»«, or by a with (— 1)» 

written before it m times. But according to the ordinary rule 
of multiplication and addition of indices, these expressions are 

equivalent to ( — l)ir « and (—1) ^ a. This ordinary rule of 

multiplication, therefore, can be followed in finding the result 
of combining a number of successive rotations expressed 
according to the above algebraic convention. The graphic 
representation of this rotational operation has already been 
mentioned and will be dealt with in detail subsequently. 

With this nomenclature the above analysis of the whole 
motion of the connecting-rod may now be further shortened 
into the following : the displacement of the rod over the earth 
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equals the displacemeiit 



a^+(— l)ir a A of any point A of 



the rod combined with a rotation (e + a) round an axis through 
the same point A in the rod. 

In order the more thoroughly to explain this construction, 
we will now show the correctness of the result of applying it 
to solve the converse problem to find the displacement of the 
rod relatively to the ship when its displacement over the earth 
and the displacement of the earth past the ship are given. 
All displacements being purely relative, the two problems 
ought to be equally easy of solution. The result of com- 
pounding the two given displacements must be, of course, to 
give a resultant displacement through the ship-field from 
A, B, to A' B* in the last figure. 

The data of the present problem consist, first, in the dis- 
placement over the earth of the point A of the rod from A^ to 
A3 (call this vector A^ A^^S), and its rotation in this earth- 
field round the same point A through the angle B,* A^ B^ Hamii- 
(call this angle 6) ; and, second, in the displacement of the nomen- 
earth past the ship. In terms of the data of the last problem ^^^^^ 
we have 

S#ae-l-(-l)^a,, 

and ^ = e + 0-. 

The displacement of the earth past the ship might be 
given as the movement of the point of the earth originally at 
A3 to A' combined with a rotation — e round A* as axis. But 
the original position of A of the rod in the earth-field is not 
A3 but Ap Therefore, in order to follow out the exact con- 
verse of the procedure in the last problem we must have the 
earth displacement past the ship defined by the movement of 
its point originally at A,. Call this movement 7. Now this 
point would move — a^ through the ship-field, if there were 
no rotation of the earth in this field ; but, seeing that there 
is the rotation — e, the displacement is — a^ turned through 
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the angle — e in the ship- field. Thus, according to our pre- 

— « 
vious nomenclature, 7=|:|r (— 1) V (— a^). 

Then according to the analogy of the result -in the previous 

problem, namely, a displacement fl^. 4- ( — 1)» «, I along with 

a rotation (f + o-), we obtain from the present problem a dis- 
placement of the point A of the rod 4f ] 7 + ( "" 1) ^^ [ com- 
bined Ti^-ith a rotation (^ — e). 

Writing these as above in terms of the data of the first 
problem, the displacement becomes 



(-l)-7(-ae)4-(-l)Vj 



ae+(-l)' «. 



nU- # (-1) / \-a„+ fle I + (-1) tr * a, 

•• I J 



— e + e 



because — a^-^-a^^o and (—1) » =( — 1)° = 1; and the 
rotation becomes 

Thus the whole displacement of the rod through the ship- 
field consists in the movement a^ of the point A of the rod 
and the rotation a round the same point A of the rod as axis. 

It will be a useful exercise for the student to draw out 
for the last problem the diagram corresponding to Fig. 47 for 
the former problem. 

Evidently this solution is equally true, whether the dis- 
placement of the body in the one field and the displacement 
of that field in the other field be simultaneous or successive in 
point of time. 

25. It has been explained here only for co -planar motions. 
An exactly similar result can be obtained for non-planar 
motions in different fields. This case, however, can only be 
understood after closer consideration of the laws of the addi- 
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tion of rotors. It need not be given in this book because the 
graphic construction is not a convenient one ; the problem is 
best solved by other than graphic methods. 

What has been said regarding the addition of vector trans- Simni. 
latory displacements of points or rigid bodies applies equally non- 
to the vectors we have called * Integral Volume Displacement ' ?|*"|^ 
and ' Integral Mass Displacement.' menti 

26. In none of these cases is there involved any consider- 
ation of time-rates. The changes occurring concern only the 
differences between the initial and final conditions of the 
quantities changed ; the consideration of the intermediate 
conditions of position, &c., is entirely eUminated from the 
problem. Let us now see what the addition of time-rate 
vectors means. The simplest of these is linear velocity. The 
average velocity during the interval occupied by any displace- 
ment is simply the quantitative comparison between, or the 
quantitative measure of the physical relation between, the dis- Time- 
placement and the time occupied. By analogy with purely 
numerical ratios between quantities of the same kind, it may 
be called the physical ratio between the displacement and the 
time, but it is not a pure ratio in the ordinary and strict sense 
of the word. When we talk of the velocity of a body at a 
certain instant we mean the average velocity during the very 
small interval of time referred to as that instant. 

When the simultaneous vector displacements of the 
different parts of a body or assemblage of bodies are added 
together as previously explained, no difference in the process 
wUl be effected if each displacement is divided by the interval 
of time in which all have occurred. This interval of time 
being common to all, all are affected by this division in the 
same ratio. The summation of the vector velocities now 
gives the velocity of the * centre ' of the system multiplied by 
the number of equal parts into which it has been divided, and simnl- 
this vector velocity of the centre may be obtained by dividing ySoeuLi 
the vector-sum by this number of parts. If the parts be of 
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equal mass, the velocity of the centre of mass multiplied by 
Integral the sum of the masses will be the integral vector momentum 
tom of the system. 

No physical meaning can be given to the vector summa- 
tion of the velocities of the individual parts of a system if these 
do not occur simultaneously, but at different periods of time. 

27. The vector differences of the simultaneous velocities of 
the parts are the velocities of these parts relative to each 
other. Thus in Fig. 48, it a /3 and 7 be the velocities of the 
parts A B and C, and if from any point p chosen as pole, these 
vectors, a )8 7, be drawn to any convenient scale ; then the line 
marked (a — y9), directed as shown by the arrow, is the velocity 

Bifferenee of A relatively to B ; the velocity of B relatively to A being the 

eitiM ^ exact reverse of this. Similarly, (7 — fi) and (7 — a) with the 

directions shown by the arrow-heads are the velocities of C 

relatively to B and of C relatively to A ; the velocities of B 

and A relatively to C being the exact opposites of these. 

28. When a body has a translatory velocity in one field, 
and that field has a simultaneous translatory velocity through 
a second field ; as, for example, when a portion of water flows 
with a certain velocity along a pipe in a locomotive, and that 
pipe at the same time moves with the locomotive with a certain 
velocity over the earth ; then the velocity of the body through 
the second field is the vector-sum of these two velocities. For 
if in Fig. 49 the two velocities be « and )8, then, calculating the 
displacement over the earth from the position in any time 

Velooitiei t, by means of oblique co-ordinates parallel to « and ff re- 
•ntfleldi spectively, and calling these co-ordinates a and b, we have 

a = at. and b = fft, and therefore , = -^ = a constant ratio 

b p 

for different <'«, so long as the velocities « and 13 are main- 
tained constant, that is, during the interval of time, long or 
short, during which we reckon « and /S to be the velocities of 
water through pipe and of pipe over earth. This ratio being 
constant, the locus of the displaced position is a straight line 
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coinciding with the vector (« + /S) drawn through 0, that is, 
the water moves along this line in the field of the earth ; and 
as the length of this displacement along this line bears, by 
similar triangles, the constant ratio 

magnitude of (« + /8) 
magnitude of a 
to the length of the simultaneous displacement along the 
pipe (in the field of the pipe), therefore the velocity over the 
earth equals both in magnitude and direction the vector- 
sum (a + p). 

Similarly, differences of simultaneous velocities through the Velooitiai 
same or different fields may be obtained graphically. Thus, ^it fleidi 
if we know (see Fig. 50) a to be the velocity over the earth of 
the water entering a turbine, and ^ to be the velocity over the 
earth of the part of the turbine which the water is entering, 
then (a — P) is the velocity of the water through the turbine, 
that is, relatively to the turbine. 

There is no physical meaning to be attached to the addi- 
tion or subtraction of successive velocities of one body in 
different fields. 

29. But the successive velocities of one body in the same 
field may be compared by means of their vector differences. 
These velocity changes may be called time differences to dis- 
tinguish them from the simultaneous differences previously 
explained. If these differences be divided by the time during 
which they occur, the result of this comparison will be the 

average time-rate of change of velocity during that interval of Chunsfe of 
time. ^-^^^'y 

Thus if (see Fig. 51) any point A of a body have at one 
time a position A, and a velocity «, ; if it move from here 
along the curved path A, A' A^ to the position A^ in the 
interval t, and have then the velocity m^ ; then, drawing from 
any pole p and to any convenient scale the vectors «, and «,,, 
the line marked (a^ — «,) in the figure, directed as indicated 
by the arrow-head, is the change of velocity that has occurred 
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in the interval t. If this vector (a^ — atj) be divided by t we 
obtain the average time-rate at which the velocity has changed 
during this interval. This time-rate is called the average 
velocity acceleration. 

30. If the interval of time be taken small the change in 
the direction and magnitude of the velocity will be small in 
a corresponding degree, because there occur in nature no 
absolutely sudden changes of velocity. If a large number of 
velocity vectors occurring at successive small intervals of time 
be drawn from p, a continuous curve can be drawn through 
their extremities. This curve is called the * hodograph ' of 
the motion. During any instant the velocity acceleration is 
evidently the linear velocity along the hodograph of the 
extremity of the velocity vector radiating from p. Thus the 
acceleration is continually tangential to the hodograph. 
Velocities reckoned from averages taken over only a minutely 
small interval of time may be called ' instantaiieous ' velo- 
cities. 

31. Velocity accelerations are thus vectors, and can be 
added in the usual vector way. The addition of simultaneous 
accelerations in different fields being very important, we give 
here Fig. 52 in order to show clearly the truth of the state- 
ment that ' the acceleration of the resultant velocity is the 
resultant or vector- sum of the accelerations of the component 
velocities.' Let there be three velocities a h and c added 
together in one body, which in a given time change from 
AT, 6j and c, to a.^ fr^ and c^. Call a^ — ^i 41^ « and b,^ — hy-^ /3 
and Cj - c, 4[r y. 

From the end of 6, placed as in the figure draw «. This 
leads to a point to which the vector from the end of a^ is 
evidently h^. From this point draw/S; this will lead to a 
l)oint to which the vector from the end of a^ is b^, because 
^2 4r ^^1 "^ ^' From the end of c^ as drawn in full line in the 
figure draw (a -f /?). This leads to a point to which the 
vector from end of h.^ is Cp because the end of h.^ is (a + yS) 
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away from the beginning of c, in full line. To the last (« + )8) 
plotted we now add 7, which leads, therefore, to a point to 
which the vector from the end of b^ is c^, since c^^ c^ + 7. 
This point, therefore, gives a^ + 6, + c, from the point jf), and it 
differs from a^ + fcj + c, by « + ^ + 7. This is the proof of 
the proposition stated. 

The acceleration of velocity of a point may often be con- 
veniently split into two components: one along the line of 
motion, termed * tangential ; ' the other normal to it, and called 
* centripetal ' or * radial.' Referring to section 30 for the 
meaning of the ' hodograph,' and calling the velocity along the 
hodograph diagrammatic (as being only that of an imaginary 
point in a constructed diagram) to distinguish it from that of 
the actual motion of a real point now spoken of, the tangential 
acceleration in the real motion is clearly the component of dia- 
grammatic velocity in the hodograph directed away from the 
fixed centre of the hodograph ; and the radial acceleration is Badial 
the component of the same diagrammatic velocity perpendicular gentui ' 
to the radius of the hodograph. Let the linear velocity in the ^^^^^' 
real motion be v, this being also the radius in the hodograph ; 
and let the radius of curvature of the path of motion be B. 

The angular velocity round the centre of curvature is then 

This is also the rate at which the direction of v changes, and 
is, therefore, the angular velocity of the hodograph radius. 
The linear velocity of the end of the hodograph radius resolved 

perpendicularly to the radius is, therefore, v x :j= = - = w^ E, 
if 0) = be the angular velocity. 

li 

This centripetal acceleration may be graphically calculated 
by any of the multiplication and division constructions shown 
in Fig. 8, Chapter III. Three special constructions Tor this 
purpose are shown in Fig. 66, Chapter IX. 

82. The introduction of a mass factor into any of the 
vectors we have dealt with alters none of the additive pro- 
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perties we have considered. Thus momenta, accelerations of 
momenta, forces, stresses, rates of flow of water mass, sand 
mass, or any other kind of mass are all subject to the same 
graphic laws of vector addition and subtraction as have 
already been explained and illustrated. These laws are so 
simple that the student runs Uttle risk of making mistake. In 
applying these processes, however, to any new kind of vector 
not previously dealt with, it is very necessary to inquire care- 
fully whether vector addition or subtraction has any real 
physical meaning in this new connection, and, if there be such 
a meaning, what it is exactly. The student should in no case 
be content to employ graphic processes without clearly and 
accurately understanding the physical interpretation to be put 
upon them. 

88. Rotors are in some cases added in the same way as 
vectors, but only in special cases. Displacement rotors can- 
not be added in this way ; velocity rotors can. The difference 
arises from the fact that a velocity may be taken as a function 
of an extremely minute interval of time, or of an extremely 
minute displacement. Displacements are not in general 
minute. The vector mode of addition may be applied to dis- 
placement rotors provided they are extremely small. On the 
other hand, this process of addition cannot be applied to 
velocity rotors if these are average velocities through an 
interval of time or through a displacement 7wt extremely 
small. In fact, the general graphic formula for rotor addi- 
tion reduces to coincidence with that for vector addition 
when the rotors to be added are minutely small. Thus the 
velocity rotors which may be added as vectors may be called 
* instantaneous ' as distinguished from those that are obtained 
l)y taking averages over an interval of time longer than an 
instant. 

Supiiose that, in Fig. 53, AB represents a rod which 
suffers first a rotation « round an axis (sujiposed perpen- 
dicular to the paper) through A, this rotation displacing the 
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point B of the rod to B^ and which subsequently is rotated ^ 
round a parallel axis drawn through B in its new position B^ 

Bisect the angles a = B A B' by A fc and )8 = A B' A' by 
B'a, and let these bisecting lines intersect in P. Then 
A P = A' P and B P = B' P, and, therefore, the actual double 
rotational displacement might be produced by a single dis- 
placement round a parallel axis through P. The angle 
A' P A = B' P B because the first is double a P A and the 
second is double b P B', while these two last equal each other, 
being formed by the crossing lines A h and a B'. But each of 
these last equals the sum P A B' + P B' A. Now P A B' = ^ « 
and P B' A = i /9. Therefore A P A' = B P B' = a + y9. 
Thus a single rotation {a -^ ^ round the axis through P 
would produce the same whole displacement as the two suc- 
cessive rotations, and this, therefore, may be called the re- 
sultant or the rotor sum of the two component rotors. 

The position of P is most simply defined as the intersection 
to two lines through A and B making the angles \ol and Dlfplaca* 
— i ^ ivith A B and B A. Considering the exact reversal JJJ^ 
of the whole process bringing the rod back from A' B' to 
AB, the same axis P can be obtained by drawing through 
B' and A' two lines making the angles — i )8 and + i a with 
B' A' and A' B'. In this reverse process the rotation — fi 
must first be performed round B' and then — a round A. 

If the rotation /S had been performed round B firsts this 
would have brought A to A", and if the rotation a had then 
been performed round A" the new position of A B would have 
been brought to B". The rotor sum would then be a rotation 
fi -k- a round P'' instead of round P ; P" being found by 
drawing from B and A two lines making the angles + i ^9 and 
-ia withBAand AB. 

Thus in this case the axis of the rotor sum « -h y8 (« being 
first in point of time and ^ subsequent to a) has not the same 
position as the axis of the rotor sum fi + a. Notice that here 
the axes are defined as lying in given positions in the moving 

I 
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body and are carried along with the body through the field in 
which the rotation takes place. 

In this case the magnitude (a + jS) = 08 + o) of either 
of these rotor sums (« + ^) or 09 + a) equals the arithmetic 
sum of the magnitudes of the component rotors. This results 
from the parallelism of the two axes. 

Now suppose that the two axes of rotation are given fixed 
in position in the field through which the rotations take place, 
not in the field of the moving body. 

In Fig. 54, let A be the axis in the field of rotation round 
which the first rotation a takes place. This brings point B of 
the body to B', B being the position in the field round which 
the second rotation fi takes place. This second rotation round 
B brings point A of the body to A' and the point originally at B 
but now at B' from B' to B" The axis of resultant rotation is to 
be found by bisecting Une A A' and drawing through the bisect- 
ing point a perpendicular to A A' ; drawing a perpendicular to 
lUfplaee- B B'' through the middle of B B", and taking the intersection P 
rotora of these two perpendiculars. But tliis last perpendicular passes 
through A', because the triangle B A' B" is simply the triangle 
BAB' turned round through /S, and in this latter triangle BAB' 
the sides B A and B' A are equal, so that the perpendicular to 
B B' through the middle of B B' passes through A. The per- 
pendicular through A on B B' makes the angle ^ a with A B. 
Therefore the line A' P makes the angle i a with A'B. Also, 
since P B bisects angle A' B A, and since A' B = A B, therefere 
angle PAB = PA'B = ^r.. ThusBAP = - i «. There- 
fore, the i}08ition of the axis P is found by drawing through 
A and B lines making angles — i « and + i /S with A B 
and B A. 

Similarly, if /8 round B were i^erformed first and a round A 
second, the axis P" of the rotor sum (/S -f a) would be found by 
drawing through B and A lines making angles — ^ /S and + ^ « 
with B A and A B. The two axes P and P' are placed sym- 
metrically on opposite sides of the Une A B at equal distances 
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a 

from that line. The angle of the rotor sum in either case 
is (a + /9). 

It is evident that the axis of the rotor sum (a + fi) with the 
axes of a and fi fixed in the field of the rotating body coincides 
with that of the rotor sum (/3 + a) with the axes of <* and 13 fixed 
in the field through which the rotation takes place coincidently 
with the initial positions of the previously mentioned axes in the 
body. Again, the axis of 03 + «) with axes of fi and a fixed in 
the body coincides with that of {a. -f /3) with the axes of ot and 
/3 fixed in the field of rotation. 

In all these cases the distances of the resultant axis P fi'om 

the component axes A and £ have the ratio 

AP ^ sin i )8 
BP sinia' 

If the angles « and /3 are of opposite signs and nearly 
equal in magnitude, the resultant axis is very far off. If 
a and fi are exactly equal and of opposite signs, the displace- Diipiac«* 
ment becomes one of translation alone. i^^„ 

There is still a third case really more important than either 
of the others — namely, that in which one axis is fixed in the 
field through which the motion occurs, and the other axis 
fixed in the moving body. For instance, if a crank revolves 
on an axis fixed in the field of the earth, and carries with 
it on a crank-pin a wheel or a rod which revolves round 
this pin through a given angle relatively to the crank, then 
the motion of the wheel over the earth corresponds with the 
third case of the problem now being stated. Referring to 
Fig. 58, it will be seen that the position of the resultant axis 
in this case is precisely the same as in that figure, with the 
proviso that the axis fixed in the field must be considered as 
the first taken in the problem of that figure. There is, in 
fact, in this third case no question of the order of the rota- 
tions ; the rotor sum of the component rotors is the same in 
whichever order they be taken. If A be the axis fixed in the 
field and a the rotation round it, and if B be the axis fixed in 

1 2 
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the displaced body and /S be the rotation round B, then the 
place of the resultant axis is found by drawing through A and 
B two lines making angles ^ « and — i /S with A B and B A. 
This position is the same whether the rotations be performed 
in one or the reverse order, or if they be simultaneous. The 
rotor sum is a rotor round this resultant axis equal to (« + /3) 
in magnitude. 

84. Suppose now the axes to be inclined to each other, 
and to intersect. We have here also the three cases distin- 
guished as above with precisely similar variations in the 
result. In the first two cases the position of the resultant 
axis depends on the order in which the rotors are taken ; in 
the third case it is independent of that order ; the magni- 
tude or angle of the rotor sum is the same in all three cases, 
and does not depend on the order of rotation. 

In Fig. 55 let C A and C B be the two axes intersecting in 
G. Diagrams I. and II. are two views at right angles to each 
other, the first (I.) being taken backwards along the axis of «, 
Biipiace. that is, from A towards C, or in the negative direction along 
this axis ; the second (II.) being taken in the direction per- 
pendicular to both CA and CB, that is, the plane of (II), 
coincides with that containing the two axes of « and y8. 
Imagine a sphere of unit radius described about C, and 
suppose A and B be the points where the axes of a and 13 
intersect the surface of this sphere. The great circle per- 
pendicular to C A is marked in both views a a a. It appears 
a straight line in II. and a circle in I. The great circle per- 
pendicular to C B is marked hbh, being a straight line in II. and 
an ellipse in I. a and /S are taken both positive — i.e. right- 
handed, as viewed in the positive directions along their axes. 
In (I.), a and /S appear left-handed because the view is taken 
in the negative direction as regards both axes. 

Through C A draw two planes making angles ^ « on the 
opposite sides of plane A C B. Through C B draw two planes 
makmg angles i /3 on opposite sides of the same plane BOA 
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Let these intersect in C P and C P'. These lines C P and C F 
are the resultant axes occurring in the three cases of the 
problem. For a line in the body originally coincident with 
C P would be shifted to C P' by the rotation a round C A, and 
would be shifted back again from the position C P' to C P by a 
subsequent rotation ^ round C B. These two rotations taken 
in this order, therefore, leave finally the line C P without dis- 
placement, and C P is therefore the resultant axis of a followed 
by /8, the axes being fixed in the field. C P' is the resultant 
axis of a followed by fi if the axes be fixed in the displaced 
body. 

Similarly, the rotations ^ and « taken in this order round 
C B and C A would shift a line originally coincident with C P' 
first to C P and then back again to C P'. This last is, there- 
fore, the resultant axis if the component axes be fixed in the 
field. 

Suppose the plane C P B to be fixed in, and moved along 
with, the body. The first rotation a round C A would bring 
this plane into the position C F B' where the angle B' P' B Diiplace- 
equals double the angle B P a. After the second rotation roton 
which swings B Y round C B back into the position B P, the 
above plane will make with B P C (that is, its original position) 
this same angle B P' B' or double a P B. This angle is, there- 
fore, the rotor magnitude of the rotor sum (a + /3), and its 
direction is right-handed or positive round the resultant axis 
C P. The angle a P B is the supplement of B P A, and double 
a P B is, therefore, one whole revolution minus double B P A. 
Since one whole revolution leaves the resultant displacement 
zero, a revolution less 2 x B P A taken right-handedly gives 
the displacement the same as would be effected by a left- 
handed rotation 2 x B P A. The total rotation may thus be 
considered — 2 x B P A, but for many purposes it seems better 
to write it {27r — 2 x BPA}, which indicates more unam- 
biguously the real magnitude and direction of the angle 
through which the body has been turned. 
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The arc or angular distances of the resultant axis from the 
component axes have the ratio 

BinACP ^^^^2 



sin B C P ~ . a 

sm - 

2 

This result can be graphically represented in another way, 
which shows a more evident analogy with vector summation. 

Draw C j/ perpendicular to plane B C A. Draw C t, perpen- 
dicular to plane A C P. Thus angle t, C p' = i «. Draw C a, 
perpendicular to plane P G B, thus making angle ^i' Ca^^\ p. 
Make the angles fei Cp, = 6' Cp' = p' Ch^ = J a in the plane 
ixjrpendicular to axis C A. Make angles ajC^ij = a'Cp' = 
p' Ca^=^\^ in plane perpendicular to axis C B. On the sur- 
face of the sphere make the angle fc, p, a, = angle V p' a' = 

^i v' ^'v ^^^ t^® ^r<^ V\ ^1 = p' a' = i>2 a, = i fi. Draw a great 
circle arc from a j to h^ Suppose the spherical triangle a^p^ b, 
Bifpiace- to be fixed in and moved along with the rotated body. The 
rotorB first rotation « round C A will bring this triangle into the 
position a' p'h' becau^ angle p, C/?' = «. The second rota- 
tion /S round CB will bring the side a! p' of this triangle to 
position rtjjPj because angle l>' C|>2 = /S. Suppose the triangle 
now to stand in the position a^ p^ h.^. Draw a great circle arc 
from h^ to a.^. Comparing the triangles a^p^h^ and a^p' t,, 
since the arc sides a^p^ = a^p' and p^ h^ = p' b^ and the angle 
a^2)^ />, = a'j)' t' = a.^p' h^ ; therefore, the arc 6, (i, = b^ a, and 
the angle a, h^p^ = a^h^p\ and t, a^p^ = t, a^p^ = h^a^p^. 
Therefore, the three arcs a, t,, h^ a^, and a^h^ all lie on the 
same great circle. Thus the triangle could be brought from 
its first to its final position by a single rotation through the 
angle a^ Ca^ = 2 x b^C a^ round an axis peri>endicular to the 
plane />, Ca^. It can be shown that this last axis coincides 
with C P previously found. 

Thus if the component rotations be represented to half 
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size (i.e. ^ a ^ a) by arcs on great circles perpendicular to 
their axes, and these arcs be placed joining each other so as 
to form two sides of a spherical triangle, taken in the order 
in which the rotations occur, the great circle arc forming the 
third side of this triangle, taken in the direction from starting 
point of the first rotation arc to end of second rotation arc, 
will represent the true direction and magnitude (this also to iHipiAee. 
half size) of the resultant rotation or rotor sum, the resultant jJJIJari 
axis being perpendicular to this last arc. 

By this last construction any number of rotors round 
axes intersecting in one point can be added by a precisely 
similar process to that of vector summation, there being sub- 
stituted for the straight line representations of the vectors 
great circle arcs on a sphere of unit radius to represent the 
rotors. 

85. When the rotors have minutely small displacement- 
magnitudes, their arc representations in the last construction 
become practically straight lines. In this case the law of 
rotor summation becomes identical with that of the addition 
of vectors. The vector method of addition can be applied to 
the lines taken along the axes of the rotors to represent both SmaU 
magnitude and direction of the rotors ; because, in the case of " " 
adding two rotors of minute magnitude, evidently the axis of 
their sum lies in the same plane as the component axes, the 
three arcs to which these axes are perpendicular all lying on 
a minutely small spherical surface, i.e. practically in one 
plane. 

36. Angular velocities are rotors referring to minutely 
small displacements, and are therefore subject to this graphic 
law. Angular momenta, accelerations of angular velocity or 
of angular momenta, and force couples are other examples of Angular 
rotors all falling in this class and all to be dealt with gra- 
phically by this vector method of summation. 

When the rotor magnitudes refer to minutely small dis- 
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placements the angular distances of the resultant axis C P 
from the component axes C A and C B have the relation 

Angular ?i^AC JP = ^. 

▼tlocitiat sin B G P a 

If the axes be also parallel, the linear distances of these 
axes have the ratio — 

BP— « 

i 
\ 

i 
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CHAPTER Vm. 

LOCOR ADDITION 

AND 

MOMENTS OF LOCORS AND OF ROTORS. 

1. We have already seen how to find the average, mean or 
* central ' position of a number of points, mass-particles, or 
volume-particles. The process consists in adding the vectors 
from an origin to the different units and dividing the vector 
sum by the number of units. 

We have also dealt with the problem to find the mean 
or central position of a number of parallel locors. The solu- 
tion consists in multiplying each locor by its perpendicular 
distance from a datum axis, adding these products, which are 
called the moments round this axis, and dividing the sum of 
the moments by the sum of the vector magnitudes. The 
graphic execution of this process has been fully explained in loeor 
Chapter VI., and from what follows it will be seen that it is "^"'•*** 
only a special case of a general construction applicable to all 
locors, whether parallel or not. 

The moment of a locor round an axis perpendicular to it 
is the physical product of the locor and of its perpendicular 
distance from that axis. The magnitude of the moment is 
the arithmetical product of the magnitudes of the iiwo factors 
in the product. The unit of the product is a quantity having 
a definite rotational direction round an axis which has definite 
direction and position. A locor-moment is, therefore, a rotor. 
But in the moment-product all indication of the definite 
position or direction of the locor is lost. From the moment 
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one can only deduce that the locor has one of the infinite 
number of possible directions and positions perpendicular to 
the axis of the moment. 

2. While locor moments thus afford no indication as to 
the positions of the component locors, still they afford means 
of finding the average or central position of a number of locors. 
If the moments round any axis chosen as a datum be summed 
up, and the moment sum be divided by the vector sum of the 
locors, a position is obtained defined by a distance from the 
Cemtna axis and by parallelism to the vector sum. A locor taken at 
positiom ^^^^ distance from the axis, parallel and equal to the vector 
^um, will have a moment round the axis equal to the above 
sum of moments. This locor may be looked on as the sum 
of the given locors both with regard to moments and with 
regard to vector sum. This equivalence with regard to moment 
and to vector sum is expressed by the sign 4H=. 

8. The locor sum of two locors whose lines intersect lies 
in the line passing through this intersection. Thus in Fig. 66 
let A B and B C be the two locors, and P the projection of 
the axis. From C draw CD^jr AB. Then BD4|r AB + BC; 
and since B D considered as a locor lies through the inter- 
section of the lines of A B and B C, the proposition is that 
B D 4|t= A B -f B C. The magnitude of the moment of A B 
round P is double the area of triangle A B P ; that of B C 
Intersect- round P is double the area of triangle B C P ; and that of B D 
IddeJT'*'" round P is double the area of triangle BDP. The two 
triangles ABC and C D P having their bases A B and C D 
parallel, the sum of the heights of their vertices C and P 
above these bases equals the height of P above A B. Their 
bases being also equal to each other and to that of A B P, the 
area A B P = area A B C + area C D P. 
= area C D B + area C D P. 
Add area B C P to each side of this equation and note that 
BCP + CDB + CDP = BDP. We find area ABP + area 
B C P = area BDP. Therefore, taking moments round P^ 
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moment of AB + moment of B C = moment of B D, or 

AB + BC#BD. 
The proof of the proposition is independent of the position 
of P ; it is true for every possible axis. Thus B D is the locor 
sum independently of, and without reference to, any special axis. 

4. From this it becomes evident that any locor may be 

split into component locors at any point of its line, the Betoia- 
magnitudes and directions of the components having the 
same relations to those of the resultant as in. the case of 
vectors, and the component and resultant locors having their 
lines all intersecting in one point. 

5. The above refers only to the case of components and 
resultant lying all in one plane perpendicular to the axis. If a 
locor be parallel to an axis, it has no rotational direction round 
that axis, and it is, therefore, said to have no moment, or zero 
moment, round that axis. If now a locor be oblique to an axis, 
the locor may at any point of its length be split into two com- 
ponents, one parallel to the axis and the other perpendicular to 
it. The former component has zero moment, so that the whole 
moment of the locor equals that of its latter component perpen- 
dicular to the axis. This convention or system of calculating 
moments corresponds exactly with physical facts, as, for ex- 
ample, the total turning power or influence round an axis of a Axial 
number of different forces. It also enables the above proposition Jmi?^' 
regarding locor summation, or composition and resolution, to be 
stated perfectly generally, no matter into how many components 

the resultant may be spUt up, or whether they all lie in one or 
different planes. If S be the sum, and ABODE be five com- 
ponents into which it is split up, such that the vector equation 

S#A-f-B + C + D + E 

is satisfied, and if A, B, G, D and E be taken as lying along 
lines all passing through one point in the line of S, then, 
looking on these as locors, the equation 

S#A+.B + C + D + E 
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will be aJso satisfied, no matter which point on the line of S 
be chosen as the common intersection ; the meaning of this 
last equation being that the moment of S round any axis 
whatever (perpendicular, parallel, or oblique to S) will equal 
the sum of the moments of A, B, C, D and E round the same 
axis. 

6. Thus a force F may be resolved into three rectangular 
components F, Fy F.. If these three be taken as all acting 
along lines through any point in the line of F, the sum of 

Xommiti their three moments round any axis whatever equals that 
^ ' of F round the same axis. Similarly with a velocity V, or an 

acceleration of velocity ; with a momentum or an acceleration 

of momentum, or any other kind of locor. 

7. If there be a number of locors not meeting in one point, 
the following graphic process gives their sum or resultant 
very easily. Using the notation explained for parallel locors 
at end of Chapter VI., let in Fig. 57 the spaces A, B, C, D, E 
be separated by the lines of the locors AB, BC, CD, DE, 
whose magnitudes and directions are given in the vector 
diagram abode; the vector sum being a e. 

At any point in the line of A B resolve this locor into two 
component locors A P and P B chosen in any two directions. 
In the vector diagram draw through a and h the two lines 
Co-planar a |) || A P and t|) || B P. Then the magnitudes of these two 
added components in the chosen directions A P and P B must be 
ap and p h. These two A P and P B may be taken as a locor 
substitute for the single locor A B. Now combine the locor 
P B with B C. The resultant is P C 4(^2? c and taken through 
the intersection of P B and B C. Since A P + P B # A B and 
PB + BC#PC; therefore, 

AB + BC#AP-fPB-fBC#AP + PC. 

Next add locor PC to C D. The sum is ^ j^ d ; and if 
P D be drawn || j? d through the intersection of P C and C D, 
this sum will lie along the line P D. Then we find 
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AB + BC + CD#AP + PC + CD#AP + PD. 

Similarly, from the intersection of P D and D E draw the 
line PE||j)e, the vector sum ot pd and de. Take along 
this line a locor 4^2? e. If this locor be called P E, we have 
PE^PD + DE. Therefore, 

AB + BC + CD + DE#AP + PD-fDE#AP + PE. 

We have now got A P + P E as a locor substitute for 
AB + BC + CD + DE. But we can combine AP + PE 
into one locor A'E ^ ae and taken along the line A E 
drawn || a e through the intersection I of A P and P E. Thus 
the single locor AE, whose magnitude and direction are those 
of the vector sum ae, is the locor equivalent or sum of 
AB, B G, G D, D E. By this statement it is meant that the 
moment of A E round any axis whatever is equal to the sum Co-plaaar 
of the moments round the same axis of A B, B G, C I) and D E, JJSS 
the locor sum having also the same magnitude and direction 
as the vector sum of these same four. 

The space P is called the chain or the * pen,' or * single 
pen ' (P) AB C D E, and the lines drawn from the pole p are 
called the * pencil ' {p) abcde. The whole process may be 
thus indicated: 'draw the single-pen (P)ABGDE parallel 
to the pencil (p) abed e.' 

The construction as explained involves the assumption 
that all the locors lie in one plane. But if they do not do so, 
but are still all parallel to one plane, it will still apply so far 
as concerns moments about any axis perpendicular to that 
plane, because the moment of any locor round such an axis 
is not affected by its distance above or below the plane. 

8. The construction is, however, not directly applicable to 
the summation of locors not all parallel to one plane. In this 
case the locors may be dealt with in either of two modes. In Hon- 
the one construction the locors are each to be resolved into j^d^^a- 
two component locors. The resolution is to take place in each pw*ii«i 
case at the point in which the locor line cuts any plane that 



126 GRAPHICS 



CHAP. VIII. 



may be chosen as convenient for the purpose of this resolution, 

the same plane being adhered to for all the locors. The one 

component is to lie wholly in this plane ; the other is to be 

perpendicular to it. This furnishes two sets of locors. The 

first of these sets lie all in one plane and can be summed up 

by the construction already shown. The second set are all 

parallel but are not co-planar. They are to be reduced to a 

single resultant as explained later in this chapter (v. section 15, 

Fig. 58 b). If the lines of these two resultants intersect, the 

two can be added so as to give a single locor as the complete 

locor sum of the whole given set. If they do not intersect, it 

is impossible to reduce the system to any single equivalent 

locor. Reduced to its simplest form, its equivalent is either 

the above-mentioned pair of non-parallel and non-intersecting 

locors, or else, a single locor combined with a rotor. The 

method of reduction to this last form is given at the end of 

the present chapter. 

Hon- The second mode of dealing with this problem in locor 

aa?aoa- summation is to form three orthogonal projections of the 

parallel given set of locors. Projections on any three different planes 
looors 

will serve, but, especially in engineering practice, three planes 

at right angles to each other are most convenient, and these 

may be called the * front elevation,' the *side elevation,' and 

the * plan.' The plan projections of the locors form a set 

all parallel to one plane, and by the construction already 

given can be reduced to a single locor parallel to the same 

plane, which single locor will be their equivalent so far as 

vector sum and so far as total moment round any axis 

normal to that plane are concerned. This plan resultant 

is not the total resultant of the whole set of locors. The 

whole is equivalent to this plan resultant taken at a 

definite distance from the plane of the plan combined 

with a locor perpendicular to the plan taken in a definite 

position. This latter locor will be represented by a point 

in plan, and the position of the point depends on the 
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height above the plane of the plan at which the plan resultant 
is supposed to act. 

The front elevations and side elevations of the locors are 
treated similarly. Each is by the ordinary process reduced 
to a single resultant. In the front elevation the whole system 
of locors is represented by the front elevation resultant and a 
point ; and similarly in the side elevation. It remains to 
determine the proper positions of the points in each of the 
three views. 

In what follows the three views are referred to by the 
letters (tt), plan ; (e) front elevation ; and {<r) side elevation. 

In Fig. 58 a the three partial resultants are p^ p^ and p^, 
supposed to have been obtained from the projection components 
of the several locors by means of suitably chosen poles and 
single pens drawn with sides parallel to the pencils radiating 
from the poles. The components of p^ and p^ measured 
horizontally on the paper are equal; those oip^ and p^ measured 
vertically on the paper are equal; and that oi p^ measured on Kon- 
the paper vertically equals that of p^ measured horizontally. jJjJ'JJa- 
The ends of p, are placed directly above those of p^ and on paraUal 
the same level as those of p^ merely for convenience ; they are 
not necessarily so. 

OE, S and S' may be called ground lines; V the plumb 
line. S and S' represent the same line, and it may b^ sup- 
posed to be a level south line. OE may be thought of as a level 
east line ; and V as a vertical Une. 

The plan resultant p^ may be looked upon as having been 
obtained by resolving into a horizontal and a vertical com- 
ponent each of the group of locors at that point of its line of 
action where it cuts a given horizontal plane, say at the level 
a b. All the horizontal components then he in one plane and 
their resultant p^ lies in the same plane, viz. at the level a b. 
The whole group of locors is now equivalent to p^ at the level 
h a and a single vertical locor, the position of which is to be 
determined. In elevation (e) this system of two locors may 
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Kon- 
planar 
and non- 
parallel 
looort 



be considered as three by resolving p^, which lies along b a, 
into two; one along ba parallel to plane of (s), one perpen- 
dicular to same plane (i.e. really || S) through some point 
in b a, and a third vertical || Y. Since the second is a point 
only in (s) it contributes nothing towards the formation of p^. 
Therefore, since the vertical component together with that along 
b a gives p^, the former must act through a where b a meets p^ ; 
i.e. in (e) it lies along line a c and in (tt) it is represented by 
some point in the same line c a. Now in (a-) the locor sum of 
the same set is represented by p^ and a point. This point 
represents the component l! E, viz. that lying along 6 a in 
(e) ; and in (a) this contributes nothing towards the formation 
of p^y which is the locor sum of the vertical component and 
the horizontal component || S in (tt), or || S' and along the 
line at in (<r). The vertical component must, therefore, act 
in (<r) through b where a b meets p^. Measure the distance 
of b from V in (c) and plot it off in (tt) from E along the 
line a c. This gives the pouit d in plan through which the 
vertical locor Ues. The magnitude of this latter is the vertical 
(or V) component of p^ or p^. We may call this p,., naming 
the two other components of the resultant parallel to E and 
S by the letters /?« and /?,. The whole given group of locors 
is now reduced to the horizontal p^ = a/p\ -\- p^^ at the level of 
a in {s) and the vertical p„ acting through d in plan. 

The position of d depends on the level chosen for p^, namely, 
that of a. It is easy to recognise that the locus of the different 
positions of d is the straight line dd^\\ p^. 

If now it is desired to represent the whole group in {s) by a 
single locor p^ parallel to plane of (e) and another p, perpen- 
dicular to the same, the distance in front of the plane of (e) at 
which p^ is to lie must be chosen. In (<r) set this distance off 
S' from V and draw a line || V at this distance cutting 



p^ine. Set the same distance off in (tt) ||0S from OE, 
and at this distance draw a line || E cutting p^ in /. From e 
and / draw lines || S' and |] S to meet in ^. g is the point 
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in (e) through which p^ must lie in order that it along with p^ 
at the chosen distance in front of plane of (s) may be equivalent 
to the whole group of locors. 

The similar construction for the projection (a) is also shown 
in the figure. The distance in front of the plane at which p^ 
is supposed to act is taken the same as for the other two pro- 
jections, and this distance is set off in (tt) from S and || E, 
giving the point h on p^, and also in (s) from V and || E, 
giving the point i on p^. From i is drawn iA:|| E S', and 
along this line from Y is plotted to k the distance of h from Non- 
OE on the line i A. Then in (<r) the group of locors is equiva- JiS^on. 
lent to p^ passing through k and p^ at the stated distance P*raUal 
from the plane of (o-). 

It must be understood that for the solution of any practical 
problem any one of these three representations is suflBcient ; 
but to obtain any one of them it is necessary to find all the 
three, p,, p„ and p„. In dealing with the balance of engineer- 
ing structures it is usually convenient to use the construction 
in plan, and very commonly one particular position of the 
point d on the line d d^ will be found more convenient than 
others. This method is used in Chapter XII., on Solid Static 
Structures. 

9. In Fig. 57, A E is the resultant. A locor exactly equal 
and opposite to A E along the same line would balance the 
others with regard both to vector sum and also to moments. 
This balancing locor may be called E A to distinguish it from Balancing 

looor 

AE. Then we may express the balance by writing. 



AB + BC-fCD + DE +EA#0. 



10. The chain of auxiliary locor lines (P) A B C D E in 
Fig. 67 may be used as a moment diagram in a similar 
manner to that already explained for parallel locors. Thus, Moment 
suppose the sum of the moments round any axis R is wanted. ^*"* 
Through E draw a line || A E || a g and across the space between 
the lines F E and P A. Let m be the intercept between these 

K 
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lines. Then the triangle whose base is m and whose vertex 

is I has the same shape as the triangle e ap^ whose base is e a 

and whose vertex is p. But the height of vertex above base 

in the former triangle is the leverage of A E in its moment 

round B; and the base ae is the magnitude of AE. The 

product of these latter — namely, the moment of A E round B — 

therefore equals m multiplied by the distance of the pole p 

from a e. Call this pole distance from € a by the symbol p(ae). 

Then, 

m X p{ae) ■=• moment of A E round B, 

= sum of moments of A B, B C, CD and 

D E round B. 

It is of theoretic importance to recognise this use of the 
chain (F) ABC, &c., as a moment diagram and the identity of 
its principle with that of the moment diagram for parallel 
locors. But the construction is of comparatively little 
Xomont practical utility for two reasons— first, it is as easy to mea- 
^*^'*°* sure directly ae and the perpendicular distance of B from 
A E and to multiply them together as it is to measure m and 
p (a e) and to multiply these ; and, secondly, in practice we are 
not at liberty to choose the position of p so as to make p {a e) 
an easy number to multiply by and thus to make m measure 
the desired moment to any desired simple scale. For in 
practical problems, such as those regarding the forces on 
bridge, roof, and other work, in dealing with the locors by 
means of the chain (P) ABC, &c., we find we wish to deal 
successively with different groups of the locors. For instance, 
we first wish to find the total moment ofAB + BC + CD round 
any among a given set of axes ; then to find the total moment 
ofAB +BC + CD + DE, and so on. Thus, if we chose the 
position of p so as to give vi to read the moments of the first 
set to an easily readable scale, this position would give a 
different and most probably an inconvenient scale to which 
the new vi would represent the moments of the other sets. 
The vector diagram abed, Sec, is sl rapid and convenient 
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graphic method of finding the magnitude and direction of the 
resultant of any group of the locors. The chain diagram 
(P) A B C, &c. , is an equally simple graphic method pf finding the 
position of the resultant. These being found, to calculate the 
moment of this resultant round any desired axis, the proper 
procedure is to perform the multiplication of magnitude by Komont 
leverage du-ectly either by help of measuring these to scale "fi^"*** 
and using ordinary arithmetic, or by help of one of the graphic 
rules for multiplication already fully explained (see Fig. 8), 
remembering that the two quantities to be multiplied appear 
on the paper at right angles to each other and at a distance 
from each other. 

11. There being only one resultant to a given set of locors, 
the above construction must give the same line A E whatever 

chain be used in obtaining it. The chain can be varied in Variation 
three distinct ways. The directions of its sides are parallel to m^^ 
the radii in the vector diagram from the pole p to the corners di^ffram 
ab c d e. The variability of the directions of the sides of the 
chain may thus be simply expressed by stating that the pole 
p may be chosen anywhere. 

12. But for any one position of p, and, therefore, any one 
set of directions for the chain sides, the decomposition of the 
first locor A B into A P + P B may be effected at any point of 
the line of A B. By shifting this point the chain sides are 
shifted parallelly to themselves through corresponding deter- 
minate distances, and the corners of the chain are shifted Proper- 

tional 

along the locor lines, some outwards and some inwards, diiplaoe- 
through distances which always maintain constant ratios ^^^ 
among themselves whether the displacement along the first 
line be great or small. If these shiftings of the corners 
were all outwards or all inwards one might call this kind of 
variability of the chain that of proportional enlargement or 
contraction without change of shape ; but although these dis- 
placements may sometimes be all in one direction, they are 
not necessarily or generally so. It may, therefore, be referred 

x2 
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to as a parallel displacement of the sides or a proportional 
displacement of the corners. As will afterwards be seen, this 
proportionality of these displacements is of very important 
utility in some problems where special difficulties arise. 
Thirdly, the order in which the locors are taken in this pro- 
cess of addition is indifferent; and the chain is varied by 
changing this order. However the chain be varied in. any 
one, or in all three of these ways together, the process will 
give always one and the same straight line AE ; that is, the 
intersection of the first and last link of the chain will always 
lie in one definite line whose direction is the same as that of 
the vector sum. As a proposition in pure polar geometry this 
result is a very interesting one, but engineers will pay more 
attention to its physical importance. It evidently furnishes 
an easy means of checking the accuracy of one's work in the 
summation of locors by this graphic mode* 

13. In the last section of Chapter VI. the subject of inde- 
terminate abutment thrusts was refeiTed to. When a mass 
acted on by a given system of loads is kept in balance by two 
supporting forces acting through two given points, the condi- 
tion of balance is sufficient to determine three only out of the 
four elements defining these two forces — viz. two directions 
and two magnitudes, all the forces being supposed to act in 
the same plane. If any one element be given, the other three 
can be at once calculated. Thus if the two forces to be found 
be called a and />, and if they act through the two known 
points a and yS ; then, if the direction of a be given, draw in 
this direction through a a line to meet the resultant, say />, of 
the known loads as found by the last explained construction. 
The line joining this intersection with ^ gives the direction of 
the second supporting force. The directions of both being now 
known, their magnitudes are found by drawing in the vector 
diagram two lines in these directions from the two ends of />. 

If the abutment thrust be indeterminate, the line r p ol 
Fig. 43 mny be found either by assuming the two supporting 
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forces both parallel to the resultant of the known loads and 
proceeding precisely as in Chapter VI., Fig. 43, for parallel 
loads except in using the more general construction now 
explained for non-parallel loads ; or else, the resultant of the 
known loads being found, any direction (such as ^ p in Fig. 43) 
may be chosen as that of one of the supporting forces and the 
other found as above. This gives in the vector diagram an 
intersection (viz. p in Fig. 43) which necessarily lies on the 
line p r ; and through this point a line is to be drawn parallel to 
the abutment line. This line is the locus of the indeterminate 
point of intersection of the two supporting forces in the vector 
diagram. 

The former of these two constructions may be conveniently 
used when the dii*ection of one supporting force is given and 
when the intersection of its line with that of the resultant of Two mp- 
known loads falls outside the limits of the drawing-board. foww 

The line rp of Fig. 43 being obtained, the correct point p 
upon it can very easily be obtained if only a suflBcient extra 
condition be given regarding the supporting forces. This 
condition may be given in any of the following forms. The 
direction of one force may be given ; the one fo^'ce being 
imagined resolved into components in any two rectangular 
directions, the magnitude of one of these components may be 
given ; the ratio of the magnitudes of the components in any 
definite direction of the two forces may be given, it being 
necessary in this case to distinguish carefully between a -h 
and a ~ ratio, the former indicating components in. the same 
direction (and this not always being possible), while the other 
indicates opposite directions for the two ; or again, the magni- 
tude of the abutment thrust may be given, this being merely 
a special case coming under the second heading. 

14. If the given set of loads be balanced by three sup- 
porting forces acting through three given points «, ^8, 7 ; then Thra© 
in order to determine these three there require to be given ing foroM 
three conditioning elements besides the conditions of vector 
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and moment balance. The only case that need be considered 
here is that in which the three directions are given. This case 
is illustrated in the plan of Fig. 94. Here p^ or D^ Dj is the 
resultant of the known loads and appears as d^d^ in ^ the 
vector diagram. The directions of 3 4, 4 6, and 5 1 acting 
through points «, /8, and y are known. 3 4 is produced to its 
Three joint /i with p^, and the joint of 4 5 and 5 1 is marked v. 
iagferoes The points fiv are joined and there is drawn rf,4^|| i//i and 
da *' II 34. Then there is drawn 4^ 6^ || 45 and d^ b' \\ 1 6. This 
construction evidently gives d^ 4', 4^ 5\ and 6* i^ the true 
magnitudes of the three supporting forces at «, ^, and 7. 

At the end of Chapter XII. this same problem is solved 
under a set of three conditions much more difficult to deal 
with than that of three given directions. 

15. When a number of parallel locors not in the same 
plane have to be summed, the method of procedure is as 
explained in Fig. 58 b. 

Let the lines of the parallel locors be represented by their 
point-projections on a plane perpendicular to them. These 
points are in the figure surrounded by small circles. Through 
these points draw sets of parallel lines vertically and horizon- 
tally. Plot off on a vertical line to a convenient scale the 
vector magnitudes a 6, t c, c d, r/e, ef. To the same scale choose 
a convenient distance from the vector line af such as 1, 10, 
100, &c., at which to place the pole p. Suppose now all the 
locors to be turned through 90° round a horizontal axis lying 
on the paper. They will now lie parallel to the paper and 
their projections will be along the vertical lines A B, B C, C D, 
D E, E F already drawn parallel to af. In the example shown, 
A B coincides with B C, so that the space B has zero breadth. 
Form a chain by drawing lines through the successive spaces 
A, B, C, D, E, and F parallel to the radii of the pencil (p) 
ah c d ef. The line parallel to ph is of zero length — i.e. 
does not need to be drawn, because the space B is of zero 
width. Let the first and last sides of this chain — namely. 
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those parallel to pa and pf and drawn through the spaces A 
and F — be produced to meet in I'. Draw a vertical line 
through r. Take now a locor of magnitude a /perpendicular 
to the paper (i.e. parallel to the given locors as originally 
represented on the paper) through any point of the vertical 
line drawn through I'. This single locor will have the same 
moment round any axis parallel to the paper and whose pro- 
jection on the paper is vertical as the sum of the moments of 
the given locors round the same axis. 

Again, suppose all the locors turned through 90^ round a 
vertical axis on the paper. Their projections will now be 
along the horizontal lines already drawn, and will all be per- 
pendicular to a/. Suppose the pencil (p) abed efto be turned 
through 90° so as to bring af horizontal. We could then 
draw a chain through the spaces A' B' C D' E ' F' lying between 
the horizontal lines with its sides parallel to the radii of the 
new pencil. But it is as easy to draw the sides of this second Parallel 
chain perpendicular to the radii of the pencil as it stands in pia^ir 
the figure, provided one is furnished with an accurately right- ^^^^ 
angled set square. There is, therefore, no need to re-draw the 
pencil. Let the first and last Unes of this second chain — 
namely, those through the spaces A' and F' — meet in I". 
Draw a horizontal line through I". A locor equal to a/ taken 
in the proper sense perpendicular to the paper, and through 
any point in this horizontal line through T\ will have a 
moment equal to the sum of the moments of the given locors 
round any axis parallel to the paper and with a horizontal 
projection on the paper. Let the vertical through Y and the 
horizontal through I" meet in I. Through I and perpendi- 
cular to the paper take a locor equal to af. The moment of 
this round any axis parallel to the paper, whether it be hori- 
zontal or vertical, will be the same as the sum of those of the 
given locors round the same axis. It will, therefore, evidently 
have a moment equal to the sum of these moments round 
any axis whatever parallel to the paper ; and, therefore, also 
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round any axis whatever whether parallel or not to the paper, 

because the components parallel to the axis have no moments. 

This locor taken through 1 4t^ a/, the vector sum, is the true 

locor sum, or resultant as regards moments as well as regards 

vector sum. 

^araUol Bound any axis passing through I the integral moment is 

iLuiar zero.* A locor through I equal and opposite to af would 

ooon balance the given locors as regards moment and vector sum ; 

that is, the system with this balancing vector included would 

have zero vector sum and have zero moment round every 

possible axis. 

In the moment of a locor we have the product of two 
directed quantities or vectors whose directions are at right 
angles to each other. The product is a rotor whose axis is 
perpendicular to both the factors of the products. 

16. In a rotating body the linear velocity of each point is 
the product of the angular velocity and of the distance of the 

lotor point from the axis of rotation, and the direction of the linear 
nomoat yelocitity is perpendicular to both the axis of the rotation and 
the line from point to axis used as a multiplier of the angular 
velocity. Here we have a directed line — i.e. a vector — multi- 
plied by a rotor whose axis is perpendicular to the vector. The 
product is a vector at right angles to both the factors. There 
is an evident and interesting analogy between these results, 
but the closeness of the analogy must not lead the student to 
think the two processes identical. 

17. The addition of two finite rotations round parallel or 
oblique axes has been already explained (Figs. 53, 54, and 55). 

Parallel That of rotational velocities round parallel axes is accomplished 
graphically in a manner precisely similar to that of the last 
figure (Fig. 58 h). In that figure let A B, B C, C D, D E, and 
E F represent angular velocities whose axes are parallel, 

' I is a point in the ' paper/ which may represent any plane normal to the 
given locors. The axis here spoken of may, therefore, be otherwise described as 
any axis passing through any point of the line parallel to the given locors 
through I. 
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having their projections at the points surrounded by the 
circles, and whose magnitudes are represented to scale by 
abfbc,cdy &c. The construction is carried out precisely as 
before. There is obtained the resultant axis I, and the mag- 
nitude of the resultant angular velocity is af. 

18. In Fig. 59 let I be the same point as I in Fig. 58, and ParaUel 
through it let there be drawn two straight lines parallel to j? a moment 
and pf. Let be any point, and through it draw a line || af. di»ffram 
Let the intercept on this line between the last two lines be v. 

Then, as before, v x p (af) = af x perpendicular distance of 
I from line through 

= a/x I (v). 

Now, af being the angular velocity of a body rotating round 
axis I, the linear velocity of the point resolved in the direc- 
tion of V is a f X I (i?). Thus v represents, to a certain scale 

dependent on the pole distance p (af), the vertical compo- 
nent of the linear velocity of any point 0. The two Unes 
drawn through I, therefore, form a complete diagram of the 
vertical components of velocity of each and every point of the 
body rotating round I. The scale of the linear velocities will Linear 
be a convenient one if the pole distance p {af) be chosen a 22™n 
simple one to multiply by, for instance, 1, 10, 100, or 1,000 J''**^' 
radians per second or per minute. 

Now, through the same point I let two lines be drawn per- 
pendicular to ^ a and pf and let h be the intercept between 
them of a horizontal line drawn through 0. By reasoning 
similar to the above it is evident that, to the same scale as 
that to which v represents the vertical component of linear 
velocity, h represents the horizontal component of this linear 
velocity of point of the rotating body. 

These two pairs of Unes perpendicular to each other and 
jointed in I thus form a complete diagram of the linear velo- 
cities of all points of the body rotating round I with angular 
velocity af To complete the representation a circular arrow 
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should be drawn round I to show without ambiguity the direc- 
tion of the rotation. This arrow will also show distinctly the 
directions of all possible vertical and horizontal components 
of linear velocity of all points. The total linear velocity = 
V v^ 4- h^i which can easily be fouud graphically after v and 
h have been obtained on the diagram. In place of the circular 
arrow, four straight arrows may be drawn in the four angles 
ParaUel in which the intercepts in the directions of the arrows measure 

rotor 

moment the linear velocities. 

**»«'*^ -^g jjQ^yg jjgj.g spoken of Fig. 59 as giving the linear velo- 

cities due to a single angular velocity round I, assuming from 
the proof given on p. 72 that for each point the resultant of 
the linear velocities due to the separate component angular 
velocities round different axes is equal to the linear velocity due 
to the single resultant angular velocity round the resultant 
axis I. This, however, can easily be proved directly and in detail 
by help of Fig. 58, proceeding precisely by the method of Fig. 41. 
19. When two angular velocities are about axes which 
intersect, it has already been shown that their sum is to be 
found by representing their magnitudes by proportional 
lengths along their axes and, treating these representations 
as locors, finding their sum as if they were locors. It follows 
that any number of co-planar instantaneous rotors, whether 
parallel or not, can be summed up by exactly the same graphic 

Moment constructions (see Figs. 41 and 57) as have been given for 

^*f^ co-planar locors. The diagrams drawn form diagrams of 

paraUel linear velocities if the rotors be angular velocities. When the 
rotors ^ 

rotors are neither co-planar nor parallel, they must be resolved 
into two sets, one all lying in any chosen plane and the other 
all perpendicular to this plane and therefore parallel to each 
other. These two sets are to be summed up separately by 
the methods already explained. If the two resultant axes 
intersect, the two resultant rotors can be combined into a 
shigle rotor. If not, the system reduces either to a pair of 
rotors or else to a single rotor combined with a locor. 
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20. Angulax momenta are simply angular velocities mul- 
tiplied by masses. They form rotors which are to be dealt 
with precisely as angular velocities by the foregoing methods. 
The product of an angular momentum and a radius perpen- 
dicular to it is evidently a linear momentum. 

These are the only rotors whose moments have to be in- 
vestigated in ordinary mechanics. 

The product of two rotors with parallel axes is generally Momentt 
an undirected quantity. For instance, that of an angular momonte 
velocity and of a force-moment is a rate of doing work (horse- 
power). That of an angular velocity and the moment of 
an acceleration of linear momentum is a rate of increase of 
kinetic energy. That of an angular rotation and of the 
moment of an acceleration of momentum is a quantity of 
kinetic energy. That of an angular rotation and of a force- 
moment is a quantity of mechanical work done. 

21. Sui)po8e we have two locors along parallel but different 
lines, oppositely directed and equal in magnitude. The con- 
struction given above in Fig. 57 fails in this case. In Fig. 60 
let A B, B C, a t, t c represent the two locors, Choose any 
pole p and draw A P || a j), and B P || hp, and C P || c j) || a p. The 
lines A P and C P being parallel, do not intersect, and it 
becomes impossible to find a position for the locor sum or 
resultant. Evidently, however, the two final lines PA, PC 
still form the correct moment diagram for the pair of locors — 
that is, the moment of the pair round any axis whatever is loeor 
the intercept between these two parallel lines on the line drawn eonpiw^'^ 
through the axis parallel to ah; the scale being determined 

by the pole distance p{ah). This moment has the same 
magnitude round all possible axes perpendicular to the plane 
containing the two locors. The resultant vector being zero, 
it has no direction. The system has zero vector magnitude 
and has lost the two other characteristics of locors — viz. direc- 
tion and position. It retains, however, its character of giving 
a moment, this moment being a rotor and having a definite 
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direction for its axis. The resultant of the two locors cannot 
be said to be a rotor, but it has lost all locor character except 
this of givmg a moment which is a rotor. 

When the two equal and opposite locors are forces, the 
pair is called a * couple * or * force-couple.' If the two equal 
and opposite forces be AB and CD, the couple is written 
(AB^CD). 

Again, if in the above figure A B, at, and B C, fc c, repre- 
sent equal and opposite angular velocities round parallel axes, 
the magnitude of the resultant angular velocity is zero and its 
axis has neither position nor direction. The two parallel lines 
LoMr tad P A and P C, however, continue to form a diagram of linear 
ooftpiei velocities of all points of the body that has these two simul- 
taneous angular velocities superimposed upon it. These linear 
velocities are all equal — that is, the body is moving with a 
velocity of translation only. The angular velocity has become 
infinitely small and the distance of the axis of rotation infi- 
nitely great ; the product of the two, or the linear velocit}% 
being in the limit the distance between the parallels A P and 
C P taken || a b. 

Here the combination of two rotors has lost all rotor cha- 
racter except that of giving a moment which is a vector. It 
cannot, however, be correctly said that the resultant of the 
two angular velocities is a translatory linear velocity, this latter 
really being the moment of the resultant zero angular velocity. 
The resultant of the two angular velocities may be called a 
* rotor-couple.' 

22. Neither a locor-couple nor a rotor-couple having any 
but moment properties, all couples giving the same moment 
Eqni- must be considered as equivalent ; any one of an equivalent 
couples ^^^ ^^ couples may be substituted for any other so far as vector 
or moment phenomena are concerned. Thus for the two equal 
and opposite forces at a given distance apart may be substi- 
tuted two other equal and opposite forces of different magni- 
tudes and directions from those of the original couple, provided 
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the distance apaxt of the new pair is greater or less than that 
of the first pair in the inverse proportion in which the mag- 
nitudes are less or greater, and provided also that the plane of 
the second is parallel to the plane of the first pair. This latter 
condition ensures that the axes of the two couples have the 
same direction. A similar substitution may be made in the 
case of rotor couples. 

When students observe how freely this substitution is 
made use of in text-books of mechanics they are apt to imagine 
that the effects of these equivalent couples as applied to pieces 
of material are in every respect the same. They should care- 
fully avoid this error. The distributions of stress and strain 
throughout a piece of material are among the most important 
conditions that engineers have to inquire into. The states of Equi- 
stress and strain in bodies due to the action of different but eouplw 
' equivalent * couples are wholly different. If the question to 
be investigated involves stress and strain, the above sort of 
substitution cannot be made. If only the bending moment 
on a certain section of material has to be found, then this 
substitution is permissible; but no problem of strength or 
stiffness is completely solved by the calculation of bending 
moments alone, and this— viz. the case of bending moments — 
is the only item of stress and strain calculation in which an 
* equivalent ' couple may be substituted for the actually exist- 
ing couple. A similar warning may be given regarding the 
substitution of a * resultant ' of any kind such as are explained 
in this chapter. The resultant can only be substituted for 
the group of units for purposes relating to the * vector sum * or 
to the moments. The resultant applied instead of the actual 
forces would not have even approximately the same effect in 
stressing and straining the material. 

23. In Fig. 61 let the plane of a couple be perpendicular to Betoln- 
the paper ; let its forces be represented by a 6 and b a ; and let ownpo*^ 
its moment be represented to a convenient scale by am. am tio^®' 
may be taken as the axis of the couple ; it is parallel to the 
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paper, and perpendicular to the plane of (ab^ba). Each 
of these two equal forces may be resolved in any two rect- 
angular (or oblique) directions a c and c b. Then (ac^ca) 
will be equal and opposite forces, and will form a couple whose 
moment is a n obtained by drawing an ± ac and mn ± cb. 
Also {cb^b c) are equal and opposite forces forming a couple 
whose moment is measured by n m. Again, a n and m n are 
perpendicular to the planes of these two couples (ac^ca) 
and (c6^6c), and these may, therefore, be taken as their 
axes. It is now evident that couples may be resolved and 
compoimded, subtracted and added in exactly the same way 
as vectors or instantaneous rotors, and that these operations 
may be effected by treating as vectors or instantaneous rotors 
lines measured along their axes (such as a m, an, n m) to such 
lengths as will represent the moment magnitudes to any con- 
venient scale. These axial lengths are complete graphic de- 
scri2)tions of the couples, and the term * axis of a couple * is 
usually employed to indicate this definite length perpendicular 
to the plane of the couple. 

21. A locor-couple combined with a single locor R per- 
pendicular to the axis of the couple evidently reduces to a 
bingle locor, which is equal and parallel to R but along a 
different line. If a set of locors reduce to a couple and a single 
locor parallel to the axis of the couple, these cannot be added 
so as to give any simpler result. 

If the set reduce to a couple and a single locor R oblique 
to the couple axis, the couple may be resolved into two com- 
ponents, the axis of one component being parallel and that of 
the other perpendicular to R. The latter component combines 
with R to give a single locor 4^ R, and the whole set is now 
reduced to the above last-mentioned case. 

If the set reduce to two non-parallel and non-intersecting 
locors, Q and R, either of these, say Q, may be resolved into 
two components, one component being equal and opposite to 
R (i.e. ^R). This component forms with R a couple, and 
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the whole set is now reduced to a couple and a single locor, 
which is in general oblique to the axis of the couple, but by the 
previous method can be further reduced to a couple and a locor 
parallel to the couple axis. 

It is, however, questionable whether there are many cases 
in which there is any practical advantage to be gained by 
substituting a couple and locor (which together really mean 
three locors) for a system of two single non-intersecting locors. 
Two oblique non-intersecting locors may always be reduced 
to two other perpendicular non-intersecting locors. Thus, in 
Fig. 62, let a 6 be the one locor in the plane of the paper and General 
c d be the projection on the same plane of the other. This rotor 
latter can be resolved at the point c where it cuts the '®*'^®^^ 
plane of the paper into two components, of which the pro- 
jection c d is one and the other is perpendicular to this plane. 
c d and a b can be added, the sum being a locor ef in the plane 
of the paper. The system is now reduced to ef in this plane 
and the vertical component of the second locor perpendicular 
to same plane and passing through c. One is at liberty to 
choose any plane that may be most convenient for this reduc- 
tion, and for this reason among others this solution may 
in many instances be more convenient and useful than the 
reduction to a couple and a perpendicular locor, for which 
latter there is only one definite plane possible for the couple. 
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KINEMATICS OF MECHANISMS. 



Definition 
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1. In this chapter there are dealt with the relations between 
the velocities and accelerations of velocity of the various parts 
of a Mechanism. 

A ^ mechanism ' may be defined as a combination of frames, 
plates, bars, or flexible members jointed together in such 
manner as to ensure that, while the parts may move relatively 
to each other, the relative positions of all parts are determi- 
nate for each given possible relative position of any two parts. 

The different rigid members of a mechanism may be 
termed * links ' or * bars.' The flexible members may be called 
* bands ' or * belts.* 

That bar relatively to which the motions of the other parts 
Bod-plato ai^e measured is here termed the * base-plate ' or * bed-plate * 
or * frame.' The motions of these other parts are thus con- 
sidered as taking place in the * field of the bed-plate ; ' and in 
this field the parts of the bed-plate itself have, of course, no 
displacement, velocity, or acceleration of velocity. 

2. In the next chapter (Chapter X.) there is explained the 

relation that must subsist between the number of joints and 

that of links in order that a flat structure may be * stiff ' — i.e. 

non-deformable without stretching, contracting, or bending the 

links. The relation is 

/ = 2 j - 3, 

where I = number of links and J = number of joints. When 
a link has more than two joints in it, only two of them must 
be included in the count of j; and such a link, which is called 
a beam-link, is to count as one only. 
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If a flat pin-and-eye linkage have a number of links less 

than the above, it is no longer stiff and can be moved into 

different shapes. If the number of links be one less than the 

above, or 

i = 2i - 4, 

there is one degree of freedom in the possible motion. This 

means that, although there is an infinite number of possible 

shapes, still for each definite position of two parts relatively 

to each other there is a definite relative position of every other 

pair of parts. This agrees with our definition of a mechanism. 

The definition of a machine will be given in Chapter XIII, 

A machine has two more bars than a mechanism with the 

same number of joints, and two of its bars are not rigid, but 

are capable of resistant deformation. In a pin-and-eye joint 

mechanism the relation between the numbers of links and of 

joints is, therefore, 

Z = 2i-4. 

In a quadrilateral, for instance (see Fig. 67), which is the jointaftnd 
simplest mechanism, there are 4 joints and 4 links, and ^*" 

4 = 2x4-4. 

In applying this rule only two joints are to be counted to 
each bar, no matter how many may actually exist in it. Thus 
in Fig. 70 there are 6 bars ; there are also 7 joints, but two of 
the bars have in each 3 joints, so that the number of joints 
to be counted in order to apply the criterion is 5. Now 

6 = 2x5-4, 

and the mechanism has, therefore, definite motions. 

A pin-and-eye, or full and hollow cylindric, joint is called 
by Eeuleaux a * lower pair,' as distinguished from the joint 
between two spur-wheels in gear with each other, which latter 
is called a * higher pair.* The above criterion-equation re- 
quires modification for mechanisms including higher pairs. 
For each * higher pair ' joint existing in the mechanism, the 
number of bars becomes one more than that given by the 
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above rule. This is evident because a higher-pair joint may 
be looked upon as a substitute for ttvo lower-pair joints with a 
link between them. The suppression of one of these joints 
would correspond to the suppression of two links, but actually 
only one link disappears in the conversion of the link and two 
joints into a single higher-pair joint. 

3. The motion of any one point in a bar relatively to any 
other point in the same bar may be conveniently resolved into 
two components : one along the line joining the two points, 
which will either lengthen or shorten the dimensions of the bar 
along this line ; the other at right angles to this same line. If 
the bar be ^ rigid/ that is, if its dimensions be incapable of altera* 
tion, the former component is always zero. Rigidity does not 
interfere with the latter component taking any value whatever, 
great or small. Thus, in a rigid bar, the instantaneous dis- 
placements and velocities of the various pairs of points rela- 
tive to each other are all normal to the lines joining the pairs of 
points, and all parts have the same angular velocity. 

4. The graphic determination of the simultaneous positions 
of the various bars of ordinary mechanisms is easy. When 
difficulties occur, as in some reversing link-motions, the methods 
here explained enable them to be readily overcome. The lod 
of the successive positions of the various parts may be called 
the * motion curves,' or more simply the 'paths,' of these 
parts. These paths are drawn in on the * mechanism diagram.* 

5. From these * paths ' the displacemefits from any assumed 
initial configuration can be directly measured. It may, how- 
ever, be often advantageous to have a separate * displacement 
diagram,' consisting of a series of curves showing the succes- 
sive simultaneous displacements of all important points of 
the mechanism as rector-radii from one and the same pole. 
These curves in the * displacement diagram ' are, of course, 
exact copies of the * paths ' in the * mechanism diagram.' 

Let ABC and BDE in Fig. 63 be two bars jointed 
together at B. Let P' be the pole of the displacement dia- 
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gram, and let the curves A' A', B' B^ D' D' be the displace- 
ment curves of the three points A B D. All these curves, of 
course, pass through the pole F. P'A',, FB'p and P'D\, 
being simultaneous displacements of AB and D, draw on 
A^i B'l and B', D'j as bases, the triangles A'l B'l C'l and 
B',D',E'i similar to the triangles ABC and BDE in the 
mechanism. It can easily be shown that P'C^i and P^E'i 
are the simultaneous displacements of C and E if the two 
bars be rigid. By joining all the points C and E' found by 
such constructions, the displacement curves of C and E for 
a rigid-bar mechanism can be drawn in. Numerous simul- 
taneous points on the various displacement curves should be 
marked, and numbered 1, 2, 8, 4, &c. 

The advantage of such a displacement diagram over 
the set of 'paths' dispersed over the mechanism diagram 
consists in the greater faciUty of comparison between the dis- Diiplaoe- 
placements of the various parts of the mechanism that it Sj^mmi 
affords. Thus, comparing simultaneous points A^ and C 
belonging to the same bar, the vector A^ C is the displacement 
of C past (or relatively to) A in the base-plate field. Con- 
versely, C'A' is the displacement of A past C in the same 
field. The same holds for points in different bars ; thus, D' C 
is the displacement of C past D in the base-plate field. 

It may be noted that any line, such as A' C, belonging 
to one bar is perpendicular to the line bisecting the angle 
between the simultaneous and * initial ' positions of the line 
A C in the mechanism. This does not, however, apply to a 
line, such as E^ C, joining points belonging to different bars. 
This latter vector may be looked on as the sum (E'B'-f B'C), 
to each of which components the above rule applies, although 
it does not apply to the resultant. 

6. The method of obtaining the velocities by taking the Differ- 
small differences of the displacements, which method is the y^ocity 
basis of kinematic analysis developed by means of the differen- di**'*"^ 
tial calculus, has often been adopted as a graphic process for 
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the solution of specially complicated problems. After con- 
structing the velocity hodographs, the same method may be 
followed to find the velocity accelerations. As a graphic 
process, however, this method is capable of no accuracy ; it 
8, in fact, practically useless. 

Professor Reuleaux's method of centroids, more properly 
called axoids, has now become famous. These axoids are, how- 
ever, very tedious of construction, and when constructed furnish 
no direct easy means of measurement of useful quantities. 

7. The method now given furnishes velocity and accele- 
ration diagrams, somewhat similar in appearance to stress 
diagrams, which show the true directions and magnitudes to 
scale of the velocities and velocity accelerations of all points in 
the mechanism ; there being one pole only for each diagram 
from which all vectors radiate, so that the velocities or accele- 
rations of all parts and at all times of the complete cyclic 
period can be compared with maximum facility. 

Fig. 64. — Let A B C D be a rigid bar. Suppose the velocity 
of A over the base-plate P to be known. Choose any pole /), 
and draw p a parallel to the velocity of A, and of a length to 
represent its magnitude to any scale considered convenient 
for the velocity diagram. If now the angular velocity © of the 
bar be also known, a b may be plotted perpendicular to AB, and 
equal in length to o) ' A B to the above velocity scale. Then, 
J) h is the velocity of B over the base-plate. If, instead of (o 
being known, we know the direction of the velocity of B, then 
J) h may be drawn from p in this known direction to intersect 
in b the line a b drawn ± AB from the point a. This gives 
p b the velocity of B ; and the angular velocity of the bar may, 
if desired, be calculated by dividing ab by AB. Since the 
(relative) velocity of C round A is perpendicular to A C, 
and its relative velocity round B is perpendicular to B C ; if 
a c and b c are drawn perpendicular to A C and B C, their 
intersection c gives pc the velocity of C through the base- 
plate field. Similarly, pd is found to measure the velocity of 
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D. The diagram gives not only the velocities over the base- 
plate P, but also all the velocities of pairs of points relative 
to each other. For instance, bd is that of D round B, and 
d 6 is that of B round D, these relative velocities being through 
the field of the base-plate P. 

It is clear that the figure bacd forms a diagram of the 
bar B A G D to a diminished scale and turned through a right 
angle in the direction of a). It may be called the * velocity 
image ' of the bar. Further, on this new diagram of the bar, 
altered in scale and rotated through 90°, the pole p represents 
the position of the instantaneous axis of rotation. Theoreti- 
eally, the original diagram A B C D, with the position P of the 
instantaneous axis added, would serve equally well as a dia- 
gram of velocities, the scale being chosen suitably so that PA 
would represent the velocity of A. Jn fact, this construction 
is really the gist and basis of Reuleaux*s method above 
mentioned, various modes of finding the instantaneous axis Veioeity 
being adopted according to circumstances. But for practical "*•*• 
graphic construction it cannot be so used, for several reasons. 
First, the usual variation of the position of the instan- 
taneous axis is extremely inconvenient, and in almost all 
mechanisms this axis periodically recedes to an infinite dis- 
tance. Secondly, the scale to which the diagram P A B C D 
could represent the velocities is always varying throughout the 
periodic motion of the mechanism ; it is always necessarily an 
awkward scale to measure to, and it periodically becomes in 
most cases an impossible scale by becoming infinitely large. 
Thirdly, the various bars of a mechanism have all different 
instantaneous axes, and the scales of the velocities would be 
entirely different for the different bars. As will be shown 
presently, in the method explained in this chapter the velocity 
diagrams of all the bars of even the most complicated mechan- 
isms are grouped together so as all to radiate from one pole, 
and so as to be to the same scale for all the bars and at all 
times throughout the periodic motion of the mechanism. 
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8. A similar construction is applicable to accelerations of 
velocity. In Fig. 65 let A B G D be one rigid bar. Let the 
acceleration of velocity of point A through the field of the base- 
plate be known, and represented in direction and magnitude 
by jf a drawn from any convenient pole 'p' to any convenient 
acceleration scale. The acceleration of B can be obtained by 
adding to the vector 'p' a! the vector acceleration of B in itd 
relative motion round A. If cd be the angular velocity of the 
bar in the base-plate field, and if o)' be the acceleration of an- 
gular velocity, the radial or centripetal component of velo- 
city acceleration is 6)^ * A B and the tangential component is 
fi)' ' A B. Thus plot A 7 =s 1, and from 7 plot backwards to- 
wards A the magnitude ©' to any convenient scale. From the 
point so obtained plot to same scale o)' _L A B to the point a. 
From B draw B ^ || 7a to meet A « in ^. Then B^ equals 
the acceleration of the velocity of B round A. The whole 

Aeoelera- acceleration of relative velocity is, therefore, AB * Vo)* + a>'^ 
tion ^ 

diagram ^^^ jj-g (jirection is inclined to B A by the angle tan~* ~. 

This angle is the same for every pair of points in the same 
rigid bar, for every part of the bar has at each instant the 
same w, and, therefore, also the same w' ; and, since the 
magnitude of the acceleration of one point round any other is 
proportionate to the distance between them (e.g. that of B 
round A is ©c A B), therefore, if a' V be drawn inclined to B A 

co' 

at the angle tan"^ -^ and of length A B yw^ 4- w'^ and if the 

figure a' V c' d' be made similar to that of the bar A B C D, 
then p' h\ p* c\ p' d\ will be the accelerations of the points 
B C D in the base-plate field. Further, a' c', for instance, is 
the acceleration of C round A. In the grajAic construction it 

is simplest to plot a' /3' = AB • w^, and parallel to B A (not A B), 
and ^' 6' = A B • w' perpendicular to A B and in the direc- 
tion given by the sign of w'. The radial component is usually 
obtainable from the already constructed velocity diagram, 
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where the veloctfy of B round A is cmlled a fc, and the radial 
acceleration is therefore ^^ Fig. 66 gives the two most 

ready gra{diic constmctians tar eaknlating ^-^ In Figs. (1) 

Al> 

and (2) the Telocity a fc is plotted along B A from B to ^, to- 
wards A in (1), and away frt)m A in (2). From B as centre 
with B )3 = a fc as radios, a drcolar are is struck intersecting Aeeelflim- 
in ^, any other radios from A. From ff is drawn fi fi', diAgnm 
parallel to that other radios, and intersecting B^Sj in fi'. 

Then B/3^ is the radial acceleration ^-ry. In (3), (ab) is 

Ai3 

plotted from B as B)3 perpendieolar to AB, and a circular 
arc with centre in B A is strock throogh A and fi. This arc 
cuts the diameter A B in ^9^ giving B fi* the desired radial 
acceleration. 

9. If the bar be plotted to the scale m" = 1 inch, m being a 
fraction ; and if the velocity be plotted to the scale n" = 1 inch 
per second; then such constructions give the acceleration 

to the scale [ — ] inch = 1 inch per second per second. If it seaie of 

be desired to diminish the size of the acceleration diagram ^^^ 
from this scale in the ratio q, it is only necessary to make the 
constructions of Fig. 66 with the radius A B increased in the 
same ratio q. To increase the size of the acceleration diagram, 
•in any ratio, diminish A B in Fig. 66 in the same ratio. 

10. It is evident that the figure a' V d d' of the accelera- 
tion diagram is simply a reproduction of the figure A B C D 
of the bar altered in scale and rotated through an angle 

] 180® — tan "*^} in the direction of o), where, in tan"^ - , Aoceie- 

I O)*' fir ration 

the sign of fl»Ms to be taken positive or negative according as ""^* 
it is in the same or the opposite direction to that of co. The 
figure a'Vdd' may be caUed the * acceleration image ' of A B C D. 
In this image ^ is the point of the bar if the bar extends so 
far, or of its field if it does not extend so far, which suffers no 
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acceleration or is moving uniformly in a straight line. Tliifi 
point does not in general coincide with the instantaneous axis 
of rotation. If the velocity diagram were rotated and altered 
in scale, and placed on top of the acceleration diagram so that 
a!V c' d! coincided with abcd^ then p'p would represent in 
direction and magnitude the acceleration of that line in the 
bar or in the field of the bar which is at any time the instan- 
taneous axis. 

Both the velocity image and the acceleration image of a 
rigid bar moving without rotation, i.e. with a motion of trans- 
lation only, reduce to a single point. The smaller the rota- 
tional velocity the smaller will these images be. 

11. If G be the centre of inertia of the bar and the similar 
points g and g' be plotted in the velocity and acceleration 
diagrams, then the products of the bar-mass hy pg and p'g' 
are respectively the integral momentum and the integral 
acceleration of momentum of the whole bar. 

12. In what follows the capital P will denote the base-plate 
through whose field the velocities, &c., are reckoned. 

The pole of the velocity diagram will be called p. The 
pole of the acceleration diagram will be called p\ 

Points in the mechanism will be named by capital letters, 
ABC, &c. 

The corresponding points in the velocity diagram will be 
named by the same letters in small type, a he, &c. ; so that 
p c will denote the velocity of C over the base-plate and b c the 
velocity of C round B, and c b that of B round C. 

The corresponding points in the acceleration diagram will 

be named by accented small letters ; this being in accordance 

with the common mathematical convention, whereby x' repre- 

. dx 
sents =-. 
dt 

In finding, for instance, the point 6, it is sometimes neces- 
sary to find other points which are not afterwards required 
in the completed diagram. When such construction points 
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need* to be named, they will be called /3j /S,, &c., if used to Vomen- 
find b in the velocity diagram, and fi\ /3\, &c., if used to find 
b' in the acceleration diagram. 

In the displacement diagrams described above, the accented 
capitals A^ B^ C, &c., are suitable. 

18. The simplest mechanism is that with four rigid bars 
and with two joints, Pj P^, in the base-plate, and two joints 
A B coupling the other three bars together. An example is 
shown in Fig. 67, the calculations being made for five dif- 
ferent phases of the periodic motion. 

The velocity of the crank-pin A is supposed known at each 
phase. From any pole jp, and to any convenient scale, this 
velocity jp a is plotted perpendicularly to Pj A. From p a line 
is drawn perpendicularly to P^ B. Evidently the extremity b 
o(pb, the velocity of B, must lie in this line. But also pbz^ 
p a plus a velocity perpendicular to A B. Therefore, from a a 
line is drawn perpendicular to A B to meet the above line in 
b. Thus pb i8 determined. In the example pa i& taken of 
the same magnitude at all the five phases. 

To obtain the acceleration diagram we assume the accele- Fonr-iwn 
ration of A. On* the supposition that pa ia constant in 
magnitude, this acceleration is also constant in magnitude 

=~^. , and is wholly radial, 
rj A 

From any pole p' this acceleration ^-4^ = p'a' is plotted 

parallel to APj (not to Pi A). 

The calculation of the magnitude is performed by the 
graphic construction previously explained. By the same 

construction the magnitudes -^-~ and ^^ of the radial com* 

r^ij A B 

ponents of the accelerations of B round P, and round A are 
found and plotted oflf from jp' (as p' jS') and from a' (as a'fi') 
parallel to B P, and to B A. From these two points j3' thus 
obtained, lines are drawn perpendicular to B P^ and to B A. 
The point b' sought for must lie on both of these last lines, 
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and is, therefore, at their intersection. The acceleration jf V 
of the joint B through the field of P is thus obtained for the 
five different phases of the motion. The method of procedure 
is plain. Each joint of the mechanism is a point in two 
different bars, and therefore the calculation for that joint may 
be approached, as it were, from two different sides. In each 
of the two calculations there is one element missing, and the 
Pour-ban last stage of the calculation cannot be completed directly ; for 
example, approaching the calculation of the acceleration of B 
through A, we can calculate the radial component (parallel to 
B A) of the acceleration that has to be added to that of A ; 
while of the tangential component the direction only is known, 
but this gives a line in which the desired point must lie. 
Another conditioning line being similarly found by approach* 
ing the calculation in another way, the point is found at the 
intersection of these two lines. 

14. In the ordinary steam-engine with guide bars, the 
radius bar B P^ swinging in the base-plate bearing at P, is re- 
placed by the cross-head slidmg in straight guides which form 
part of the base-plate. The effect is the same as if B P^ were 
infinitely long. On account of the cross-head joint being 
guided in a straight line passing through the crank journal 
centre, a symmetry is given to the motion which materially 
lightens the labour of drawing complete velocity and accelera- 
Steam- tion diagrams. Fig. 68 illustrates this. The angular velocity 
^l^j^, of the crank is taken as uniform. Therefore, the linear velocity 
^■™ of A is uniform and the points a all lie in one circle whose 

centre is ^. 

Here the four positions 1, 2, 3, and 4 of the crank-pin A 
are taken equidistant from the dead-points and 0'. There- 
fore, the two cross-head positions Bj and B^ coincide, as do 
also Bj and Bg. Therefore also the four velocities pcLi^pa^^ 
p ag, and p a^ are equally inclined to the velocity line p 6, and 
the four points a^, a^, a^, a^ are equidistant from the line pb. 
Also at 1 and 2 the connecting rod has the same inclination 
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to the centre line, which inclination is equal and opposite to 
that at S and 4. Thus the lines a^ b^, a, &,, a, 63, and a^ b^ are 
equally inclined to pb, the inclinations of the former two 
being opposite to those of the latter pair ; and, therefore, the 
velocities p b^ and p b^ have equal magnitudes, as also have 
pb^axidpb^. Therefore also the radial accelerations a\^\^ 
a\ fi\ have equal magnitudes, as also a\ j3\ and a'3 /3\, and are 
equally inclined to p' V on opposite sides ; while also the tan* 
gential accelerations, ^'1 6'j, &c., are equally inclined to the 
same line. Therefore, finally, b\ coincides with 6'^, and b\ 
with fe'3, but p* b\=p' b\ differs in magnitude as well as direc- 
tion from p' b\=^p' b\. 

This symmetry is, of course, destroyed by want of unifor- ataam- 
mity in the rotation of the crank. ^^ui- 

The joint lines of the bars of a mechanism, the velocity *■* 
lines, and the acceleration lines need be drawn in full for one 
position only. The results for the other positions are indi- 
cated by numbered points on the three sets of curves, which 
are the loci of the corresponding points or extremities of lines. 
The first set of curves are the paths of motion of the joints. 
The second series of curves are the hodographs of the velocities 
of these same joints. The third series are the lod of the ex- 
tremities of the lines representing the velocity accelerations. 
In Fig. 68 the velocity and acceleration diagrams marked (G) 
(D) are constructed in this way, and show the velocities and 
accelerations of the joints A and B for thirty-two equidistant 
positions of the crank-pin. 

15. Six-bar motion is nearly equally easy to deal with by 
positions this method. 

The first example given in Fig. 69 is quite simple, because 
the velocity pa of the joint A is assumed as known, the bar Slz-ban 
Pj A being one of the quadrilateral Pj A B Pj. The determin- 
ation of the velocity p b is, therefore, the same as that given 
already. Thus p b and a b are drawn perpendicular to P, B 
and A B, and their intersection gives b. Then the triangle 
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abc is made similar to ABC. pd ib then drawn per- 
pendicular to P3D, and cd to CD f the intersection giving 
pd the velocity of D. To find the velocity of E, there are 
drawn p e and d e perpendicular to P3 E and D E. The con- 
struction of the acceleration diagram here offers no special 
difficulty. 

16. The solution of the next example in Fig. 70 is not quite 
so direct, because here the velocity assumed as known, namely, 
p a that of A, is that of a joint in the pentagon Pj A B G P,. 
Pirst, p a is drawn of the known magnitude and perpendicular 
to P| A; and then aj3 of indefinite length perpendicular to 
A B. Then p S and p c are drawn of indefinite length perpen- 
dicular to P3D and PjC — that is, in the directions of the 
velocities of D and G. The points b c and d now sought for 
are known to lie on the lines afi,pc, and p S, and also it is 
known that the line joining b and d is perpendicular to B D. 
Any point ^ on a^ is chosen, and from it ^ S drawn perpen- 
Six-ban dicular to BD; and then the triangle ^87 is constructed 
similar to BDC, corresponding sides being perpendicular. 
The triangle bdc that is sought for must evidently be 
similarly placed to jS By between the lines p B and a fi. Other- 
wise stated, the locus of 7 for various positions of y9 and 5 is a 
straight line passing through the intersection of the line a fi 
and p B. Therefore, 7 is joined with the intersection ot pB 
and a y9, and this line is produced to intersect pc in c. This 
gives the true position of c, and the triangle deb is then com- 
pleted by drawing c d and c b perpendicular to C D and C B to 
meet p B and a ^. The point e is obtained by drawing p e and 
de perpendicular to P3E and DE. 

The acceleration diagram has in this case to be con- 
structed according to a similar indirect method. The accelera- 
tion of A being supposed known can be plotted at once. Then 
the radial components of the accelerations of B round A, of C 
round Pg, and of D round P3, are calculated and plotted off 
from a' and p' in their proper directions — namely, parallel to 
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B A, C Pj, and D P, ; their magnitudes being ^M', ^^)\ 

'£~j^' From the three points so obtained, three lines, which 

we may call fi\ y, and S', are drawn of indefinite length per- 
pendicular to BA, PjC, and P3D. The tangential com- 
ponents of the above three accelerations lie along these lines, 
which, therefore, contain the three points b\ c\ and d' sought 
for. On the line S' any two points, B\ and B\, are chosen, 

and from each the centripetal acceleration !^^ of C round D 

is plotted parallel to C D ; and from the two points thus ob- 
tained are drawn two lines perpendicular to C D to meet the 
line 7' in two points, say 7/ and 7/. On the two bases S/ y^^ 
and S/ 72' are constructed two triangles similar to DOB, 
whose two vertices may lie called y9/ and fi^\ Neither of these 
points )8/ /Sj' will be found to lie on the line ^, and their 
distances from this line may be taken as measures of the 8ix-1»n 
errors involved in the two guesses 8/ S^' at the position of d\ 
The error thus found in the resulting position of /S' is a linear 
function of the error in the guessed position of S' ; and, there- 
fore, the interpolation between these two errors in order to 
reduce them to zero is to be performed by simple proportion. 
This linear interpolation is at once effected graphically by 
drawing a line through /8/ and ^/, and producing it until it 
meets the line 13'. The intersection thus found will be the true 
position of b\ Or, otherwise, the two error-distances of )8/ 
and ^2' from the line )8' may be plotted oflf from the points 8/ 
and 8/ perpendicularly to the line B' (or both in any one direc- 
tion inclined to B'), and through the two points thus obtained 
a straight line is drawn to cut the line 8' in the true position 
of d\ From d' or b' thus determined, the other points are 
constructed as usual. This construction of the acceleration 
diagram of Fig. 70 will be easily followed without further 

explanation. From fc', found as above, is plotted oflf ^—^ 

CB 
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parallel to CB, and from the point so obtained is drawn a 
line perpendicular to C B to meet the line 7' in c\ Then on 
b^ c' as base is constructed a triangle similar to BCD, the 
other corner of which is marked d' and should fall on the line 
8' if the drawing has been accurate, 
ttz-ban This indirect method of ' two trials and two errors * and 

linear interpolation between them is adopted in drawing the 
velocity and acceleration diagrams for the ordinary forms of 
steam-engine reversing link motion. These diagrams could 
not be obtained except by this method. 

17. In the comLn steam-engine mechanism we have 
already had a case of one bar sliding on another — namely, the 
cross-head sliding in the guide-bars of the bed-plate. A cir- 
cular slot in which sliding takes place may, of course, be 
looked upon as simply an incomplete pin-joint of large size, 
the radius of the pin becoming infinite when the slot is 
straight. But when the radius of the slot is large, this 
manner of regarding the joint is not practically useful owing 
to the very distant position of the centre. A more direct 
application of the present graphic method to sUding joints is 
effected thus : If B be a bar sliding over the bar A, the difiFer- 
Ponr-bari ence of the velocities of any two touching points in B and A 
•Uding- is a velocity parallel to the slide-surface, or * guide-surface.' 
joint Thus, the velocity of the bar A being known, the velocity 

of any point in B can be obtained by adding to the velocity of 
any touching point in A a velocity parallel to the guide-surface, 
and further adding a velocity perpendicular to the line joining 
this touching point with the point in B whose velocity is to be 
found. 

This last added component is that due to the rotation of B 
in the field of the base-plate. If the touching surface of B 
has the same shape as that of A, so that B always * fits ' on to 
all parts of A into contact with which it comes, and if during 
the sliding these fitting surfaces are forced always to lie close 
together, then the angular velocity of B is different from that 
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of A only in consequence of the eliding that occurs in the slot. 
In this case, if the velocity of A be completely known, the 
linear velocity of any point in B can be calculated by adding 
to the velocity which the point would have if B were rigidly 
attached to A, a velocity parallel to the nearest part of the 
guide-surface — that is, perpendicular to a normal let fall from 
the point on the guide-surface. 

In the illustration (Fig. 71a) the velocity of point A round 
Pj is supposed to be known, and it is plotted as p a. The 
slot is a straight one. Then p ^ and a P are drawn perpen- 
dicular to Pj B and AB. This gives pP the velocity that 
point B would have if the cross-head were rigidly attached to 
the guide-bars, and if /8 6 be drawn parallel to the slot the 
point h must lie in this last line. But B is guided by the 
radius rod P^B. Therefore, ph is drawn perpendicular to 
Pj B to meet phmh\ then ph is the velocity of B in the P 
field, and y9 6 is the velocity of sliding in the slot. In Fig. 716 Pour-bftn 
the slot is curved. There is first found p p in same manner Jiaing 
as in Fig. 71a from the known velocity of A, and phi& drawn J®^* 
perpendicular to Pg B. From /8 is drawn /8 h parallel to the 
guide-surface at C, the foot of the perpendicular from B on 
the guide surface. Note that C is an actual point of the guide- 
surface only if the curvature of this latter be uniform. If it 
be not uniform, then G must be taken in the extension of the 
circular arc at D which is coincident with the small portion 
of the guide-surface over which actual contact takes place. 
Such guide-surfaces in mechanisms are commonly of uniform 
curvature, because this is an evident condition of continuous 
close fit between the two sliding bars. 

If a block C (see Fig. 72) slide in two slotted bars A and B, 
the first of which has a translatory velocity p a, and the second 
a translatory velocity p 6, evidently the method of finding the 
velocity pc oi the block is to draw from a and h two lines 
parallel to the two slots in A and B. If these lines meet in c, 
then pcia the velocity required. 
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If the slotted bars have rotational instead of purely trans- 

latory velocities, then precisely the same construction is to be 

followed, making ]) a and p b the linear velocities of the touch- 

Four-ten ing points of the guide-surfaces in A and B. Now, however, it 

•lidiag- ^ evident that one and the same block cannot constantly fit 

J*^* close to both slotted guide-surfaces. But if two fitting blocks, 

one fitting the one slot and the other the other, be pinned 

together, then the above construction may be applied to find 

the velocity of the centre of the joining pin, and from the 

velocity of this centre it is easy to deduce by methods already 

explained the velocities of all other points in the two sliding 

blocks. 

18. The following application (see Fig. 73) of the con- 
struction for sliding motion to toothed-wheel gear well illus- 
trates the complete gt^nerality of the method. 

The sketch represents four wheels. Pa A, PbB„ PhB^, and 
Tc C, pinned to the base-plate at Pa, Pb, and Pq. The point 
A of the first touches the point Bj in the second, the two 
surfaces having here a common tangent to which the line 
(A Bj) Tab is drawn normal. The third wheel being mounted 
on the same shaft as the second, these two are to be looked 
upon as forming, along w^ith the shaft, one bar of the 
Toothed mechanism. The third and fourth wheels touch at the 
common point (B.^ C), and the line (B.^ C) Tec is drawn normal 
to the common touching surface. The points Tab and Tbc are 
in the centre lines Pa Pb and Pb Pc- 

The velocity of the wheel A, and therefore of its touching 
point A, is supposed known, and this velocity is marked off as 
J) a from any pole 2>, the line p a being drawn perpendicular to 
P^A. Then^/>i and ah^ intersecting in h^ are drawn perpen- 
dicular to PbBj and to B, Tab* This gives pb^ the velocity of 
Bi and a b^ the velocity of sliding of one tooth over the other. 
Then p b^ and b^ b^ intersecting in b^ are drawn perpen- 
dicular to Pb Bj and to Bj Bg ; p b,^ is the velocity of the point 
B.^. Finally, p c and b^ c intersecting in c are drawn perpen- 
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dicular to Po C and to the normal C Tbc- This gives p c the 
velocity of C, and 6^ c the sliding velocity of this second pair 
of teeth over each other. The process may be carried on in- 
definitely through a whole train of wheel work, however com- 
plicated. As a method of finding the velocities throughout 
such a train, however, it is not a practically useful one, be- 
cause the directions of the normals to the touching surfaces 
cannot be very accurately obtained on the drawing unless the 
'pitch points* T^b, Tbci &c., are known, and if these are 
known to start with the various velocities can most simply 
be determined from them directly without reference to the 
touching points. 

The point Tab ^^^y ^^ looked on as indicating two points — 
one in the first wheel, which may be called Ta, and the other 
in the second, which will be called Tb. To obtain the velocity 
of Ta, the triangle pa t^ is constructed similar to the triangle 
Pa a Ta. In this triangle a t^ coincides with the line a fc^, and Toothed 
p ta is perpendicular to Pa Pb» Making a similar construction * 
for the velocity of the point Tb, we find that the point t„ coin- 
cides with the point i^. Thus the points Ta and Tb in the 
two wheels have the same velocity p t^, and the point Tab is 
therefore called the ' pitch point.' The angular velocities of the 
two wheels are therefore inversely as the distances Pa Ta and 
Pb Tjj, this being a familiar theorem proved m the ordinary 
treatment of toothed gearing. Similarly, if 2)tf^ be drawn 
perpendicular to the centre line Pb Pc to its intersection with 
62 c, this j) ffrc is the velocity of the pitch point Tbo of the pair 
of wheels (B C). If the teeth be so shaped as to give constant 
angular velocity ratios between the wheels, and the angular 
velocity of any one wheel of the train be kept constant, the 
points Tab, Tbc, &c., in the diagram of the mechanism and 
the points t^^, tuy &c., in the velocity diagram remain fixed 
throughout the periodic motion of the train. It may also be 
noticed that since 

M 
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^ = AIa. and ^1» = ^J-^ 
Pt. PaTx PU PbTb' 

ther^fore 

«i. i^A = .^^ = ATa PbTb ^ PbTb 

BO that Y — ^ also measures the ratio of the angular velocity 

of wheel A to that of wheel B. The condition that the angular 
velocity ratio should remain constant may thus also be ex- 
pressed by the condition that the line a b in the velocity diagram, 
representing the velocity of sliding of tooth over tooth, should 
be divided in a constant ratio by the fixed point <«*. [This 
point taj, is only fixed if the angular velocities themselves, as 
well as their ratio, remain constant, the magnitudes of these 
Toothed angular velocities being proportional to p fa».] Whether this 
proposition can be utilised in simplifying the practical drawing 
out of the teeth-profiles, so as to secure a constant velocity 
ratio, the author has not yet investigated. 

This kinematic method has been applied to many actual 
mechanisms. The diagrams when fully drawn are to a certain 
degree complicated, although not difficult to produce ; and in 
order that a large number of points should be distinctly 
marked and lettered on each of the various curves, the dia- 
grams should be drawn to a moderately large scale. This 
fact prevents any of these diagrams being usefully reproduced 
in the atlas to this book ; but the student should not fail to 
work out for himself a sufficient number of practical examples 
to familiarise him with the method. 
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CHAPTER X. 

STATIC STRUCTURES, FRAMES, OR LINKAGES. 

1. We have already described the construction of the 
* Moment Diagram * for parallel forces, and in Chapter VIII., 
Fig. 57, this construction is extended to non-parallel co-planar 
forces. The construction consists in drawing a connected 
series of lines across the spaces lying between the force-lines, 
the joint-points of the lines lying on the joint-lines of the 
spaces, and the lines being drawn parallel to the radii drawn 
from a ' pole ' to the joints of the vector-addition diagram. 
This series of lines across these spaces forms a closed polygon 
if the group of forces * balance ' both with regard to vector 
sum and with regard to moment. This state of * balance ' 
involves two distinct conditions : firstly, that the vector sum Conditioni 
is zero, the graphic test of which is that the vector-addition ^ **** 
diagram forms a closed polygon, and the physical meaning of 
which is that this group of forces when apphed to any portion 
of material has no influence in changing the velocity of the 
centre of inertia of this material ; secondly, that the sum of 
the moments of the forces is zero round any and every axis, 
the graphic test of which is that the moment-diagram forms 
a closed polygon, and the physical meaning of which is that 
the application of this group of forces to any mass does not 
result in any change of the angular velocity of this mass 
round any axis whatever. Ill-taught students are apt to 
think that when the vector sutn is zero the moment must 
necessarily also be zero round every axis, because a resultant 
of zero magnitude can have, it is supposed, no moment. 

M 2 
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In doing so, they forget the ease of force-couples, wliich have 
a moment although the vector resultant has zero magnitude. 
nditioM The locor resultant in this case is not zero ; it is two equal 
and opposite forces. If the vector resultant is zero, and the 
moment diagram does not close, then the locor resultant is a 
couple. This is indicated by the first and last lines of the 
moment diagram being parallel. 

2. Confusion also sometimes arises from the fact that a 
group of forces which balances and has no moment round any 
axis still has a ' moment-diagram ' from which one measures 
bending moments produced by this group of forces. It is to 
be remembered that these bending moments are due to partial 
sets only of the whole balancing group. Thus the height of 

Bment- the diagram at any point measures the moment round an axis 
^^ lying in the line on which the height is measured, of all 
those forces of the group that lie on one side, either right or 
left, of that line. 

When the forces are not parallel, it was explained that 
this polygon was inconvenient when used directly as a * mo- 
ment-diagram,' although it always remains of the greatest 
utiUty in finding the moments because it supplies the re- 
sultants of the various partial groups of forces. 

3. We must now look upon this closed polygon in another 
light, namely, as a skeleton drawing of a jointed linkage which 

oied would keep its shape and position — i.e. be generally in cquili- 
brium, under the action of the forces. Looked on in this 
light, it is sometimes called a 'chain,* sometimes a 'link- 
work,' or a * linkage.' The latter term is preferred by the 
author. 

4. A stiff *link' may for our purpose be defined as an 
approximately rigid piece of material forming one part of a 

jflnition structure or machine and jointed to the other parts in such a 

link 

way that the forces exerted between it and those other parts 
act in lines passing through definite mul easily ascertainable 
jwints in the link, which points are called the * joints ' of the 
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link.* The word * point ' must not here be understood in its 
mathematical sense. No forces act through mathematical 
points ; they are all more or less distributed through certain 
volumes or masses and act always through sectional areas of 
finite magnitude. When one speaks of a force acting through Definitiom 
a point, one either refers to the point through which passes ^ 
the centre-line, or line of the resultant (as previously defined), 
of a group of distributed forces ; or else one means that the 
distributed force is concentrated through a very small mass 
and acts on a very small sectional area. 

5. If two links be connected by a cylindrical pin-and-eye 
joint in which the pin fits the eye loosely, each link acts on 
the pin over a very small portion of its circumference ; and if 
there be very little fi-iction between the pin-and-eye surfaces, 
then the force, being nearly exactly normal to the surface, 
passes very nearly through the centre of the pin. Whether 
the pin be loose or tight, provided there be very little fric- 
tion, the pressure must be almost symmetrically distributed 
on either side of a line passing through the pin-centre, and, 
therefore, the centre-line of the pressure passes approximately 
through the pin-centre. 

Thus a rigid mass connected to other pieces of material Flexible 
only by pin-and-eye joints is a * link ' according to the above ^^ 
definition, because it is definitely known that it is acted on 
only by forces whose lines pass through the centres of the 
pins ; pass through those centres, at any rate, with a degree of 
approximation quite equal to that of the other data assumed 
in the course of engineering calculations. For example, our 
knowledge of the loads on the structure or machine is always 
far from accurate, as is also our knowledge of the strength 
and the modulus of elasticity of the materials out of which 
the structure or machine is built. 

' We will need afterwards to admit into our investigations flexible, ex- 
tensible, and compressible links; but in the meantime, and except when 
specially mentioned as flexible, dc, a * link ' wiU here be understood ot mean 
an * approximately rigid ' link. 
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6. As applied to actual structures, the accuracy of this idea 
is interfered with in the first place by the friction between pin 
and eye. In the case of machine-joints the coefficient of fric- 
tion is always small and may usually be known with consider- 
able exactitude. In this case it is not difficult to take into 
account the effect of friction in the graphic calculations of the 
forces ; the method of doing so will be explained in a subse- 
quent chapter devoted to the dynamics of machines. In the 
pin-joints of roofs, bridges, and similar static structures, the 
coefficient of friction may often be very large, and the friction, 
moreover, may be increased very much beyond the product of 
the effective force tlwough the joint and the coefficient of fric- 
tion in consequence of the pin being driven in tight. Also, 
since there is no relative motion between the links, it is im- 
possible to say in which direction the friction at each joint is 
active. By laborious calculation of the stretching and con- 
stiff traction of the various links under stress, it would be possible 
to discover in which direction the friction at each joint acts 
during the process of erection of the structure, that is, when 
the stresses are first produced. But the friction during the 
permanent life of the structure is not necessarily the same as 
that during erection, and it may evidently be reversed at 
various joints many times in consequence of to-and-fro strain- 
ing due to rise and fall of temperature and variation of load. 
Thus it becomes practically impossible to take account of joint 
friction in these structures ; it may be theoretically possible 
to do so, but, as a matter of fact, it is never done, and the 
labour of the operation would be out of proportion to the 
utility of the result. It is useful to remember, nevertheless, 
that, however great the friction may be, it can never shift the 
centre-line of the force through the joint away from the centre 
of the pin so far as the radius of the pin, except in the case of 
a pin driven in extremely tight. Probably in actual structures 
the deviation seldom exceeds two-thirds the radius of the pin. 
7. Secondly, it must be noticed that the forces appUed to 
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certain members of these structures are, instead of being con- 
centrated, distributed over nearly their whole length. If the 
pieces be so large that their own weights must be taken into 
account, then these weight-forces are distributed throughout 
the whole mass of each piece. Again, the weight of a road- 
way borne by the booms of the girders is usually, and should 
always be, applied to these booms as a well-distributed load. 
Similarly, the rafters of a roof carry the weight of the roof 
covering as a distributed load. 

In constructing the force-diagrams for such structures, 
these distributed loads are usually supposed replaced by con- Distrl* 
centrated loads applied at the joints, each whole load being 
divided into pai*ts in proportion to the distances of the joints 
from the centre-line or resultant of the load. This substitu- 
tion, although it is usually employed in the applications of 
graphic statics, is by no means necessary, and in what follows 
there will be shown the method of constructing the diagram 
without using this artifice. The disadvantage of using this 
method of substitution is that, in following it, one loses sight 
of the bending moments produced by the distributed loads. 
The method hereafter explained will give in the diagram these 
bending moments as well as the direct forces along the joint- 
Hnes. 

8. Thirdly, it may be here remarked that the graphic 
method applicable to pin-joint structures is very commonly 
applied to structures built up of members riveted together, 

there being many rivets in each joint. Even if there were Xomenti 
only one rivet at each joint, the method would not be strictly ^ 
appUcable, because such a joint is stiff — that is, is capable 
of resisting relative rotation of the jointed links, or, in other 
words, capable of transmitting a bending moment. 

9. If there are many rivets in the joint, the magnitude 

of the bending moment the joint is capable of transmitting stUbets 
is proportionately great, and the application of the method ^ ^^ 
becomes proportionately objectionable. A link pin-joint may 
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be distinguished from other joints (otherwise than as in the 
above definition) by saying' that it is incapable of transmitting 
a force-couple. Any set of co-planar forces may be reduced 
to a force and a couple, and by varying the magnitude of the 
couple the position of the force-locor can be changed at will ; 
because the resultant of a force and a couple is an equal and 
parallel force shifted in position a distance dependent on the 
magnitude of the couple. The sum of the forces across any 
section of a bar may thus be reduced to a force through the 
geometrical centre of the section and a force-couple. To pro- 
duce a force-couple there must be opposite stress- forces exerted 
at different parts of the section, and the magnitude of the 
couple will be proportionate to the distance apart of those 
parts of the section where the opposite stresses are exerted. 
Thus, if the cross-dimensions of the section or of the joint be 
small, it is incapable of transmitting a large bending moment, 
stii&iefs and the resultant force through it can have its line passing 
only at a proportionately small distance from the geometrical 
centre of the section or joint. Otherwise expressed, the section 
or joint has an amount of flexibility or rotational freedom which 
diminishes as its cross-dimensions increase. The greater the 
flexibility or rotational freedom of the joints of a structure, 
the greater is the accuracy of the force calculations made by 
the graphic method of this chapter on the assumption of 
approximately frictionless pin-joints. The degree of error at 
any joint involved in the adoption of this method is measured 
by the magnitude of the force-couple the joint is capable of 
exerting divided by the vector-force-sum actually transmitted. 
This quotient is the maximum possible deviation of the line 
of this force-resultant from the centre of the joint, through 
which centre the resultant is assumed to act. Some examples 
of the possible errors involved in applying the method to 
riveted-joint structures will be given subsequently. Evidently 
the error occurring at strut joints is apt to be greater than 
that at tie-bar joints, because struts are necessarily made stiff 
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to avoid buckling, while flexibility is rather a merit than a dis- 
advantage in a tie-bar. 

10. When a pin-joint link has only two joints in it, then 
the link is acted on by two forces only. If the link be kept in 
balance under these two forces, they must be equal in magni- 
tude and opposite in direction in order that they should give 
zero vector-sum, and they must act along one and the same 
line in order that they should not form a force-couple which 

would give the link an increasing angular velocity. Since each Two-Joint 
of them acts through one of the joint-centres, this common 
line of action must be that joining the two joints in the hnk. 
This line is called the 'joint-line' or the 'centre-line' of the 
link. The statics of structures built up of two-joint links 
only is a great deal simpler than that of structures in which 
occur links with more than two joints. These simpler struc- 
tures will, therefore, be exclusively studied in the first place. 
Subsequently the method will be extended to more complicated 
cases. 

11. In Fig. 57, Chapter VIII., looking on the series of Unes 
(P) A B C D E as the centre Unes of the links of a closed chain 
of two-joint links, the links P A and P B will push the pin at 
the joint (P AB) in the directions pa and hp, and if these 
latter represent the magnitudes as well as the directions of the 
pushes of these links, then the pin will be kept in balance by 
the three forces pa, ah, and bj), since these three form a 
triangle. Both these links are in compression. Now if hp be singlo- 
the magnitude of the push of the link B P on this pin, this J^i-|^^ 
same link will push the pin at its other joint (P B C) in the 
opposite direction p b with an equal force, provided the link is 
subject to no acceleration of velocity. This latter pin will 

then be in balance if it also receive a thrust from the link C P 
in the direction and of the magnitude cp, the three balancing 
forces being pb, be, and cp. Similarly, the pin (P CD) will 
then be in balance if dp measure the pull exerted on it by link 
D P, this link being in tension and pulling the next pin (P D E) 
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in the direction p d opposite to that of its pull on pin (PCD). 
e p must now represent the thrust of the compression link E P 
in order that the pin (P D E) should be in equilibrium, and on 
this supposition this same link will exert the opposite force 
pe on the pin (P E A) at the point I. But the Imk A P has 
been assumed to be in compression to the amount ap, and 
thus the three forces ap^pe^ and ea will keep this last pin 
balanced. The pins being originally motionless, and being 
kept motionless by the balance of these sets of forces, the 
whole linkage is also kept in balance — i.e. keeps its shape and 
position unchanged, because the positions of the joints define 
that of the linkage as a whole. 

12. So far the reasoning shows that the shape of the 
linkage is consistent with the supposition that it may be kept 
in equilibrium under the given group of forces. It will so rest 
in equilibrium if the above stress-forces arise in the links. It 
remains to be examined how and why these stresses do actu- 
ally arise when the external forces are applied. Suppose the 
linkage to be given this shape before these external forces 
are applied, the links being all unstressed. Since there are no 
stresses in the links at the instant of application of the forces, 
it is evident that at this first instant the above balance cannot 
exist, and the first effect of the application of the external 
n of forces at the joints is that the pins begin to move through at 
least minute distances in the directions of the appUed forces. 
Since these forces form a balancing system, and, therefore, do 
not move the centre of mass of the linkage, the small motions 
of the joints are in different directions and produce changes of 
length of the joint-Unes of the links. The material of the 
links is resistant, and these changes of length, or strains, 
cause stresses to arise in the Unks of such character as to 
resist the further motion of the joints. The further the joints 
move, the greater necessarily become the strains in the links 
and the resisting stresses increase, in magnitude towards the 
above Umits which produce balance at the joints, and which 
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limits are actually reached provided they are not beyond the 
ultimate breaking strengths of the links. The extent of the 
movements of the joints and of the strains of the links that 
actually occur during the application of the load before this 
equilibriated condition is reached — that is, the general defor- 
mation or strain of the linkage as a whole that is necessary 
before balance can be attained, depends on the extensibility 
and compressibility of the various links. These latter depend 
on the modulus of elasticity of the material and upon the sec- 
tions of the links. In linkages containing three-joint links it 
depends also on the flexibility of the links. The greater the 
extensibility, compressibility, and flexibility of the links, the 
greater is the general strain needed before balance is attained, 
and balance is never attained if the links do not possess 
sufficient strength to exert the stress-forces shown by the 
diagram. 

In the above it has been attempted only to explain the origin of 
general way in which the stresses arise. It has not been •^'•■■•* 
attempted to show that the small motions of the joints due to 
the application of the external forces are exactly such as will 
produce the precise strains needed to develop the stress-forces 
that will produce balance. It has not been even attempted to 
show that these stresses as they develop bear to each other 
the correct proportions as shown on the balancing . stress- 
diagram whose pole is p. In such an investigation one would 
need to take into account the distribution of mass throughout 
the linkage as well as the distribution of sectional stiffness ; 
because during this adjustment to the condition of equilibrium 
one has to do with unbalanced forces producing acceleration of 
momentum. This difficult and complicated investigation is 
unnecessary, firstly, because our graphic calculations will be 
limited to such frames the links of which are sectionally so 
stiff as to prevent the actually occurring strains being large 
enough to produce any sensible alteration in size or shape of 
the structure ; and, secondly, because in actual engineering 
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structures the loads are applied almost invariably very gradu- 
ally, so that at no instant of the erection and loading does 
there exist at any part any considerable unbalanced force. 

Again, in all practical cases in which the linkwork is in 
itself flexible — i.e. capable of taking different forms under the 
action of dififerent sets of forces, as in the case of a simple 
chain such as that of Fig. 57 — we do not find it set out in the 
shape suitable for equilibrium before the loads are applied. 
It has at the outset some other shape, and, when loaded, not 
being in balance, it is drawn into a new, possibly an entirely 
different, shape such as may (or may not) produce balance. 

13. Now there are two cases to be distinguished carefully 
from each other. The distinction depends on the shape 
possessed by the linkage in relation to the particular forces 
applied to it. If the shape be such that, when the forces are 
applied, the linkage is drawn by the action of the forces 
further and further away from the shape which would har- 
monise with balance under these forces, then the loading will 
result in the comi)lete collapse of the linkwork. If, on the 
other hand, the forces draw the linkwork nearer and nearer 
the configuration in which it would balance under these forces, 
then, conversely, stability will be the result. A similar dis- 
tinction is to be made between two kinds of cquilibriating 
shapes. If the balancing forces be slightly altered or dis- 
turbed in any way and the linkage have in consequence its 
shape slightly changed, and if then the external forces be 
exactly restored to their former magnitudes and directions ; 
then, if the shape be of the one kind, the linkage will come 
back to its original position and shape, but will deviate still 
further from these if it be of the other kind. The first kind 
of shape is said to be one of * stable ' equilibrium, and the 
second of ' unstable ' equilibrium. Thus, if the links be 
arranged in the form of an arch and the loads be directed in 
the general direction more or less towards the centre of the 
arch, then collapse will take place under the disturbing con- 
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ditions described. But if the form be that of a suspension 
bridge or inverted arch, and the loads act away from the 
centre of curvature, then after the disturbing influence has Stebility 
passed away the linkage will tend to draw back to its original 
shape, and is, therefore, in stable equilibrium. 

14. As there can be drawn an infinite number of moment 
or locor-summation diagrams for the same set of balancing 
forces, so there is an infinite variety of shapes and of sizes of 
linkages which would keep in balance under the same set of 
forces. The joints of all these possible linkages lie, of course, 
on the same force-lines. The i)ossible variety of shape may 
be expressed as before by saying that the pole of the force- 
diagram may have any position, and the size may be varied 
without shifting this pole. If the order be settled in which Three 
the spaces between the force-lines are to be crossed by the Variable 
links, then the possible variety of linkage may be otherwise 
expressed by saying that three consecutive joints may be 
chosen anywhere on their respective force-lines ; or that the 
direction and position of one link and the direction of one con- 
tiguous link may be arbitrarily selected. There are evidently 
three elements of arbitrary choice : as soon as these are chosen 
the external forces determine the rest of the lines of the struc- 
ture, and at the same time the stress-forces in all the links 
are fixed. 

15. Let the full lines of Fig. 74 represent a set of balancing 
forces ac.ing on such a balanced linkage and the correspond- 
ing force-diagram with its pole p corresponding with the inside 
space or pen P. At the joint (P 71) or E we have the external 
force 7 1 balanced by the forces ij) -\- p7 exerted by the links 
1 P and P 7, the first of which is in tension and the second in Six points 

variable 
compression. 

On the two links P 7 and P 1 choose any two positions B 
and A, and suppose the linkage altered by the abolition of the 
remaining lengths, BE and AE, of these links and the inser- 
tion of three new links A B, B D, and D A, jointed at B and A 
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to the links P 7 and P 1, and also jointed at any point D on 
tbe force-line 7 1. We will now prove that the linkage so 
altered will still be in equilibrium under the same set of ^ 
forces. 

From 7 and p in the force-diagram draw ip' and pp' 
parallel to B D and A B. Then at the joint B we have the 
force p 7 exerted on the pin by the link P 7. This link may 
be kept in balance under this force and the forces exerted by 
links B D and A B. These latter are in the directions of these 
lines, and, therefore, must equal 7p' and p' p in order to pre- 
serve the balance. The pin at D is now acted on by the forces 
p' 7 (exerted by link D B and opposite to the thrust of this link 
at its other end B) and 71. It can only be kept in balance by 
a force 4|= ^p\ ^nd this force can only be exerted by the link 
D A. It has to be proved, therefore, that ^p'\\D A. If this 
be proved, then the pin at joint A will also be in balance. 
Six poinu because it will be acted on by the three forces 1 p (already 
determined as the stress in the link 1 P of the original un- 
changed linkage) and pp^ and // 1, which three form a triangle 
in the force-diagram. The intersection of 1 p and p^ 7 we will 
call Qf and that of P 1 and B D we will call C. 

The triangle pp'q has its sides parallel to those of the 
triangle ABC; therefore, 

qp' CB ^ ^ 

The triangle q 1 7 has its sides parallel to tliose of the 
triangle C E D ; therefore, 

ig _EC 



variable 



37 CD 



(ft) 



The triangle pqi has its sides parallel to those of the 
triangle E C B ; therefore, 

ql CB q7 EC ' • ^ ^ 



I 



CHAP. X. STATIC LINKAGES 175 

Therefore, 

= iJL X ^ X — - =: i^ from (c). 
qp' qj EC qp' 

But since AC\\iq and C D i| qp\ therefore angle A C D = 
1 qp'. 

The triangles A C D and i q p\ having these angles equal 
and the sides containing them in the same proportion, are, 
therefore, similar ; and these sides being parallel, the remain- 
ing side A D in the one triangle is parallel to the corresponding 
side ip' in the other. This is what had to be proved. 

For the simple linkage of one pen P only we have now 
substituted a linkage of two pens. The second pen may be 
called P' ; and the links A B, B D, and D A may now be called 
P'P, F7, andP'l. 

The first pen is now (P) 1 2 8 4 5 6 7 P', and corresponding six poinu 
to it we have in the force-diagram the pole p from which ^*^*^* 
radiates the pencil (p)i2Z4567p', the radii of which are 
parallel to the sides of the above pen. The second pen is 
(P') 1 P 7, and corresponding to it there is the pencil (p^) \ p 7, 
whose radii from the pole p' are parallel to the sides of the 
pen. 

In commencing the construction of the original one-pen 
linkage, or say that of the pen P of the new two-pen linkage, 
we saw that there were three elements left to the arbitrary 
choice of the designer — that is, rather, left to be chosen from 
considerations unconnected with the problem of obtaining 
equilibrium in the linkage under the given external forces. 
In constructing the second pen P' we find that three more 
elements of arbitrary choice have been supplied. Thus all 
three points A B D may be chosen arbitrarily anjrwhere on the 
three lines P 7, 7 1, and 1 P ; or the direction and position of 
one of the three new links and the direction of a second may 
be so chosen. 
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A linkage of one pen for a given set of loads thus leaves 
the designer with a free choice of three elements. A linkage 
divided into two pens leaves him free to choose six elements. 

It can easily be shown that the link dividing the whole 
into two pens can be introduced at any place. Thus in 
Fig. 74 it might stretch from a joint such as A in PI to a 
joint at any position in Unk P 5. With the link A B as taken 
above, the forces through links P 7 and P 1 added together as 
locors equal the locor resultant of all the external forces 
appUed to the linkage to the one or the other side of the 
dividing link A B. These two forces taken each in one direction 
— namely, in the directions in which they act on the joints 
A and B— equal the locor resultant of the forces 12, 2 8, 

Bii poinu 3 4, 4 5, 5 6, and 6 7 ; taken in the opposite direction- - 
that is, as they act on the joints (P 6 7) and (P 1 2) — they 
equal the single force 7 1, which is the only force to 
the right of the dividing link AB. But in investigating 
the balance of the pins at the new joints A and B we had 
only to consider the substitution of the forces through the 
links A B, B D, and D A, for the stress-forces along B E and 
A E ; and it is evidently of no consequence to the proof 
whether these last two added as vectors equal a single actual 
force 7 1 or the resultant of a number of forces. It is thus 
clear that the dividing link can be placed in any position in 
the linkage ; and indeed this can be proved directly following 
for any special case exactly the model of the proof given above, 
the number of steps, however, and the complication of the 
proof increasing directly in proportion to the number of forces 
acting on, or to the number of joints in, the new pen. 

10. We can again operate similarly on the pen P of the 
two-pen linkage, splitting it once more by another dividing 

Varia- link, say from a joint in P 2 to a joint in P3, or in fact 

and^com- stretching between any two points in the sides of the pen. 

pieiity The whole linkage will then become a three-pen linkage, and, 
for a given set of loads, there will be nine elements in the 



CHAP. X. STATIC LINKAGES 177 

construction of this three-pen linkage at the arbitrary choice 
of the designer. There will be a third pole in the force-dia- 
gram, from which will radiate force-lines parallel to the links 
bounding this third pen, 

17. The introduction of each new dividing link, which 
means the splitting up the whole linkage into one additional 
pen, gives, as already said, three new elements of arbitrary 
choice in the construction of the Unkage. But it must be 
noted that if the new dividing link be inserted between two 
already existing joints, its insertion in that particular position Limita- 
amounts to the choice of two of these three elements — namely, ^ 

the positions of the joints of the new link — and there remains 
only one element to be chosen capable of giving a new outline 
to the linkage as a whole. Thus, if A and B were placed at 
the joints (PI 2) and (P6 7), the change of form eflfected by 
the creation of the new pen resolves itself into, the single 
choice of the position of D on the line 7 1. 

18. A most important point to notice is that the change 
of shape of the linkage made on one side of the newly intro- 
duced link does not necessitate (i.e. in order still to maintain 
the condition of equilibrium under the given set of forces) 
any alteration of shape on the other side of this link. It is 
important to note this, because it means a first step towards 
stiffness in the linkwork. Either portion of the Unkage to 
the right or to the left of the dividing link — that is, either of 

the pens P and P'~can be changed in shape at will in a mul- Degree of 
titude of various ways. Any change in any part of one pen * *" 
afifects the shape of the whole or most of that pen, but does 
not affect that of the other pen ; except, of course, in the case 
of the change being effected by displacing the dividing link, 
which is common to both. Thus, the shape of each pen is in- 
dependent of that of the other. The shape of the linkage at 
any joint is defined by the angles between the links meeting 
at that joint. Complete stiffness is attained when the. shape at 
the joint between each pair of jointed links is independent of 

N 
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the shape at every other part. So long as the shape at one 
part depends on that at other parts (the loading forces remain- 
ing the same), the linkage is to a certain degree flexible. The 
flexibility is diminished and the stiffness increased the more 
the whole is split up into numerous pens. At the same time, 
a larger number of elements of free choice remain open — that 
is, the designer of the structure has a freer hand in shaping 
it as he thinks fit. At a certain limit this multiplication of 
the pens produces complete stiffness, and at the same limit the 
shape of the structure comes completely within the power of 
Degree of the constructor to make it what he likes. That is, the general 
shape and outline of the structure will no longer depend i^ 
any degree on the external forces applied to it ; if these forces 
form a balancing group of forces, then the structure will be in 
equilibrium whatever shape be given to it ; while, if these forces 
do not form a balancing system, then, of course, the structure 
cannot be brought into equilibrium under their action by 
giving it any particular shape. This limit will be explained 
presently. The effect of introducing more dividing links than 
are needed to produce this limit of subdivision is to cause 
what is called * redundancy,' a term the meaning of which 
will be afterwards fully expounded. 

19. The relations between the linkage and the force- 
diagram are extremely interesting from a purely geometrical 
point of view. It was Clerk Maxwell who first investigated 
them m the fullest and most general manner. For instance, 
the point p may be chosen anywhere, as may also one of the 
EelatioM three points ABC, say A on its line P 1. Then the lines A B, 
to vM^tor- ^ ^' ^^^^ "^ ^ being drawn parallel to the three radii from p' 
diagram to J), I and 7, the locus of the intersection of the two latter 
lines is the line 7 1 in the linkage diagram. On account of 
a certain reciprocity in the geometrical relations between the 
two diagrams, Clerk Maxwell called them * Beeiprocal Figures.' 
But a purely mathematical view of any matter is the last 
thing an engineering student should allow himself to take. 
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Fig. 75 will serve to illustrate the properties most important 
in connection with the use of these diagrams for the investi- 
gation and design of engineering structures. 

20. Each of the pens A B C D E F has a corresponding 
pole in the force-diagram, which poles are given the similar 
names abcdef. From each pole radiates the same number 
of force-lines as there are links bounding the corresponding 
pen. These lines are parallel to these bounding links, and 
measure to scale the stress-forces exerted by the links. Each 
link separating two pens is common to both pens, and the 
corresponding line in the force-diagram, therefore, joins the 
poles of these two pens. The separating link may be called Homen- 
the joint between the two pens. The joint between the two ® * "• 
poles, therefore, measures the force exerted by the joint 
between the pens. Throughout this book the pens will be 
named by capital letters, ABC, &c., and the corresponding 
poles by similar small letters. For instance, from the pole b 
radiates a pencil of 5 lines (b) a, 3, 4, c, lo, parallel to the 5 
Imks bounding the pen (B) A, 3, 4, C, 10 and measuring the 
forces through these links. 

The spaces outside the linkage and separating the lines of 
external load will be named by large figures, 12 8, &c., and 
the corresponding points in the force-diagram by similar 
small figures. These spaces are not pens proper, because they 
are not completely surrounded or closed by definite boundaries ; 
towards one side they are open and of indefinite extent. But Outside 
the force-diagram contains a point corresponding to each of ^*" 
these external spaces, from which point radiate the same 
number of lines as the space has definite bounding lines, and 
these radii are parallel to these bounding lines and measure 
the forces exerted along them. Therefore, these points may 
consistently be termed the poles corresponding to the ex- 
ternal spaces, and the external spaces may be called * outside 
pens ' or * open pens ' or ' unclosed pens.' 

21. The outside pens are separated by the locor lines of 

N 2 
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the external loads. The distinction between these joints (or 
dividing lines) of the outside pens and those of the internal 
pens is not very simple to explain, but ought to be thoroughly 
grasped. It is still more important to understand the essential 
similarity between these two kinds of joints, and this can be 
best done by recognising clearly their one point of difference. 

Each stress line corresponding to a link of the structure is 
evidently used as a force line twice over in considering the 
balance of the joint-pins. At one end of the link it represents 
a force acting on the pin in a certain direction ; in considering 
the balance of the pin at the other end it represents an equal 
but opposite force. If it be in compression, the link usee the 
pin at its one end as its abutment for the thrust it exerts on 
the pin at its other end. If it be in tension, each pin acts as 
the anchorage of the link for the pull exerted on the other 
pin. But the line of the stress-diagram representing the 
Ontiide action of an external force, and corresponding to the joint 
y^ ^ between two external pens, is used only once and in one 
direction only. It is so, at any rate, so far as the stress- 
diagram is used for investigating the forces throughout the 
structure. This then is the distinction : the one line is a 
stress line representing two opposite forces ; the other is a 
force line, to be used only in one direction, since it represents 
only one force. 

But this external load is simply one aspect of a stress 
action between the structure under investigation and its ma- 
terial surroundings. Suppose it to be the supporting force 
exerted by a pier on a bridge. Then this is only one aspect 
of the compression stress in the pier. The pier acts as a strut 
between the bridge and the earth ; it is a link connecting the 
bridge with the rest of the material world outside the bridge. 
At one end this link has its abutment on the earth ; at the 
other end it abuts against the bridge. It is, therefore, to be 
properly called an external or outside Ziwfc— i.e. outside the 
structure under investigation. As the line of pressure through 
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a pier does not always, or generally, coincide with the geome- 
trical axis of the pier, it may frequently be preferable to call 
it an * outside link line ' rather than ' outside link,' meaning 
thereby that it is the force-centre-line, or the centre-Une of 
the force through the outside link; but when no ambiguity 
arises, the shorter phrase may be legitimately used. The 
links belonging to the structure itself will be called, in contra- 
distinction to these, ' inside ' or ' internal links,' this designa- 
tion including the peripheral or boundary links which separate 
the inside from the outside pens. 

When the ' external force ' is due simply to the weight of 
a mass resting on or hanging from the structure, there is no 
material link, such as a pier, communicating the stress between 
the structure and the outside material world. The stress bond 
in this case is the attractive force of gravity between the load- Onttide 
ing mass and the earth. But whether we consider this Snii ** 
attractive force to be exerted across absolute empty space, or 
to be a real active stress existent in that portion of the sub- 
stance of the radiant-energy-carrying ether lying between the 
attracting masses,^ we may take this space intervening between 
the earth and the heaivy load as representing an outside link 
along which the external stress is transmitted, the line in 
which the weight acts being the centre-Une of the external 
stress. When this weight-load is applied to the under side of 
a structure, this imaginary or representative external link wil 
lie wholly outside the structure, and will be a tie-bar. When 
the load is applied to the upper boundary of the structure, 
the direct external weight-link to the earth would pass down- 
wards through the structure, thereby confusing the spaces 
into which the link-lines divide the whole diagram. It will 

> This latter is the belief of nearly all modem physicists. To those who 
believe the doctrine of conservation of energy it would appear impossible to 
account for the conversion of active into so-called ' potential * (better called 
* latent *) energy, except by supposing the latter to exist in some form of stress- 
energy filling the space intervening between or surrounding the attracting 
bodies. 
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be found later that it is important to have all the external 
link-lines lying clear of, and outside the structure. In this 
case, therefore, it is best to adopt an artificial convention, and 
imagine the weight to be due to a compressive stress through 
an outside link (a strut) lying above the structure. This outside 
strut must be supposed to have its abutment at its upper end 
against an arch built up from the earth and over the structure. 

Fig. 76 will help to explain these conventions. 

The outside links 11,1, and 6, 7, are compression links con- 

Outoide sisting of the end piers or abutments of the bridge. 7,8; 8, 9 ; 

link! ^> ^^ ' ^^^ 1^» ^^ ^^ tension links due to loads resting on 

the bottom boom. 1, 2; 2, 8; 8, 4; 4, 6; 6, 6 are external 

compression links due to loads on the top chord. 

No essential distinction, therefore, exists between internal 
links and external links. The forces of all the external links 
taken as acting upon the structure must form a balancing 
group of forces if the structure is to remain in situ. These 
forces, taken as acting on the earth — i.e. on the world external 
to the structure— also form a balanemg set of forces. 

22. Take any section a /3 through the structure. We may 
now consider the portion to the left of this section as a struc- 
ture by itself, held in balance by a set of stresses between it and 
the external world. The outside links are now 9, 10; 10, 11 ; 
11, 1 ; 1, 2 ; 2, 8 ; 3, F ; F, G ; and G, 9. The latter three are 
internal links of the whole bridge, but are now to be considered 
as external links of the structure consisting of that part of the 
Xethod bridge to the left of ^ the section line ayS. This shows still 
more clearly how non-essential is the distinction between in- 
ternal and external links. 

This latter set of external stresses, including 8 F, F G, and 
G 9, must form a balancing system. From this fact the stresses 
8 F, F G, and G 9 can be deduced from a knowledge of the rest 
of the group 9, 10 ; 10, 11 ; 11, 1 ; 1, 2 ; 2, 8. The two con- 
ditions of vector and locor balance arc sufficient to determine 
the unknown magnitudes of those three forces, whose directions 
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are known. This method of finding the stresses in members 

of structures is called the * Method of Sections,' and will here- Method of 

seetionB 

after be shown to be of great utility. The graphic construc- 
tion by which it is effected has already been explained in 
Section 14 of Chapter VIII. 

23. If the pens of a structure be all triangular, the struc- 
ture is evidently ' stiff,' in the sense that its shape cannot be 
altered except by lengthening or shortening the individual 
links. The members of engineering structures either actually 
having, or being intended to have, such sectional sizes as pre- BtiflheM 
vent the tensive and compressive forces coming upon them 

from altering their lengths in any degree enough to change . 
appreciably the general shape of the structure, the above is 
the sense in which the term ' stiff ' is technically appUed to 
such structures. 

24. In order to effect complete stiffness it is not necessary 
that all the pens should be triangular. In building up a plane 
structure, in order to locate ' stiffly ' each new joint as it is 
added to the design or in the actual erection, it is evidently 
necessary and suflBcient to add two new two-joint links. 

Thus, in adding any number of joints, double the same 
number of links must be added. 

Since in the simplest possible structure — viz. a triangular Criterioa 
one-pen truss — there are three joints and three links, that is, framei 
there are three less links than double the number of joints, 
therefore the general formula connecting the number of joints 
with the number of links in a completely stiff but non-redun- 
dant plane linkage is 

Z = 2 j - 8 

where,; = number of joints and I = number of Unks.* 

' This condition is sometimes expressed as a relation between the number 
of pens and that of joints— namely, the number of pens is two less than the 
number of joints. But in some structures the pens overlap each other and the 
counting of their number becomes confusing. Again, in ' solid ' as distinguished 
from plane structures, the corresponding rule connecting the numbers of links 
and of joints is of easy application, whereas that connecting the numbers of 
joints and of enclosed volumetric pens is confusing and difficult to apply. 
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Thus in Fig. 76 the number of joints is 11, and 2 x 11 — 3 =. 
22 ~ 3 = 19 = number of links. In Fig. 78 the number of joints 
is 41, and 2 x 41 - 3 = 82 - 3 = 79 = number of links. In 
Fig. 80 there are 18 joints, and 2 x 18 - 3 = 36 - 3 = 38 
links. 

This only applies to flat structures built of two-joint links. 
If the linkage contain 'beam-links* — i.e. links capable of 
resisting cross bending and containing more than two joints 
— then evidently in order to locate stiffly in a beam-link a 
third, fourth, fifth, &c., joint, no further links need be added 
to the structure. Thus the above formula can be applied 
unaltered to structures containing beam-links, provided that 
in counting j only the end joints (or any two joints) of each 
beam link be included in the count. In the diagrams in this 
book beam-links will be distinguished &om others by being 
indicated by double lines ; one line being thin and representing 
the centre-line of the link, and the other being thick.* Thus in 
Fig. 77, counting only two joints to the horizontal beam, the 
number of joints is 7, and 2 x 7 — 8 = 11 is the number of 
links, counting the beam as one link only. This structure 
is, therefore, stiff in the sense of the word we are now using. 
In the ordinary meaning of the word, of course, its degree of 
stiffness will depend on the rigidity of the beam. 

25. In a * solid ' structure — i.e. one of three dimensions as 
distinguished from a flat one — in order to locate each new joint 
stiffly it is necessary to add 3 new links. The simplest pos- 
sible solid linkage is a pyramid with a triangular base. This 
has 4 joints and 6 links — i.e. its number of links is 6 less than 
3 times the number of its joints. Therefore, the general 
formula for a stiff and non-redundant solid linkage is 

Z = Sj ^ 6 
where J is the number of joints and I the number of links. 

* This system is consistent with the representation of ties and stmts by thin 
and thick lines respectively, because one side of a beam is in tension — i.e. acting 
as a tie — while the other is in compression. 
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As in the previous case, in counting J only two of the joints 
of each beam-link are to be included in the count, and the 
beam is reckoned as one link only. 

26. If the number of links be greater than that given by 

the above formulas, the linkage is ' redundant,' and it becomes Sedun* 
impossible to determine all the stresses in it either by algebraic ^ 
or graphic means unless account be taken of the elastic 
extensions, contractions, and bending of the ties, struts, and 
beams. 

27. If the structure rest on the earth by means of fixed 
connections, so that the joints between structure and earth 
are approximately immovable, then evidently the earth forms 
one link that goes towards the stiffening of the structure ; and 
a number of links in the structure itself (exclusive of the earth 
link) one less than given by the above rules is suflScient for 
stiffness. Thus, an arch hinged at centre and at abutments 
becomes a stiff structure only when considered in connection 
with the earth, which performs the function of a tie-bar whose 
tension balances the horizontal thrust through the arch. If Earth 
a structure stiff in itself be connected with the earth by fixed ^^**' 
joints, by this connection it is converted into a redundant 
structure, the stresses in whose members can only be deter- 
mined by taking account of the elastic deformation of the 
structure and of the earth abutments. If, however, the joint 

with the earth have a certain degree of freedom; if, for 
example, a stiff non-redundant girder rest at one end on hori- 
zontal roller-plates that leave its one end free to move hori- 
zontally without any retarding horizontal force worth taking 
account of ; then the directions of the supporting forces at the 
earth joints become determinate, and the problem of finding 
the stresses throughout the structure can be always completely 
solved. 

28. To ensure stiffness and non-redundancy the structure 
taken as a whole must fulfil the conditions expressed by these cioier 
rules ; but their fulfilment for the whole structure is not an *^^ 
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infallible criterion of stiflFness and non- redundancy, nor is it 
necessary that a stiflF and non-redundant structure should 
fulfil these conditions in each of its separate parts. Thus, a 
structure may be flexible in one part and redundant in another, 
in such a way as to leave it flexible as a whole and yet fulfil 
as a whole the rules. For example, a quadrilateral with 
braces across both diagonals is redundant, and to one side of 
this may be joined another quadrilateral with braces across 
neither diagonal. The second quadrilateral is flexible and the 
whole linkage is flexible, but it fulfils the conditions, there 
being 6 joints and 2x6 — 3 = 9 links. 

To test completely, therefore, the stifi&iess of a proposed 
design of a complicated character some additional criterion is 
necessary. This consists in taking a number of sections, each 
dividing the structure in two pL. The parts must then 
fulfil certain conditions wherever the section be taken if the 
oser structure be stiff and non-redundant. These conditions are 
^*^y»^ the following : 

If the section pass through a joint and one bar ; or if with- 
out passing through a joint it cuts through three bars ; then in 
each of the two parts the usual rule (Z = 2 j — 3) must be 
fulfilled, the joint cut through in the former case being in- 
cluded in the count for each part. 

The section cannot pass through two bars only if the 
linkage be stiff, unless the two bars are actually jointed to- 
gether. 

If the section pass through a joint and two bars, or through 
no joint and through four bars ; then in one of the two parts 
the usual rule (I = 2j — 3) must be fulfilled, while in the other 
part there must be one degree of flexibility (i.e. Z = 2 J — 4). 
This rule is exemplified in Figs. 78, 80, and 86. If the section 
be through a joint, the jomt has to be included in the count 
for each part. 

In no case are the bars cut through by the section to be 
included in the count of links for either part. 
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These conditions must be fulfilled for every possible 
section. 

In these tests, in counting the number of links cut through Closer 
by a section a beam-link is to count as two. Thus, a section 
of a stiff structure cannot pass through two links only if both 
be two-joint links, but it may do so if one of them be a beam- 
link, as may be seen from Figs. 77, 87, 88, 89, and 90. 

29. The method of finding the stresses by constructing at 
each joint a graphic diagram showing the balance of the forces 
acting on the pin at that joint has been in use for a long time. 
But this method is clumsy ; it necessitates the drawing of each 
line twice over, because the stress in each link acts on two 
pins, and, therefore, enters into two of the above diagrams. 
The modern improved method of stress diagrams consists in 
combining all these into one diagram, so that no line, or as 
few as possible, need be drawn twice over. 

It is not always possible to avoid repeating the same stress 
in the diagram, but in a good diagram this repetition is 
minimised, and in almost the majority of cases it does not 
need to occur at all. Its avoidance depends altogether upon 
taking the stress lines in the correct order in building them c^eUo 
into the diagram. Eeferring to Fig. 75, take for example the ®'**' 
stress in the the link 5 G. This stress gives one of the forces 
acting on the joint-pin (5CB4). It, therefore, appears in 
the closed vector polygon for this joint; and thus it must 
appear in connection with the stress 4 5, i.e. in the same 
polygon. But it must also appear in similar connection with 
6 6, because it forms one of the balancing forces on the joint- 
pin (5 6 DC). It acts in opposite directions on these two 
pins, and, therefore, in the one diagram it will be read 6 c, 
and in the other c6, and it must radiate from the joint of 
stress lines 4 5 and 5g, because these latter have to be in 
similar connection with each other since they form part of the 
polygon showing the vector balance of the group of external 
forces. Similarly, 6 d must radiate from the joint of 5 6 and 
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6 7. Therefore, in th2 diagram for joint (C 5 6 D) the stresses 
along C 5, 5 6, 6 D, must follow each other either in this order 
or the exact reverse. Since the three follow in this manner 
and there are only four altogether in the polygon for this joint, 
it results that the same must hold for the four. That is, that 
in the stress-diagram the four must follow in the same order 
Cyclic as the locor lines are cut in the linkage in circulating round 

order . . . 

the joint. The circuit of the joint may be made either right- 
handedly or left-handedly — that is, either as (C 5 6 D) or as 
(CD 6 5). Such order is called 'cyclic' order, and there are 
two possible cyclic orders that may be followed in building up 
the stress-diagram, the right-handed or the left-handed. But 
the same quelle order must be preserved throughout the stress- 
diagram for ilu whole structure, 

80. The cyclic order that has been adopted in building up 
the stress diagram must be marked on it either in words 
under the title, thus, 'Left-handed' or 'Eight-handed,' or 
very much better graphically by a circled arrow-head thus 
^ or ^. By so marking it, it becomes quite unneces- 
sary to place any arrow-heads on any of the lines of the 
diagram (neither on the external nor on the internal force 
lines) to indicate force directions. In the link diagram to 
TonBion distinguish compressions from tensions it becomes imnecessary 
prcM^'nl *^ ^^^ either arrow-heads or -f and — . Thus, in Fig. 75, 
which is marked Q^, in order to find whether the link DE 
is in tension or compression, it is only necessary to notice 
that on the lower joint (9 C D E F) the stress on this link 
will be read de, and on referring to the stress- diagram we find 
that this is downwards, or toivards the joint — that is, the link 
is thrusting downwards on this pin, and is, therefore, in com- 
jyression. Similarly, link C D is in tension, because at the 
lower joint its force is to be read c rf, and this we find to be 
directed upwards, or away from the joint. 

31. Arrow-heads placed on the lines in the linkage are 
very objectionable because they are ambiguous. Thus, a link 
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marked 3 — -^ ^ — ^ would by some people be read as 

being in tension, the arrows being taken to indicate that the 
ends of the link tend to separate ; while others would under- Arrow- 
stand that the arrows indicate the directions of the forces 
exerted by the bar on the pins at its opposite ends, and 
therefore read the bar as being in compression. 

32. The signs + and — afiBxed to the link-lines are not 
ambiguous, and are in fact very commonly and usefully em- Use of + 
ployed. When the stresses are read off in figures, these " 
figures should be written along the links, and a plus may be 
prefixed for tensions and a minus for compressions. 

33. But a readier and more quickly perceived distinction 
between tension and compression members may be made in 
inking in the linkage by employing two colours ; for example, 

by inking all the tie-bar lines in black and the strut lines in Two 
red. In this book all tie-bars will be shown by thin black Siiok" 
lines, and strut lines by thick black lines. The stress-diagram J^^* *^^ 
may very suitably be inked in blue. In this book, however, 
fine black lines are used for the stress-diagrams. 

34. The cyclic order of the stress-diagram applies to the 
vector summation diagram of the outside forces. The same 
order as holds for each individual joint is that in which these 
external forces must be arranged to follow each other in the 
stress-diagram. The order here refers to that in which the 
outside links are cut through in making the circuit outside 
the whole structure, either right-handedly or left-handedly. 

Thus, in Fig. 75, they will be found in the stress-diagram in ck>]iBta]io7 
the order 1 2 3 4 6 6 7 8 9 10, the same as that in which the jJ^T^'' 
outside pens are traversed in making a right-handed circuit 
outside the linkage. 

The same cyclic order will be found to be preserved in the 
vector-summation diagram showing the balance of the forces 
acting on any individual pen. Thus, the pen- (C) 9 B 6 D in 
Fig. 75, consisting of 4 links, is kept in balance under the 
action of the links 9,10; lOB; B4; 45; 56; 6D; DE; 
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E F ; and F 9. This is the order in which these links are cut 
in making the right-handed circuit of the pen, and in the 
stress-diagram it ^vill be found that the corresponding forces 
follow each other in this order and form a closed vector 
polygon. Here C is the * pen-joint ' of the above links, and 
we see that the same cyclic order holds for the balance of 
* pen-joints ' and for that of * point-joints.' 

Taking two pens together, for example C and D of Fig. 75, 
and considering them as a compound or complex pen, we find 
the same law holds ; thus, these two are held in balance by 
the forces in the stress-diagram 9, lo 6 4 6 6 7 ^/9, these being 
arranged according to the right-handed cyclic order in which 
CoiLstaiicy the corresponding spaces are traversed in making the external 
circuit of these two pens. The same will be found to hold 
true of any combination of pens one can take. Thus, the 
application to the group of external forces under which the 
whole structure is in balance is only a special application of a 
general law. The same law again holds good for the balance 
of individual links. Thus, the link C 1) is in balance under 
the forces shown in the stress-diagram by dcdedefd, this 
order showing the correct direction of these forces. 

Thus pins, links, simple pens and complex pens are all 
subject to this one law of the same cycHc order in the stress- 
diagrams exhibiting their balance. The importance and utility 
of this law in the art of constructing graphic stress-diagrams 
cannot be overrated. 

35. There is an important exception to the rule that in 
the stress-diagram no stress-line is to be repeated twice. In 
the examples hitherto given the external forces are assumed 
to act at external joints, and there will be found at once a 
difficulty in following the method explained if they do not do 
so. But the loads are actually sometimes applied at internal 
johits. For example, Fig. 78 shows a 'stiff' arched linkage 
in which the load, which is the weight of a roadway, rests on 
the bars B M, D 0, F Q, &c., &c., and is supposed to be con- 
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centrated at the joints along this line. In order to get over 
the difficulty arising in this way, the best and, so far as the 
author knows, the only correct method is to suppose added a 
number of extra links lying along the lines of the external 
forces and terminating at joints in the outer periphery of the 
linkage. In Fig. 78 these imaginary links are shown by 
dotted lines rimning from the joints where the loads are 
appUed to the upper boundary or chord. They might as 
simply have been drawn downwards to the lower chord, in 
which case the stress-diagram would have taken a slightly 
different shape from that shown but would have given exactly 
the same stress-magnitudes. It is generally a matter of theo- 
retic indifference towards which boundary the imaginary links 
are inserted, but it is of practical importance to place them so 
that they shall intersect as few actual links as possible. As 
in Fig. 78, it is generally unnecessary to allow each to inter- 
sect more than one actual link — namely, that at the outer Loads at 
boundary ; but in Fig. 86 there are examples of them crossing jj^ti 
two actual links. At this intersection a new joint must be 
imagined to be inserted, which joint will divide the actual 
boundary link into two. The supposition of the insertion of 
one imaginary link will thus increase by two the total number 
of links in the linkage and by one the total number of joints J 
Thus, the question of the flexibility, stiffness, or redundancy of 
the structure will not be affected by the introduction of tliese 
imaginary links. This is still the case whether or not the 
imaginary links intersect more than the one peripheral actual 
link. At each * internal ' intersection of imaginary and actual 
links there must be supposed introduced a new joint. Each 
such joint will spUt the imaginary and the actual links each 
into two parts, thus increasing the number of links by two 
and the number of joints by one. 

Tims in Fig. 78 the load actually applied at the joint 
(0 P Q F E D) is supposed transferred to the upper chord by 

* The whole of this argument refers only to plane linkages. 
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the imaginary link E E'. This divides the space E into two 
spaces E and E'. The link joining joint (CD Ell) with 
(E F G 10) is divided by the imaginary joint (E E' 10, 11) into 
two links, E' 10 and 11 E. The supposed insertion of the 
imaginary link leaves the stresses through these latter two 
links entirely unaffected — ^that is, it leaves them exactly the 
same as if the imaginary link and joint were not inserted ; 
because at this joint we have jointed together four links lying 
in two straight lines. The vector diagram showing the balance 
of this joint-pin must, therefore, be a parallelogram, and the 
stresses through the two links lying along the same line are, 
therefore, equal and quite independent of the magnitude of 
LodU at the stress in the other pair of links lying along the second 
Jdsto ^^^' ^ ^^^ present case the parallelogram is a rectangle and 
is seen on the stress-diagram to be e e' lo, ii. Thus the stress 
condition of the link (11, 10) E is unaffected by the suppo- 
sition of the insertion of the extra link. Furthermore, the 
stress on the imaginary link E E' being necessarily equal to 
the external load, the thrust of this link on the joint-pin 
(0 P Q F E D) is equal to that actually exerted by the load ; 
and the supposition made, therefore, leaves the stress condi- 
tion at this joint entirely unaffected. 

This artifice is, therefore, legitimate, since it alters no 
actual stress conditions, and its adoption eliminates all 
difficulty in constructing the stresB-diagi-am according to the 
ordinary simple procedure already explained. 

36. The result, however, is that a number of lines in the 
stress-diagram appear twice over. Thus all the ' external 
stresses * applied at internal joints are repeated ; each appear- 
Btreu- iug once in the external-force vector-balance polygon and 
meated ^^^® ^^ ^^ internal stress, namely, that through the imaginary 
link. Every actual link that is divided into two by imaginary 
joints has also the line representing the stress through it 
repeated twice in the diagram. This repetition is unavoid- 
able. Although it increases the number of lines and thus 
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decreases Ihe * readability ' of the diagram, it can never lead 
to any ambiguity or real difficulty in reading oflf results. 

37. When two actual links cross each other without 
being actually jointed at their intersection, the same artifice 
must be adopted in order to make it possible to draw out the 
stress-diagram without confusion and without break of con- 
tmuity. An imaginary joint must be supposed inserted at 
their intersection. This will divide each of the links into two. 
The stress-diagram for the joint will be a parallelogram, and 

the stress on each of the two links will be repeated twice* croMing 

links 

The spaces separated by the links should be lettered so as to 
give similar names to the two stress-lines representing one 
and the same link stress. Thus, in Fig. 79, we have a lattice 
girder of common design except that vertical struts across the 
quadrilateral spaces are usually introduced. In this design 
the diagonals that run from top to bottom chord are not 
actually jointed at their crossings, but at these points joints 
must be imagined for the purpose of enabling one to draw 
out the stress-diagram in an orderly and coutuiuous fashion. 

38. If the spaces are lettered after a system similar to 
that shown in Fig* 79, the identical strcsees in the stress- 
diagram will appear with names, not the same, but with a 
distinctive similarity to each other. Thus, C3 C^ and D3 D4 
are really parts of one and the same link, but they are treated 
as if they were two separate links. Their names have, how- 
ever, this in common, that the suffices 3 4 are identical in both* 

These suffices in the name of each differ from each other — Lettering 
that is, 3 differs from 4 ; while the letters appearing in each 
do not differ, as for instance in C3 C4 only the one letter C 
appears. The stresses of these two Unks will appear as c^ c^ 
and (^3 d^ ; and these will be opposite sides of a parallelogram, 
and are identical in name so far as the suffices 3 4 are con- 
cerned. The other pair of equal sides of this same parallelo- 
gram will be c, (/3 and c^ c/^, whose names are identical so far 
as the letters go, although the suffices differ in the two stresses 
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vbile in each stress only one saffix nomber appears, llies^ 
are the stresses in the links G, D, and G4 D^, whose names 
have the same sort of identity, and which are imagined to be 
separate links, although in reality they are one and the same. 
Using this system of lettering, no two bars which are really 
different bars will be found to have names that are not dis- 
tinctive. In each name either the two letters are the same 
while the suffices differ, in which case the suffices are to be 
Lettering taken as the part of the name individualising the real link or 
the corresponding stress ; or else the two suffices are the same 
number while the letters differ, in which case the letters are 
to be taken as the distinctive part of the name. 

The linkage in Fig. 79 has 7 joints in each chord, or 14 in 
all. In order to be stiff it requires, therefore, 2 x 14 — 8 = 25 
links. It has actually 26, and is, therefore, redundant in one 
degree, and its stress-diagram cannot be drawn without taking 
account of its elasticity. 

89. Fig. 80 shows a non-redundant stiff linkage of similar 
design. There are here at the ends 4 joints at each of which 
only two links meet. At each such joint no stresses can 
exist in the links unless an external force acts at the joint. 

Thus at the joint (9 J^) no outside link acts, and therefore 

the stresses in the two internal links, Jj 9 and 9 J,, are zero. 

2.Uxik It must be understood that this rule applies only to 2-joint 

wiSiout links. If one of the pair of links be a beam, then force may 

i<>ad be transmitted through the jouit. 

If, again, the two links meeting at such a joint he in the 
same direction, then it follows, not that their stresses are 
zero, but that tliey are equal, both being subjected to equal 
pulls or to eciual thrusts. 

40. Another case, frequently of use in surmounting special 

difficulties in complicated structures, is that of a joint at 

3-Unk which three links meet, two of which links lie along the same 

irS^ine ^"^^- Here the force-component exerted normally to the links 

in line by the link not in Une must be equal and opposite to 
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the component of external force acting on the joint resolved 
in the same direction. This enables one to find the stress on 
the oblique link at once without working up to this joint from 
other parts of the structure ; in other words, it may be possible 
to begin drawing the stress-diagram from this joint. 

In many roofs as actually put up such 3-link joints occur 8-Unk 
on the lower chord where no load is applied. The joints 2 in line 
ABCD in Fig. 81 are examples of this. The stay-bars at 
these jomts cannot be stressed except by the weight of the 
tie-bars of the lower chord, and are, therefore, practically of 
no use whatever. If the lower chord were composed of two 
stiff beams, then the stays would be of use. 

41. In the case of an external force acting on such a 
8-link joint, if we look on this force as that of an external link, 
the joint is a 4-link one. Thus, at any 4-link joint two of whose 
Unks lie in one line, the force-components of the other two per- 
pendicular to the first two must be equal and opposite. It 
not infrequently helps one out of a special difficulty in pro- 
ceeding with the stress-diagram to remember this obvious fact. 

Again, if a known external force acts at such a 4-link joint, 4-iink 
the component of external force perpendicular to the two Unks 2* in line 
in aUgnment must balance the algebraic sum of the similar 
components of the forces along the two other links. Thus in 
Fig. 80 all except the end joints are of this character. There- 
fore, the algebraic sum of the vertical components of the 
forces of any pair of diagonal braces meeting at a joint must 
equal the vertical component of the load at that joint. The 
student should inspect the stress-diagram to trace out the 
truth of this proposition for each of the joints of this 
structure. 

42. In drawing the stress-diagram of a plane structure, 
the general rule is that one must begin at a 2-link joint — i.e. 

one of two interrud links. The outside link makes a third, Order of 
and, its stress being known, the triangle of balancing forces can ^^ '"^ 
at once be drawn. From this one must proceed to a con- 

02 
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tiguous S-link joint ; a 4-lmk joint would leave three unknown 
forces which it would be impossible to determine. The third 
joint taken in building up the diagram may be a 4-link one, 
but must not be 5-linked. At each successive step the new 
joint attacked must be one at which all the forces except two 
are either known as data or have already been found by the 
stress-diagram construction. It is here that the begiimer gene- 
raUy goes wrong ; he goes prematurely to a joint where more 
than two forces remain undetermined, and, being unable to 
solve this, becomes confused and pierhaps disheartened. It is 
only in special circumstances, however, which are dealt with 
below, that he has not at each step a choice of one or moire 
joints fulfilling the condition necessary for solubility. 
Order of Nearly all structures have at least two joints at each of 

yroMdur* ^jji^jj m^^t Qjjy j^q inside links. It is a matter of theoretic 

indifference at which of these two the stress-diagram is begun. 
Sometimes one will be preferable as a matter of convenience to 
the draughtsman. Usually, the commencement having been 
made at one of these two joints, the other is the hist to be dealt 
with at the completion of the diagram, and the last two joints 
usually furnish the graphic test of accuracy of draughtsman* 
ship. Sometimes, however, it is convenient to work part of 
the diagram from one of the 2-link joints, and another part 
from the other similar joint, the two parts being, eventually 
joined somewhere near the centre of the diagram, and this 
junction then affording the test of accuracy. 

43. The normal distribution of links at the various joints 
is the followiug : two 2-link joints, two 3-link joints, all the 
others 4-linked. This may be recognised from the formula 
Vamber (2 n — 3) links for the n joints of a stiff noii -redundant plane 
^t ^^oSit f^^*^*'- Each link goes to two joints, and, therefore, there are 
(i n — g) link-ends at the ?i joints. The above distribution 
accounts for {2 x 2-1-2 x 3-1- (/i — 4) 4} = 1 -h 6 -h 4 n — 16 = 
4 w — 6, the same as just mentioned. 

The two 2-link joints can never be found contiguous to 
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each other in a stiff Unkage. The two 3-Unk joints are gene- 
rally contiguous to the two 2-link ones. 

If there be one 5-Unk joint, then there are three 3-link ones. 
If there be several 6-link joints, there is a corresponding extra 
number of 3- or 2-link ones. Each 6-link joint leads either Knmber 
to an extra 2-link instead of a 4-link joint, or to two extra 3- at a joint 
Unk instead of 4-link joints. Each extra degree of complexity 
in any one part of the structure beyond the normal arrange- 
ment in which the most complex joint has four links leads to 
a corresponding amount of extra simplicity in another part. 

44. There may also be no 2-Unk joints along with six 3- 
link ones, all the rest having four ; in this case the count of 
the Unk-ends being 

6 X 3-1- (W — 6) 4 = 18 -I- 4?l — 24 = 4n — 6 

as before. Figs. 85 and 86 give examples of this distribution. Ko 2-liiik 
It is here impossible to start drawing the stress-diagram in ^^ 
the usual way. One method of surmounting the difficulty is 
to start by help of the * Method of Sections.' Another is to 
use the * Method of Two Trials and Two Errors.' Explana- 
tions and examples of both methods are given below. 

46. These principles of stress-diagram construction will 
now be illustrated by going through in detail a few examples. 

First, take the arched linkage of Fig. 78. The structure 
is symmetrically built, but the load is not symmetrically dis- 
tributed. 

The loads are 2, 3 = 12, 13 = 2 tons each ; 

3, 4 = 4, 6 = 5, 6 = 6, 7 = 7, 8 = 8, 9 = 4 tons each ; BtifDmed 
and 9, 10 = 10, 11 = 11, 12 = 7 tons each ; ^""^ 

all these loads being vertical and parallel to the axis of sym- 
metry of the linkage. The supporting force 13, 1 is inclined 
at 45° to the horizontal. These are the load data. 

A left-handed stress-diagram is adopted : the outside pens 
are numbered in left-hand cyclic order ; the loads applied at 
internal joints are transferred to peripheral joints by means 
of imaginary links ; and the inside pens are lettered as shown 
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Next, the loads are plotted to scale consecutively from 2, 8 at 
the right-hand end to 12, 18 at the left-hand along a vertical 
straight line lying near the left-hand end of the paper. The 
scale actually adopted is ^" = 1 ton ; but this is madb small 
for the sake of engraving. In practice i" = 1 ton would be 
better. From 18 in stress-diagram a line is drawn at 46^ to 
horizontaL Any pole is chosen, and parallel to the radii from 
it are drawn the lines of a simple link polygon through the 
spaces 2, 8, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18 of the linkage.* The 
lines through spaces 2 and 18 are produced to meet, and 
through their intersection a vertical line is drawn, this being 
the centre-line of the loads. The line 18, 1 of the support- 
ing force is drawn through the joint (18, 1 E) at 45^ to meet 
this centre-line. The line to this last intersection from joint 
(1, 2 X) gives the direction of the other supporting force ; and 
this force is now drawn from 2 in the stress -diagram to meet 
18, 1, thus determining the point i. 

The foUowing table now shows the order in which the 
stress-diagram is built up. In the force-diagram for each 
joint certain force lines (aU except two) have been drawn 
already before the completion or closure of the diagram. The 
last two, or those requiring to be drawn when the diagram is 
completed for the joint, are indicated in the table by a bar 
being placed over them : — 



Name of joint in 


Balanced force* 


Name of joint in 


Balanoed foree- 


linkage 


diagram 


linkage 


diagram 


18,1,K 




TIU 


tiut 


1S,1,Ap, 13 


KIM 


k\mk 


12, 18, K M B 


IS, 13, Arm 6 is 


MIN 


tn ifim 


12BC 


IS 6 c IS 


NIO 


nion 


11,12CC' 


ll,lS,CC'll 


OIP 


\po 


C^CBMNOD 


c^cbmnodi/ 


PIQ 


pxqp 


IIC'DE 


110^(20 11 


QIR 


q\rq 


10, 11 E E' 


10, 11, ce' 10 


RIS 


riar 


E'EDOPQF 


e'edopqfe^ 


SIT 


8\ ts 


lOE'FG 


loe'fgio 



* The simple linkage to determine the supporting force 12 is omitted from 
the engraving for clearness* sake, but was, of coarse, drawn in the original 
diagram. 
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Name of joint in 
linkage 


Balanced force- 
diagram 


Name of joint in 
linkage 


Bakincefl force- 
diagram 


9, 10 G G' 


9,\ogg'9 


IST 


1 8 1 1 


G'GFQBSH 


g'gfqralig' 


ITW 


1 tu I 


OG'HI 


dg'hid 


VVJUlvj 


v' V J U 1 u J v' 


89ir 


B9ii'8 


7V'JX 


7v'ji7 


riHSTUJ 


i'ihstuji' 


67XX' 


67ii'6 


SFJV 


8 i'j V 8 


X'ZJVTSB 


i'ijutslii' 


78VV' 


7 8 t? V' 7 


GZ'BO 


6i'llff6 


12x 
ixas 


I3ki 


5600' 

o'OBB»qr 


serf's 


ikmi 


lasw 


una 1 


5o'rB 


6ff^re5 


Iwo 

lOP 


IDO I 

lop 1 


45BB' 

B'arqpos 


4 6 e e' 4 


e^ e f q p o d e' 


ipq 


ipqi 


4b'»c 


4 e' d C 4 


lq» 

ISB 


iqrl 
irsi 


d4cc' 

C'CBOBBKB 


3 4 C c' 3 


c' c d o D in b c' 



This completes the drawing of the diagram with the excep- 
tion of the line b 3. But both the points b and 3 are already 
located, and the line can therefore be drawn by joining them 
without reference to the direction of the line B 3 in the link- stifTened 
age. The test of the accuracy of the drawing consists in find- 
ing whether these two lines in linkage and stress-diagram be 
parallel as they ought to be. 

Another form of test (although not an independent test) 
is to locate point b once more by drawing the force-diagram for 
the joint 3 C B. If the drawing be accurate, the two b*s thus 
found will coincide. A third mode of locating it is to draw 
the diagram for the joint M K 2 3 B. If the inaccuracy be 
found to be much, it shows that some downright mistake has 
occurred in forming the diagrams ; if it be small, it shows that 
no such mistake has been committed, but that strict parallelism 
between the lines has not been maintained, or that the lines 
have not been drawn strictly through the right points. 

There being no external loads at the joints along the 
upper chord where the diagonals meet, and the diagonals 
having equal, although contrary, inclinations, the stresses in 
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the two members of each pair of diagonals meeting at an 
upper joint are equal in magnitude and of contrary sign. 
Stiffened Also the stresses in the pair of horizontal members meeting 
at each upper joint differ by the arithmetical sum of the hori^ 
zontal components of the stresses in the two diagonals — i.e. 
differ by double the horizontal component of one of these 
diagonal stresses. 

46. The next example taken will be Fig, 80. Here we 
need to use a number of imaginary joints on account of the 
crossing of the bracing-bars. The structure is symmetrical, 
and is supported by abutments at the four points Q P S T. 
At the latter point T the supporting force is known to be 
zero, and, since no load acts here, the stresses on the links 
Ja 9 and 9 Jj, are zero. The loads 1 2, 2 3, 8 4, 4 6, 5 6, 6 7, 
7 8, 8 9 are equal and inclined 30° to the horizontal. The 
loads 10, 11; 11,12; 12,13; 13,14; 14,16; 15,16; 16, 
17 ; 17, 18 ; 18, 19 are equal and vertical. The whole load 
on the upper chord 1, 9 is in magnitude half the whole load 
on the lower chord 10, 19. The supporting force 20, 1 is 
supposed known in direction as at 45° to the horizontal, and 
Compound also in magnitude as | that of 1, 9. The supporting force 
girder 19, 20 is known to be inclined at 60° to the horizontal. These 
are the data. 

The right-hand cyclic order has been adopted in construct- 
ing this diagram. The stress-diagram is begun by plotting 
to a suitable scale 20, 1 and 123456789; then vertically 
downwards from 9 to 19' the loads on the lower chord. 
The location of these latter is only temporary, as the un- 
known force 9, 10 has been omitted from its proper cyclic 
position, and has to be inserted subsequently after being 
found. A pole is chosen, and parallel to radii from it are 
drawn the links of a simple one-pen linkage through the out- 
side pens 20, 1 2 3 4 5 6 7 8 (9, 10) 11, 12, 18, 14, 15, 16, 17, 
18, 19 : 9 and 10 being taken as one space because of the 
omission of the force 9, 10; and the latter links being di-awn 
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parallel to the radii from the pole to the points n' 12' 13'. ... 
19'. This simple polygon is omitted from the engraving. 
The first and last link through spaces 20 and 19 are produced 
to meet, and through their joint is drawn E the line of the 
resultant || 20, 19'. The known supporting force line 19, 20 
through P is produced to meet R, and from their joint is 
drawn a line to Q. This latter line gives the direction of the 
supporting force 9, 10, and parallel to it is drawn from 19' compomid 
the line 19', 19 in the stress-diagram. In same diagram from gJawr'^ 
20 is drawn 20, 19 || 20^ 19 in linkage — i.e. at 60° to horizontal. 
This gives the final position of 1*9 in the stress-diagram. The 
parallelogram 19, 19', 9, 10 is completed by drawing 9, 10 and 
19, 10. The line 9, 10 is now properly located in the stress- 
diagram, giving the magnitude of the supporting force at^Q. 
The lines 9, 19' and 19' 19 may now be rubbed out for clear- 
ness' sake, and the lower chord loads are plotted ofif along the 
line 10, 19. 

47. It is frequently the case, as here, that the joint of the 
load resultant line with one supporting force line lies far out- 
side the paper. The difficulty of drawing from this joint to 
another point such as Q is got over by a construction such as 
that shown in the figure. The point r is the joint of B and 
line P Q. From any other point r" in R directions to P and 
Q are taken, and lines r'p' and r g' are drawn parallel to them. 

y' is the joint of vp' and 19, 20. From p' is drawn 'p' q' || P Q, Joints 
and its joint q' with rq' va a point in the desired line 9, 10 the^ 
through Q. The proof is obvious. Owing to similarity of tri- ^'•^^K 

angles, 

Pr _Tr" ^ rQ 
p' / r^ r r^ q^ 

and therefore the three lines Pjp', rr' and Qg' converge to 
the same point. The difficulty may be otherwise avoided by 
the construction explained in Section 13 of Chapter VIII. 

48. In the following table, describing the further construc- 
tion of the stress-diagram, a shorter method of writing out 
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tionof 

eonitmo- 

Uon 



the process is adopted. In each new joint-diagram we here 
leave unnamed the lines already drawn, and mention only the 
two new lines to be drawn. The joint is also left unnamed. 
The new point or pole determined by the joint of the two new 
stress-lines is placed last in the triangular name given to the 

process of finding it. Thus i.^b^ means that two lines 

are to be drawn from the already known points 8 and 6„ and 
that their intersection gives the point by It is, of course, to 
be understood that these two lines are to be drawn parallel 
to the lines 3 B, and B^ B, in the linkage. By help of this 
system the whole process for Fig. 80 is accurately expressed 
in the following table. The consecutive order in which the 
table is to be read is along the horizontal lines from left to 
right as in ordinary reading. 






<h 






c 
b 



'>o. 



16 



C 



d. 



15 



3 

e 



><h 'l>c. 7>d. 7>e, 



'>e, 



9\. 

11 ^ » 



and J2 



coincident) 
with 



d. 



and 9 



to 



N 



«.. 






6 



>9. ?:>/. ');>/. 



Syiunio- 
tricalBoof 



The points e^ and f^ are now determined. The line join- 
ing them should be || E. F^, that is, vertical. This is the test 
of the accuracy of the drawing. 

49. When the structure is symmetrical and the distribu- 
tion of load also symmetrical, the two axes of symmetry coin- 
ciding, the stress-diagram is also symmetrical, its axis of 
symmetry being perpendicular to that of the linkage and of 
the loading. This leads to much simplification in the con- 
struction of the diagram. 

This is illustrated by Fig. 82, which shows a simple roof 
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truss with vertical loading and vertical supporting forces. 
From the symmetry of the load distribution it is evident that 
the two supporting forces are equal, and, therefore, it is un- 
necessary to draw in a simple linkage in order to determine 
them. Each is equal to half the whole downward load. The 
lines 5 6, G 0, and 14, 15 lie on the axis of symmetry. Right- 
hand cyclic order is used. 

The loads are 1, 2 = 9, 10 = 2tons; 2, 8 = 8,9 = Stons; 
3, 4 = 7, 8 = 4 tons ; 4, 6 = 5, 6 = 6, 7 = 6 tons ; 

11, 12 = 12, 18 =18, 14 = 14, 15 = 15, 16 = 16, 17 = 17, 
18 = 3 tons. 

The whole downward load is, therefore, 57 tons, and each 
supporting force is 28^ tons. These outside stresses are 
plotted to a suitable scale along the vertical line i, lo, u, 18, i. Symme- 
The horizontal dotted line at the middle of this vertical line 
is the axis of symmetry of the stress-diagram. The construc- 
tion proceeds in the following order : — 

> > > P" > >/ > '^fr- 

There is no need of completing the other half, as the results 
would only be a repetition of those already obtained. The 
only test of accuracy is that the line g g should be bisected by 
the axis of symmetry. If the diagram were completed each 
pair of points with similar letter names (i.e. poles of similar 
rigljit- and left-hand pens) should be equidistant from the 
same axis and shoiild be vertically one over the other. Each 
pair would thus give a test of accuracy similar to that given 

50. In Fig. 88 we have again a symmetrical structure, 

namely, a railway bridge with roadway along the bottom boom. Symme- 

The first stress-diagram is for a symmetrical load — viz. a Bridge. 

uniformly distributed load over the whole length. As pens ?*?2f" 

1, 2, 11, and 12 have only | the breath of the others, the loads roUing 

load 

12 and 11, 12 are each f , and 2, 3, and 10, 11 are each |, of 
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the loads at the other joints. The depth of the girder is f of 
the span. The loads are 

1.2 = 11,12 = 6 tons; 

2.3 «= 10,11 = 7 tons; 
8, 4 = 4, 5 = 6, 6 = 6, 7 = 7, 8 = 8, 9 = 9, 10 = 8 tons. 

Total load a 82 tons. Each vertical supporting force =s 
41 tons. 

Left-hand cyclic order is chosen, and the load line i, 12 is, 
therefore, plotted near the left edge of the paper. The three 
bars A 1, A 12, and L L have no stress in them. The two 
former bars have stresses developed in them when an end 
wind acts on the bridge ; when the girder expands by rise of 
temperature and thus thrusts horizontally on the abutments ; 
and when the head of a train comes on the bridge, thus com- 
municating to it a horizontal shock. The bar L L serves to 
support part of tbe weight of the long compression member 
.0 (L L) and to lessen its buckling by keeping its middle point 
Bxid^. in line with its end points. None of these three bars are use- 
J5J^ less, therefore, although the stress-diagram shown indicates 
roUing gero stress. L L must be constructed as a strut, but requires 

load 

only a small section. 

The order of the construction is as follows : — 
Mark a coincident with 1. Then draw 

> >c >. >, >/{>, 'p>k >i ^i ^k pi. 

Mark 1 coincident with L Then >k, &c. The lower half 

7 

of the diagram is symmetrical with the upper half; jh BXid,f 

should coincide with the corresponding heavy type letters, and 

kigecdb should be vertically over the corresponding heavy 

letters. These latter coincidences are the tests of accuracy 

in drawing. 

In the stress-diagram No. 2 the pen 12 is supposed to be 

unloaded, the other portions being loaded as before. All. the 
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joint loads remain the same except 11, 12, which becomes 8 
tons, and the supporting forces 1 becoming 41 — ^^ = 
40|| tons, and 12, = 41 - 2|f = 38^^^ tons. The order of 
proceeding in drawing the diagram is the same as aboye. This 
diagram is shown in the plate drawn on top of No. 1 diagram, 
and distinguished by being drawn in dotted lines, thus 

The third diagram, drawn in same place with 

lines, is for the load covering all but the last two pens 11 and 
12. The load 11,12 is now zero, and 10,11 = 4 tons, the 
others remaining unchanged. The total load is now 82 — 9 = 
73 tons, of which 40f| - H = 40 ^2^. tons is balanced by 1, 
and the remaining 32^ tons by 12, 0. 

The fourth diagram shows the results with all but the last 
three pens loaded as before ; the fifth, those with all but the 
last four pens loaded ; and so on, there being 12 stress-dia-' 
grams drawn, the last of which corresponds to the case of 
the first pen only being covered with a load of 6 tons, and Symme- 
the only external forces considered being, therefore, a load of Bridge. 
3 tons in line 1, 2, and the supporting forces, which are, in ?*^^" 
this case, 01 = 3x|| = 2f| tons, and 12, = 8 x ^ = :ft roUing 
ton. The student should carefully trace through all twelve 
diagrams and compare the results, which are very instructive. 
It will be noticed that the maximum stress in any bar of the 
upper or lower chord occurs when the bridge is fully loaded ; 
while the maximum for any diagonal or vertical bracing bar 
occurs when the larger only of the two portions of the bridge 
to one side of the lower end of the bar is covered by the load. 
This is not an invariable law, as will be seen presently, but it 
commonly holds good for the shapes employed in engineering 
structures. As under these various systems of loadings the 
individual links are sometimes in tension and sometimes in 
compression, it is impossible to distinguish between struts and 
ties by thick and thin lines m the frame-diagram. All those 
bars that are at any time in compression have been marked 
by thick lines ; those that are always in tension by thin lines. 
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61. The 'Method of Sections* has aheady been men- 
tioned. One of its uses is to investigate the stresses in part 
of a structure without taking the trouble to draw out a stress- 
diagram for the whole. The dotted-line section P Q in Fig. 
88 may be taken as an example. It crosses the pens 2, G, D, 
and 0, two of which are outside and two inside. The method 
is applicable only to a section crossing not more than 2 inside 
pens — i.e. cutting not more than 3 inside links. The locor 
sum of all the outside forces (in this case 01+124|t=024{t=B) 
is first found either by a one-pen Unkage, or, as in the present 
very simple example, by numerical calculation. From the 
joint between B and the link 2 G is drawn a line to the joint 
between G D and D 0. The portion of the frame to the left 
band of the section line is in balance under the four forces B,' 
2 G, G D, and D 0. The locor sum of the first two must pass 
through their joint ; the locor sum of the last two must pass 
Httkod of through their joint ; these two locor sums must be equal and 
opposite along the same line — that is, K + 2G^GD + D0; 
and therefore each of them lies along the line last drawn. 
Parallel to this line, therefore, is drawn the line c o in Fig. 84, 
where o 2 -^ R and 2 c || 2 G. 

This gives 2 c =|= stress in link 2 G, and c o =|= vector sum 
of stresses in G D and D 0. This latter is now resolved 
into its two components by drawing c<l \\ C D and Oii || OD — 

that is, by the operation J>rf. We have thus obtained the 

stresses in the three links cut by the section plane P Q. The 
construction of Fig. 84 may be made in either of two forms 
as shown — one corresponding to the left-hand cyclic order, in 
which the locors &re cut in making left-handedly the circuit of 
the portion of the frame on the one side of the section, and the 
other being similarly right-handed. The former is coincident 
in every respect with the diagram 02cdo of the first stress- 
diagram of Fig. 83, except that it is drawn to a larger scale. 
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52. For symmetrical loading the utility of this * method 
of sections * is not great, because in this case one does not 
need to draw a one-pen linkage in order to determine the 
supporting forces ; and, therefore, it must be drawn specially 

for the sake of finding the position of the locor B in solving Symme- 
the * section.' But one can draw the complete stress-diagram nnaym-^ 
up to the section -line practically as quickly as the one-pen ?5j^!!jJ 
linkage can be drawn. But for unsymmetrical loading the 
supporting forces cannot be found without drawing the one- 
pen linkage, and a portion of this already drawn can be used 
to fix the position of B. Its use in starting the diagrams of 
peculiarly formed structures has already been mentioned. 

53. Suppose the two boundary links cut by the section- 
line be parallel to each other and* B parallel to both. The 
joint of B with either of these links is at infinity, and the 
above construction fails. But in this case evidently the trans- 
verse bracing bar has no stress in it, because the resultant 
external force has ho transverse component to be balanced by ParaUel 
the thrust or pull of this bar across the plane of section. The j^^tion 
stresses in the two boundary links will, therefore, be found by 
dividing B between them in proportion to their distance from 

B. This, of course, is easily done in the ordinary graphic 
mode. This case arises in taking sections of vertical and 
non-tapered piers with vertical loading. 

54. This * method of sections ' is not applicable to a section 
cutting three links which meet at one joint. As an example 
take Fig. 85. This is not put forward as an economical form 
of roof truss ; it is inserted here simply as illustrating several 

of the special features that have been spoken of. It contains Boof 
no joint where only two links meet, and yet it is nori-redun- ^ImSm 
dant and stiff. A section through the pens 2 B A is not ?^^ 
amenable to treatment by the above * method of sections,' tiw 
because the three bars 2 B, B A, and A all meet in one joint. 
The stress-diagram can, however, be commenced by help of 
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asection throagh the pens 4£ FO,or of one through 6 OFO. 
The former is used in the foUowing construction. 

The load data are the following. The loads 1 2, 2 8, and 8 4 
are vertical, the first 6 tons and 2 3 = 8 4 = 74- tons. The 
load 46 = 9 tons and is inclined at 80^ to the vertical. The 
load 5 6 =: 6 7 = 10 tons, each being inclined at 20^ to the 
vertical, while 78 = 7 tons and is at 15^ to the vertical. The 
horizontal component of the supporting force 8 is known to 
be 4^ of the horizontal component of 01, both components 
having the same direction (vi2. of course, from left towards 
right hand). 

With these data proceed as foUows. Plot out the outside 
stresses 1 2,28 .... 78 in consecutive right-hand cyclio 
order. Join 8 1 of stress-*diagram, and parallel to it draw two 
lines from the supporting points P and P|. Proceed first on ihe 
supposition that the supporting forces are parallel, and, there- 
BoofmuB- fore, both parallel to 8 1. Choose an; pole p, and draw in a 
•p^dif corresponding one-pen polygon, drawing first the links through 
difflcul- tiie spaces 1234567 8, and carrying the first and last of 
these up to intersect with the lines drawn through P and Pj 
parallel to s i. Join these two intersections. This gives the 
' closing line ' of the pen, and parallel to it draw from p a line 
intersecting s i in o'. The actual supporting forces are 8 o' 
and o' 1 compounded with a pair of equal and opposite forces 
along the line P P,. Therefore, from o' is drawn a line parallel 
to PP|, and is known to lie on this line. The horizontal 
projection of i 8 is divided in the proportion of 3 to 1, and o 
is found vertically over the point -J of this horizontal projec- 
tion from 8. The supporting forces 8 o and o i are now 
known, and lines parallel to them through P and Pi are to be 
drawn. That through P meets the link of the one-pen linkage 
through space 1 in a point from which must now be drawn a 
line Wj) 0. The joint of this line with that tluough pen 4 is to 
be found. It is called R in the diagram. Through this is 
drawn a line Q E || o i, and the joint Q of this with link F is 
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foiind. This joint Q is joined with joint (FE4 6G), and 
parallel to this line is drawn 4/ in the stress-diagram, / being 
the joint of this and of\\ P. The correct position of/ being 
thus found, the diagram proceeds in the following order : — 

{> {> > > > 

The line between h and a must now be found parallel to B A, 
and, therefore, coincident with day il the drawing has been 

accurate. Continuing 0>flf ^Z \>h *]>* *^A:. A second 

test of accuracy is now found in that the line joining the points 
I and k so found should be parallel to L E. 

It may be noticed that since 2 B and S C are in the same 
line, we might have commenced by finding h c. Thus draw 
through points 2 and 3 lines 2 h and 3 c parallel to 2 B and 
8 C ; any hne such as 5 c drawn between these two and parallel 
to B C gives the stress on B C. Having found this, c d can be Boof moi 
found by drawing 5 f{ || B A and c d || C D, because B A and I^jSmf 
A D are in the same line. In a similar manner e d may next ^•'^• 
be found. But this beginning will carry us no further than 
this, because we now find at each of the joints (A D E F) and 
(0 1 2 B A) that three unknown forces remain to be found. 
A similar remark might be made regarding the other side of 
the roof. 

It should also be observed that, in spite of the dissymmetry 
of the load distribution, the stresses in A and L are equal, 
as are also those in AF and FL. This results from the 
symmetry of the structure and from the fact that, while the 
joints (0 A F) and (0 F L) are 8-link only and are directly 
joined by a link F, no external forces act at these. They 
would still have been equal in pairs if equal and symmetrically 
disposed loads acted upon these joints; for instance, equal 
portions of the weights of the bars themselves form actually 
occurring loads which still leave the above equalities un- 
disturbed* 
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ir tlic linlis OA, OF, and OL were iii line (along PP,). 
tlien A F and F L would be iiscleas, there being no stress in 
fhem. Their only utility would be in susj^nding the long 
tie-bur {P P,) and preventing it drooping by its own 
weight. 

65. The other method previously referred to as an alter- 
native to the method of sections iu starting a dia-gram, when 
there exist no 2-liuk joints, is the ' Method of Two Trials and 
Two Errors.' In the present example one would assume a 
Tnhie of o((, and from it find the Btresscs in the neighbouring 
bara — ^namely, the following stresst-s ; ih, ab, s c, bc,e d, a d, 
d K, e.f. The jToint e having now been determined, a line from 
it parallel to E 4 should cut the load line at point 4 in the 
tlala B tress -diagram. It does not do so, howover, because of the 
error in the assumption madu regarding o a. The distance of 
the intersection from 4 ia a measure of the error made. Next 
assuniL' a new value of on and repeat the process, obtaining 
a new irriir or deviation from the iwint \. By linear inter- 
XH>lation between these two errors the true points are at once 
obtained. It does not matter in the least whether the two 
guesses are near or far away from the truth. If the two 
errors come out -r- and — , so much the better; and if one 
error be small and the other large a good accurate interpola- 
tion will be obtained. 

This process is illustrat«d in detail in Fig. 66, in which is 
CantUovet represented a bridge structure without any 2-link joints. The 
'"** frame is of the cantilever typo which has become common in 
recent years. 

One way in which this problem might be commenced would 
be to take a section through the joint at the top of pen A and 
througli the bar OA. The moment of the force in OA 
round the above joint must balance the moment round the 

same joint of the resultant of the outside forces 01 8 9. 

The locor sum of these would be found, and its intersection 
with A joined with the joint ABU. This joining line gives 
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the direction of the third side of a stress-triangle of which one 
side is the stress in A. 

A second mode of commencing would be to take a section 
through pens 9, U, B, 0, or one through 10, U^ B, 0, proceeding 
as previously explained. 

In either of these methods the intersection of the locor-sum 
of external forces with the line of the bar A or B would be 
an ill-conditioned intersection, and although either solution 
would probably be more rapid than the following, neither 
would be so accurate. 

The load data are the following : — 

The downward loads are applied to the joints along the 
horizontal straight line B Q, B M, S L, S I, &c., all which loads 
are vertical, and are transferred to the upper boundary by the 
introduction of imaginary links; and the two supporting Cantilerer 
forces are applied at joints (OIHG) and (18,0 OH), that at TwotSait 
the latter joint being known to be inclined at 80° to the **d«"0" 
vertical, and the direction of the former having to be found 
by help of a one-pen frame. (This latter is shown in the 

figure in lines thus , and its stress-pole is marked 

® .) The loat'ls at the joints 

(Q 12), (P Q B), (L M B), (K L S) = each 18 tons. 

Those at joints 

(F 1 S), (E F T), (C D T), (B C U) = each 20 tons. 

Those at joints 
(ABU), (CBU), (DCU), (EDT), (IFT), (KIS) = each 25 
tons. 

Those at joints 

(MLS), (NMS), (aK,17) «= each 12 tons. 
Total downward load.= 818 tons. 

Using the method of two trials and errors, we may begin 
(after having drawn in the closed polygon of outside forces 
including 18, o, and o i) by choosing for ' trial ' any arbitrary 

p 2 
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Talue 1 (^ for the stress in 1 Q. From this point €[ chosen 
arbitrarily on the line i q drawn from 1 1 1 Q, we proceed to 
find the following other points, in which the accent ' indicates 
that their positions correspond with the supposition that ^ is 
the correct position of q : — 

?'>'•.' ;•>'.' ?>'.' •/>•/ \>v' ;>»' ;(>«' 

1r>i\\>ii \>K \>^ ;,>«' 'i>i' i>f 

{>i( :•>».' <>< ?>< ;»'>< *;,>«.' (>d' 

Having now found the point h\ we notice that it is not on the 
line b drawn from o H B as it ought to be. 

A second trial value of 1 q — ^viz. 1 g^' — is now taken, and 

exactly the same process as above repeated, resulting in a 

second wrong position for b, namely b", which is still out of 

Cantiieyer the line o b but not at the same distance from it as b\ Next 

Twotriaii through V and 6" a straight line is drawn to cut ob||OB. 

and error! r^y^^ mtcrsection b is the true position of 6, and the true 

diagram can now be drawn backwards from b towards q by 

reversing the series of operations indicated above ; thus, 

9\ 8v^ 7n. 6\ W-s. 

b>"* «>"» «>"« «>"' b>'- 

Here we are stopped in this backward course because no 
proximate joint leaves only two stresses undetermined. This 
will not be generally the case, this special example having 
been chosen because it presents an unupual number of pecu- 
liar difficulties. 

Next draw through g' and ^" two parallel lines in any 
direction different from oq, and plot oflf along these from 
q' and q'' to p' and p'^ the distances b'b and 6"fc. These are 
measures of the errors resulting from the two trials. In this 
example the errors are of opposite signs, and are therefore 
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plotted in opposite directions from q[ and ^'. Join /o' and p" y 
and let the joining line meet oqmq. This intersection q is 
the correct position of g, and from it the diagram may be 
proceeded with up to c in the same order as that used for 
the trials. That this forward series of operations gives the 
same position for c as the above-mentioned backward series, 
affords a proof of the accuracy of the drawing. Evidently the 
backward operations were not really necessary, because, having 
found q correctly, the forward series could be continued as in 
the trials up to h. The proof of accuracy of drawing would 
then consist in finding the h given to lie on o 6 J B and also 
in the line V 6". 

The rest of the diagram may now be drawn as follows : — 

j>« :>' '>'■. ■;>'■. ";5>». °i>'. 5>«- 

At this point the same difficulty reappears; there is no cantilever 
proximate joint at which only two as yet undetermined SjJ^C-gi- 
stresses act. Since q is not yet known, we have once more and errors 
to fall back on the method of trial and error. 

Draw from n, a line || TT^ T^ and select at random any point 
ta' upon it. Then proceed as follows : — 

V>,,. «,>.- «>.- "^j- ^>v i1>k' •',>, 

This s/ is found not to be on the line i4 z drawn from 14 1| 14 S, 
as it ought to be. Another point \^' is now selected on u, t,, 
and the process repeated whereby a point t^' is found, still not 
on the proper line u 8 but not at the same distance from it as 
Sj'. Then s/ s/' are joined and the line produced to meet 14 8> 
the intersection s^ being the true position of s^. The two 
errors s/ s, and s/' §„ are now plotted from t,,' and t/' along 
parallel lines in any direction to the points ?/ and tt". The 
line joining it' and t/' cuts Hj t in tj, the correct position of t,. 
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This point having been obtained, the drawing of the true 
diagram proceeds as in the trials up to the point s^. It is 
then drawn as follows : — 



s 

15 



2Nb 'iNr ^^^T ""'^a *>D ^n 



>1 .>iii. 



»r r. 



Finally the points m and n are joined, and the final test 
of accuracy of drawing is that this line in n should be parallel 
toMN. 

It is to be noticed that the diagram shows a stress r, s^ 
different from the outside force 8 4, which is really applied at 
joint (L M R S). Now of this stress r^ «i a part = 84 belongs 
to the imaginary link supposed to lie along this line. The 
stress on the actual link R S is, therefore, the algebraic differ- 
ence between r^ s^ and 8 4, the stress in the imaginary link 
being, of course, a compression. Since r^ s^ indicates a resul- 
Cantilever tant tenswn, the real tension on the actual link is the arith- 
victic sum (r^a, + 34), taking both these lengths positively. 
This is a most important rule to attend to in using imaginary 
links ; if it be not very carefully adhered to, in the case of 
imaginary and actual links lying along the same line, the 
stress-diagram will be altogether wrongly interpreted as re- 
gards these actual links. The same remark appUes in the 
present example to the links S T, T S, and S R. The stresses 
on these four actual links are 

on R S + 65 + 13 = + 78 tons tension ; 
ST - 355 + 20 = - 335 „ compression ; 
T S — 343 + 25 = — 318 „ compression ; 



>> 
>> 



S R + 61 + 12 = -f 73 „ tension. 



Here the imaginary stresses 13, 20, 25, and 12 are added 
(i.e. given a + sign), because they are compressions (or 
negative stresses) to be subtracted. 
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CHAPTER XI. 

PLAT STATIC STRUCTURES CONTAINING BEAM-LINKS. 

1. When the structure contains beam-links — that is, links 
exposed to and capable of resisting bending moments — it is 
necessary to determine these bending moments for all the 
sections, as well as the shear force and the direct pull or 
thrust along the axis of the beam. The total or resultant 
force across any section is always capable of being looked on Beam 
as a single force through the centre of figure of the section 
combined with a force-couple. The latter furnishes the bend- 
ing moment on the section. The former is usually resolved 
into two components : one, viz. the shear force, parallel to the 
section plane, and the other normal to it and producing either 
compression or tension. 

2. There are various methods by which these beam 
stresses may be dealt with graphically. One is to suppose 
substituted for the beam a stiff non-redundant triangulated 
frame. When properly interpreted the stress-diagram for 
this substituted frame gives all the required forces acting on 

the actual beam. This method, although legitimate and Various 
elegant, is seldom necessarily followed. A somewhat similar 
device was employed in his paper on * Frictional Efficiency of 
Mechanisms,' read by Professor Fleeming Jenkin before the 
Royal Society of Edinburgh in April 1877 and February 1878. 
Another mode of solution is the successive use of the * method 
of sections ' at various parts of the frame ; or else of the 
method of ' two trials and two errors.' 

8. In some simple cases, however, it is not necessary to 



216 ORAFHIGS OHAV. 



<* ^l^»m 



resort either to this substitution or to the latter method. The 
diagram on account of its simplicity becomes easily intelligible 
without the artificial aid of the supposititious triangnlation. 
Fig. 87 illustrates the method to be adopted for such simple 
linkages. The beam is indicated by a double line — viz. a fine 
line indicating the position of its axis, underneath which is 
drawn a thick hue. 

The loads are given in direction and magnitude. The 
supporting force 8, 9 is given in direction ; it is vertical. By 
the construction of a single-pen linkage the direction of 14» 1 
and the magnitudes of 14, 1 and 8, 9 are found. Beginning 
at the joint 4 6 C, the stress-diagram is then constructed as 
follows : — 

> > > > ^' 

This BuppUes the poles of all the inside pens. The points 
abde are then joined with 14, is, lo, 9 ; and c with both 12 

Simple ^^^ ^ ^ ' ^^^^ dotted lines from abcde are drawn parallel 
«*■•• to the beam axis, and their intersections with the load line 9, 
14 are marked a' b' c' d' e\ 

The stresses on the non-beam links require no comment. 
The force actions of the various parts of the beam, exclusive 
of couples or pure bending moments, on the pins of the differ- 
ent joints are as follows : That of part 

A, 14 on pin 14, 1,2 A is a Hand on pin 14 A B 18 is i4a 



B 


13 






14AB13,, 


b 13 


i> 


II 


II 


18BC12 „ 


inb 


C 


12 






13BC12 „ 


C12 


II 


II 


II 


12,C, 11, „ 


12 c 


C 


11 






12 Oil „ 


CU 


II 


II 


II 


11 CD 10 „ 


11 c 


D 


10 






IICDIO,, 


dio 


11 


II 


II 


10DE9 „ 


10 d 


E 


9 






10DE9 „ 


e9 


II 


11 


II 


9E78 „ 


9e. 



Each of these except the first and last is combined with a 
bending moment. Each of them is conveniently resolved by 
the dotted lines into a shear force normal to the beam-axis 
(which direction here coincides with that of the lower external 
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loads) and an axial force producing direct tension or com- 
pression. 

For instance, the force 13 b with which the part 18 B acts 
on the joint (18 B C 12) is resolved into the upward shear 13 b' 
and the axial pull V b. The force of part 10 D on joint (10 D 
E 9) is resolved into the downward shear lo d' and the pull 
d' d. With the particular data of this example the beam is 
in tension throughout its whole length, but in general it may 
be in tension at one part and compression at another. At 
the joint of the force-line 11, 12 with the beam — viz. joint 
(11, 12, C)— the shear force of the left-hand portion is 12 c', 
and that of the right-hand portion is c' 11, the shear in both 
these portions being of the same sign — viz. such as to give a 
right-handed twist to the material of the beam viewed as in 
the figure. The sign of the shear changes at joint (11 C D 10), 
the actions 11 c' and df 10 on the two sides of this joint being 
both upwards. 

A B and B G are tie-bars ; G D and D E are struts, as also simple 
2 A and E 7. The forces acting on the beam are those 
exerted by these bars and the external loads applied at the 
beam-joints. The components of these forces parallel to the 
beam-axis have no bending moments on the sections. To 
make this statement generally true, it must be carefully noted 
that the joints where the forces are resolved into their com- 
ponents must be taken as the geometrical joints between the 
force-lines and the beam-axis. The actual joint-pin centres — 
that is, the actual points of application of the forces to the beam 
— may lie out of the beam-axis, in which case the draughts- 
man must be careful to avoid using these actual joints instead 
of the geometrical joints of the axial lines. At the right-hand 
end of the beam the forces e 7, 7 8, and 8 9 have the resultant 
c9, whose vertical component is e'a. At the left-hand end 
the forces are u, i -{• 12 -{• 2a^ua, whose vertical com- 
ponent is 14 a'. The vertical component of ab, the force 
exerted by link A B on the beam, is a' 6' ; and so on. The 



normal, ca- bendinR-iuointnt-produtuiig, forces acting on the « 
besm are, thertforc. 




We find these arranged in consecutiTe order in the stress- ■ 
diagram — that is, forming a continuous and closed chain. 
The pole ji is chosen, making tlie pok^-distance p {e' s) a con- 
venient multipher. In this case ttvcnty tons is used. Then 
parallel to the i^ncil (p) t's, lo, n 12, 13, ii,a'h'c'd' is drawn 1 
the one-pon linkage (P) E'9,10, 1j ,12, 18,14 A'B'C'D'. It | 
is to he observed that the spaces A' B' C D' E' do not coin- 
cide with ABCDE, the dividing lines A'B'. B'C, &c., 
being vertical — i.c. normal to the beam-axis. If the work 
has been accurate this will he a closed linkage. Its vertical 
depth directly under any section multiphcd by the pole- 
distance p {<■' a) gives the bonding moment on that section. 
Since the frame has been drawn to the scale }," = 1 ft., there- 
fore, one inch depth on moment-diagram = 6 ft. x 20 tons 
= 100 foot-tons. 

We have thus obtained a diagram giving the streBses on 
all the two-joint links, and also the direct throat or pull, 
the shear force, and the bending moment on every section of 
the beam. 

In Fig. 68, a structure of similar design, but with the 
toads on the lower joints oblique to the beam axis, is 
shown. The points ahcde ate found as in last case. Then 
trom u is drawn a line m a' perpendicular to the beam 
axis, and upon it are projected at right angles to it tiie 
points a b c d e 9, 10, 11, 12, i3. The projections are marked 
a' b' c' d' e' »' 10' 11' 12' 13'. Then 14 a', n' b', 12' c*, ll' e', 
10' d', 9' e" are the shears on the transverse sections of the 
portions 14 A, 13 B, 12 C, 11 C, 10 D, 9 E of the beam. The 
shear changes sign at joint (13BG12). The axial thrast 
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along 14 A is a a; and that along 13 B is {bV — 13, is'). 

The rest of the beam is in tension, the tensive stresses being 

(12, 12' + c' c) on 12 C ; (u, u' + c' c) on 11 C ; (lo, lo' + d' d) 

on 10 D ; and (9 9' + e e) on 9 E. 

The set of transverse forces producing pure bending are : Simple 

OMei 

14 a\ a' b\ V c', c' d\ d' e\ e' 9', 9' lo', lo' ii', u' 12', 12' 13', 13' u'. 

These being arranged consecutively along the line 14 a\ a 
pole |7 at a suitable pole-distance is chosen, and from it the 
moment diagram or one-pen linkage (P) 14' A' B' C D' E' 9' 
10', &c., is drawn through the spaces divided by the dotted 
lines drawn from the beam-joints normal to its axis. 

4. In these cases the easiness of the problem arises from 
the fact that there exists in the frame a joint at which only 
two links meet, these two links being each a two-joint link — i.e. 
not a beam. The diagram can be at once begun at this joint. 

In Fig. 89 at the right and left hand extremities there are 
joints where only two links meet, but in each case one of the 
two links is a beam. The reaction of the beam on the pin is 
not in the direction of the beam axis ; it is in an unknown 
direction, and, therefore, the diagram cannot be commenced 
at either of these points. 

A section is taken through, pens 4B1. The resultant 
locor R#12 + 23 + 84is found and its jomt with B 1 de- 
termined. This joint is joined with joint (B 4 5 C), and Boof with 
parallel to the joining line is drawn 4 6 in the stress-diagram 
to meet 1 b || 1 B at the point &• 64 gives in direction and 
magnitude the force exerted by the beam on the joint-pin 
B 4 5 C ; also h 1 gives the true stress on B 1. The diagram 
now proceeds as follows : — 

\> a ; join a 3 ; take section through spaces 1 E and joint 

(E D 67 F) ; find resultant locor R' # (12 + 284 34-f 45 + 56) 
and its joint with E 1 ; join this joint with joint (E D 6 7 F), 
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and parallel to the joining line draw 6 e in Btress-diagram to 

meet i e drawn [IE; this gives e ; then j^c; 2>d\ join c 5 

and d 6 ; take section through spaces 9 H 1 ; find R" 4fr 
(9, 10 + 10, 11 + 11, 1) and its joint with HI; join this 
joint with (H G 8 9) and parallel to the joining line draw 9 h 

in stress-diagram to meet i/}||lH; thenl>j; i>5'; ^/j 

joints and/7. 

The beam (3, 4) (A, B) is kept in balance by the following 
forces : — 

12, 23, 34, 45, 5C, C&, &a, a 1. 

These resolved transversely across the beam are : — - 

\'2\ 2' 3', 3' 4', 4' 6', b'c, cb, ba, ai\ 

where it must be noted that the struts A B, B C, C D are all 
loof with normal to the beam-axis. The shears upon the two parts 

ourbeamg 

8 A and 4B of the beam are 3' a and i'b, these being of 
opposite signs. The axial stresses are 3 3' on 3 A and 4 4' on 
4B, both being thrusts. The bending moment-diagram is 
drawn for the above set of balancing transverse forces — namely, 
as\ 3^4', i'l), and ha, the three forces ai\ \' i\ 2^3' being equal 
to the single force a 3', and similarly for the other end. The 
pole-distance j)^ (3' 6) is chosen so as to give a convenient scale 
for the moment-diagram. The force-diagram having been 
drawn to the scale \ inch = 1 ton, the pole-distance has been 
taken 2 tons. The moment-diagram consists of four lines 
only, and is called P, in the truss-diagram. 

The beam (5, 6) (C, D) is treated in the same way. The 
shears are s'c and ^' d in the two portions of the length, and 
the axial forces, both thrusts, are 66' and 6 6'. The moment- 
diagram is drawn with the pole "p^ with same pole-distance 
2 tons from the pencil (^jg) c66c/, and is marked P^ in the 
diagram. 

The beams (7 8) (F G) and (9, 10) (H J) are treated simi- 
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larly, poles p^ and p^ being chosen for them with the same 
pole-distance — namely, 2 tons— as for the two beams at the 
left-hand side of the the truss. 

Here the substitution of triangulated frames for the beams 
has been avoided by making free use of the ' method of 
sections/ no less than three different sections having been 
requisite for the completion of the diagram. 

5. In Fig* 90 is shown a simple illustration of common 
occurrence of a beam structure which can be dealt with by the 
method of sections. It is a pier composed of two upright 
columns capable of resisting bending and braced together by 
three two-joint links. The upper joints are exposed to vertical 
loads, and horizontal wind forces act on the two joints of one 
column. The structure is supported at Pi and Pj, where it is 
pin-jointed to the foundation. The force exerted by the 
foundation at 'P^ is known to be vertical ; that at P, (or 6 1) is 
found by the construction of a single-pen linkage, the pole p 
being used. Then the line 6 1 in the frame is produced to Braced 
meet IB, and its joint with this line is joined with joint 
(6 B A 5) . Parallel to this last line is drawn 6 6 in the stress- 
diagram to meet in b the line i b drawn parallel to 1 B. This 
gives the true position of b as is recognised by considering a 
section through spaces 1 and B and through joint (6 B A5). 

Then proceed with v>a. In the diagram it is an accident that 

the point a falls on the line 6 2. Next join a 3 and project a 
vertically to a' on line 2 4, and project 6 to e' on i b. The 
axial and shear stresses on the beams are now : 



Pier 





Axial 


Transverse or 
shear 


Lower part of left-hand column . . 
Upper part of left-hand column . . 
Lower part of right-hand column . . 
Upper part of right-hand column . . 


12 tension 
a a' compression 
6 6' compression 
6 6' compression 




8a' = 

16' 

6 6' 
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The transverse forces on the left-hand column are 2 8, and 
the horizontal component of ai, applied at joint (AB 1 2 8), 
and (3 4 + ha), appUed at joint (8 4 5 A). Since these com- 
bine into zero forces applied at these points^ the moment- 
diagram reduces to zero, which means that the stress along 
this colmnn is wholly axial. 

The transverse bending forces on the right-hand column 
are b 6' applied at the top joint, and which is the horizontal 
BfftMd component of the resultant (b a + a 5 + 5 6) ; e' i applied at 
the bottom joint, and i b applied at the middle joint. The 
pole distance p, (i b) is chosen equal to 10 tons, and from the 
pencil ipi) b 6' 1 is drawn the moment-diagram P. The scale 
of this diagram is ^ inch = 1 foot-ton. 

The left-hand column is a pure strut, not exposed to trans- 
verse bending forces. This is the result of our having taken as 
one of the data that the force at P| is vertical — that is, in the 
direction of the axis of the column. If it had been in any 
other direction there would have been a moment-diagram for 
this column as well as one for the other. 

6. In the example taken in Fig. 89 it was possible to start 
by taking a section. The section was through one tension-bar 
and a beam ; but the part of the beam cut by it was an end 
l)art — i.e. no joint intervened in the beam between the section 
and the end of the beam. Thus a point was known — namely, 
the end joint of the beam — through which the resultant force- 
Boof with action of this j)art of the beam was known to act. It was 
btaxBi. only for this reason that the section was directly soluble, and 
iWai and -^^ fg^^j. jj. migi^t bc simpler to consider the section as taken 

through the end beam-joint and the tension-bar. A section 
through a two-joint link and a beam joint which is not an end 
joint (and at which, therefore, the bending moment is not 
necessarily zero) is not directly soluble. In the following ex- 
ample (Fig. 91) many such sections could be taken, but they 
are uselcfes as aids in commencing the diagram. There is also 
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no section possible through a beam end-joint and a simple 
non-beam link. 

The substitution of a triangulated truss for the main lower 
beam would furnish no direct means of commencing the dia- 
gram. If such triangulated trusses were substituted for all 
the three beams, then the diagram could be wholly deduced 
by the method of trial and error already explained. This 
method of trial and error is the only available one for solving 
this problem, but we will here carry it out without the aid of 
substituted triangulated frames. 

At first sight it might be supposed that this was a pe- 
cuUarly easy case to deal with because there are no less than 
three joints— namely (L 4 5), (16 V 15), and (Q 9, 10), at each 
of which only two links meet; and there are other two — 
namely, (4 D B 8) and (17 J H 16), where two links are in line 
and where, therefore, the stress in the third can be found at 
once. But a little examination shows that the beginnings Boof with 
that can be made at these points do not lead far towards the ^t!|« 
building up of the diagram. '^^^^ "** 

Not counting beam-joints intermediate between the ends, 
the whole number of joints in the structure is 22. There 
should, therefore, be 44 — 3 = 41 links ; and this is the actual 
number, namely, 3 beams and 88 two-joint links. 

All the loads on the right-hand side are vertical ; those on 
tlic left-hand and the top joint are inclined 15° from the ver- 
tical, except 12 and 45, which are at 45°. The loads 11, 12 ; 
12, 13; 13, 14; and 15, 16 are each 3 tons; 56, 67, 78, 
8 9, and 9, 10 are each 5 tons ; 16, 17 and 17, 18 are each 
6 tons ; 1 2 and 2 3 and 3 4 are each 10 tons ; 18, 19 is 4 tons, 
and 4 5 is 7 tons. The load V V is 2 tons and Q Q' is 4 tons ; 
these are appUed at internal joints, but are transferred to the 
boundary by introducing the imaginary links V V and Q Q' 
and imaginary joints at the upper ends of these links. The 
vertical direction is given for the supporting force 19, 20 as 
one of the data. 
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After plotting consecutively the above loads, the single- 
pen P is drawn with help of the pole p^ chosen in any con- 
venient position, and the pencil of rays drawn from p to the 
comers of the load-line. The resultant B,.,, of these loads 
being found by help of this pen, the given line of 19, 20 is 
produced to intersect this resultant, and the line from this 
intersection to the left-hand end joint of the lower beam it 
that of the supporting force at this end. In this way the 
magnitudes of 19, 20 and 20, 1 are obtained in the stress^ 
diagram. 

We now begin by solving the joint Q 9, 10. As the stress 

on the imaginary link equals the imaginary external force 

applied at this joint, the balancing diagram can be drawn 

omitting these in the first place, thus giving the stresses on 

Boof with the bars Q9 and 11 Q\ These being obtained, the known 

i ^wf imaginary forces at this joint are next introduced in their 

WW and proper cyclical order, and the diagram for the joint is thus 

completed. The diagram now proceeds thus : — 

'^>o '?>« t>i i>m "'>n ;>r' '?>« 

8 q ^ 7 lo V 

V u 

So far no trial and error has been used. But we can 
proceed no further in this direct manner, and the beams 
F (L N 0) and F (S T V) are still unsolved. 

The former of these beams along with the portion of the 
roof lying above it is acted on by a set of forces — 

45 + 66 + 67 + 78480 + 10+ 10 11 + 11 12 + 12«, 

all of which are known. Their resultant is found in the usual 
way, its magnitude and direction being given in the stress- 
diagram by 4 s, and its line in the fraine'dmgram behig olv 
tained by help of the link polygon and being marked R^^. 
This set of forces is to be balanced by a force S F exerted by 
the right-hand beam at its ui>per jomt and by two forces F D 
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and D 4, which may meantime be considered as compounded 
into a single force F 4 acting through the lower joint of the 
left-hand beam. The lines of these two forces S F and F 4 
must intersect in some point of the line R^,. 

Guess this point to be )3j, and parallel to the two lines from 
)8, to the two ends of the beam draw in the stress-diagram the 
two lines 4/j and«/i from the two already known points 4 and 
s. Mark their intersection /^ This is a position of / result- 
ing from guess fi^ on line R^,. 

Next find also by the link-polygon method the resultants 

R4.i6#45-t.5 6-|-67 + 7 8-|-8 9-f-910 + 1011 + 1112 + 12 13 

-M3 14 + 14 15 -M5 16, 
and 

Ro.i6#0 8 + 8 9-{-910 + 1011 + 1112-M218-|-1314-; 1415 

-h 15 16. 

The former R^, j^ is the sum of the known forces acting on the Boof with 

til Tim 

part resting on the two beams, and has to be balanced by beamt. 

16 F # 16H + H F through joint (16 H F) 22^ "* 

and 

F4#FD + D4 through joint (F D 4), 

this last being the same force as already mentioned and guessed 
to be in the direction from (F D 4) to ySj. The other resultant 
Ry, ig is the sum of the known forces acting on the part resting 
on the right-hand beam, and has to be balanced by 16 F, the 
same force as has just been cited, along with F 0, the force 
exerted by the left-hand beam at its upper joint. 

Produce the line (F D 4) /3, to meet R^, jg in ap and let the 
line a J (16 H F) meet R^.ig in 7^ If the guess fi^ were correct, 
then 7i would bo the point in R^, jg where the two forces 16 P 
and F would meet. Parallel to the two lines from 7j to the 
two ends of the beam F (S T V) draw in the stress-diagram from 
the known points and 16 the two lines o//and le// intersect- 
ing in//. This is another determination of the point / resulting 
from the guess yS^ ; and the discrepancy between this position 

Q 
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and tiitt first fouml/, U a measure of tlie error involved in t 
gOOBS. 

Mdxt giic88 a second point ^, on line R^,, and repeating ex- 
actiyttieBftnioprocoBs, findpointaa,yj/,and//. Tbe latter two 
are the two discrepant positions of/ reaultiiig from the snppo- 
Bition that ^.j is the correct jioint, and the distance /,/,' is a 
meaanro of the error luvolved in that supposition. From the ' 
properties of the ' parallel displacement of the links of the s 
pen 'or the 'proportional displacement of the joints of the single \ 
pen,' explained in Section 12 of Chapter VIII., it follows directly ] 
that all possible positions of/ found from the lli'st step in this I 
process must lie on the line /,/,, while the locus of those 1 
found from the second step is///,'. The intersection of tliaso i 
two liioa is, therefore, the true position of/. The position J 
thus found should l>e checked before proceeding with the 1 
diagram iiy drawing from the three joints at the ends of the \ 
beama four linos parallel to /4, /«, /», /is. The first pair ] 
Btof witk should mmt in lij, ; the latter in R„ „. ; and the lirst and the ' 
bMiDi. lost of the four should meet in V^^,l^. In tbe example ahown 
^^J"** these intersections came right without visible error. 

Having thus found/, the diagram proceeds aa follows : 

{>" ,',>' >" >' />' i>" >.i ;.>" 

All the required points are now found, and all the forces 
acting at the various joints of the three beams are known. 
These forces are next resolved as in the last examples into axial 
and transverse components, and from the latter are drawn in 
moment -diagrams. The stress-poles chosen for these moment- 
diagrams are marked p, 2>2 (■'"d Py The pole-distance taken for 
the long lower beam is four times as great as that taken for the 
two short upper beams, so that its moment-diagram appears 
to a scale only one-quarter as large as that of the short beam 
diagrams. The accurate closing of these three moment-dia- 
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grams furnishes additional tests of the correctness of the 
drawing. 

7. In Fig. 92 is shown a stiflf non-redundant structure 
with two beam Unks. This might be dealt with by means of 
a section taken through the two-joint link 1 A and the joint 
(2 1 A) — namely, the joint between the upright beam and the 
nearly horizontal beam. The section must not pass through 
the upright beam, but only through the spaces 1 A 2. The 
joint is a flexible one, so that the force exerted by the upright 
beam on the other passes through a known point — namely, this 
joint. The resultant of the forces A 1 and 1 2 must, there- 
fore, pass through this joint. The lines Al and 12 being 
produced to meet, their joint would be joined to joint (2 1 A), 
and parallel to the joining line would be drawn 2 a in the 
stress-diagram from the point 2 to meet in a the line i a drawn 
from 1 parallel to 1 A. 

The problem is, however, solved here by the aid of a tri- Crant 
angular truss substituted for the upright beam as an example two 
of this latter method. J^- 

The data include, besides the dimensions of the sttucttire, t«^d 
the magnitude and direction of the loading force 1 2 applied laud 
at the extremity of the jib beam ; the position and direction '^* 
of the supporting force 2 3 ; and the point of application of 
the supporting force 3 1. These three being* the onl}' external 
forces, their lines must meet in one point. Producing 1 2 and 
2 3 to meet, their joint is joined to joint (313). This line 
gives the direction of 3 1, and this being known the triangle 

in the stress-diagram is completed ^3. 

Any point to the left of the Upright beam in space 1 is 
taken as the position of an imaginary pin, and this joined to 
the four joints of the l)eam by the imaginary links 1 G, G F, 
F E, and El. In the diagram these links and their stresses 
are indicated by dotted. lines in -order to distinguish them 
clearly from the real links and actually oe'euri'ing sttesses. • It 

Q 3 
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mast be distinctly understood that they are only constraction 
lines ; they are not used in the final reading off of the stresses 
throaghoat the stractore, and in practical designing they 
might be drawn in pencil only, and rubbed out after inking 
the other lines. 

The stress-diagram is now bmlt up as follows : — 

> >/ {>9 > > \>c >rf. 



tine 
rithtwo 



ubiti- 

ated 

rianga- 

ftted 

nxM9 



Then 2 is joined with abc and d; 11'' and 2 2" are drawn X 
3 e ; through a is drawn 1' d' X the beam 2 (A B C D), and ii% 
2 2', b b\ c c' and d X are drawn L \' d\ 

All the forces acting on the beam 2 (ABC D) are now 
found, so that it is unnecessary to suppose substituted for 
this beam an imaginary triangulated truss. 

The interpretation of the diagram so far as the beam 
stresses are concerned is the following : — 

Upright Beam. 



In part 



8 1 or 3 E 
2 1 or 2 F 
A 1 or A G 



Axial strpjucs 


Shear stresses 


3 i'' compression 
a'' 1'' compression 
Zero 


Zero 



The axial stress on the top part A 1 of the beam is zero 
because the two-joint link A 1 is placed at right angles to the 
beam : if it were inclined otherwise this axial stress would not 
be zero. 

The shear stress is zero in the middle part of this beam 
because the load 1 2 acts parallelly to this beam, so that the 
components of 2 3 and 3 1 perpendicular to the l)cam must 
balance each other — that is, the horizontal component of 
23 + 31r|p21i8 zero. The shears on top and bottom parts 
are of opposite signs. 
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Inclined Beam. 



In part 


Axial stresses 


Shear stresses 


2A 


s 3' compreseion 
(a a' — 6 60 compression 
{ii' — cc') compression 
(2 2' - d d^ compression 




2B 


2C 


2D 





The shear in this beam changes sign at joint (2 G D), and 
it is here, of course, that the maximum moment occurs. In 
the upright beam the bending moment is constant throughout 
the middle part 2 F where the shear is zero.* Two poles p^ 
and p^ are chosen at a convenient (and each at the same) 
distance from the lines i"a and ad', and from the pencils 
(;),) i^'i a \" and {p^ ah' d d! x'l' a are drawn the two moment- 
diagrams Pj and P.^ for the upright and inclined beams. 

The force a 1 which the vertical beam exerts on the pin at Crane 
its top joint is the resultant (ag + gi). The force 2 1 with beams, 
which the middle part of this beam acts on the pin at top of ??A"j?" 
middle part is the resultant (2/ + /flf + flf 1) ; the stiiBf beam triangu- 
section is here equivalent in its action to the three two-joint trais 
links 2 F, F G, and G 1 of the substituted triangulated truss. 
On the same pin the upper part of the beam acts with a force 
1 fi, the resultant (i g + /7 a). The vertical beam has, there- 
fore, a total force-action on this same pin, and therefore also 
upon the left-hand end of the other beam, equal to the resul- 
tant (2/ + /^ + gi + ig -\- ga) ^ 2a. The reaction of the 
inclined beam on the vertical beam is a 2. 

The positions of the points efg depend altogether upon 
that arbitrarily chosen for the joint (1 G F E) ; but the actual 
stresses in the diagram are not dependent in any degree upon 
the positions of efg. The student shoijld satisfy himself that 
the positions obtained for the points abed do not vary with 

' The bonding moment on a beam always reaches its mazimom at tha 
section where the shear is either aero or ehanges sign. 
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change of position of joint (1 F E) by taking several differ- 
ont points for tliis joint and working out the diagrams for all 
of them. If the drawing be accurate, the different diagrams 
will all lead to the same points abed, and the two moment- 
diagrams will both close. 
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CHAPTER XII. 

SOLID STATIC STRUCTURES. 

1. Structures built in three dimensions offer naturally 
much more diflSculty in the investigation of their stresses than 
do plane structures. Notwithstanding this superior diflSculty, 
it is of the greatest engineering importance to be able to deal 
with them so as to arrive at a more or less exact knowledge 
of the forces through the various sections. The importance 
of this part of the subject becomes evident when it is re- 
membered that as a matter of fact all structures are soUd. A AU strne- 
girder or roof- truss may be treated as a plane structure with goiid 

a certain approximation to truth so long as the forces acting 
on it are parallel to its central plane ; but it must not be for- 
gotten that the girder, viewed in this light, is in unstable 
equilibrium transversely to its plane, and that it would not 
stand up when side winds act upon it except for the wind- 
bracing. This wind-bracing does not he in the above plane, 
and when it is included as part of the girder the structure 
becomes a solid one, 

2. It will be well at the outset to tabulate the fundamental 
distinctions between plane and solid link structures as regards 
stiffness, equilibrium, and solubility of the stress problem for 
an individual joint. 

Stiffness. — It has already been explained that to ensure Fiat and 
stiffness and avoid redundancy, the number of two-joint links frgnies 
in a plane structure must be three less than double the number w>"*P*«* 
of joints ; and that in a solid structure it must be six less 
than thrice the number of joints. 
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Eqnilibrinni. — In a plane frame, when the known loads are 
balanced by a single force, as in a steel-yard, the condition of 
balance determines the magnitude, the direction, and the posi- 
tion of the necessary balancing force. 

In a solid frame, similarly, when the loads are balanced 
by a single force, this is determined in magnitude, direction, 
and position by the condition of balance ; but it is not gene- 
rally possible to produce the balance by a single force. 

When the loads on a plane frame are balanced by two 
forces, the two points of application and the direction of one 
of them are independent of the condition of balance; and, 
these being otherwise fixed, the direction of the second and 
the magnitudes of both are determined by this condition. A 
further limitation is that the two supporting forces must be in 
the plane of the frame and of the loads. 

If the loads on a solid structure be balanced by two forces, 

Flat Mid the supporting forces must lie in one plane with the resultant 

framei of tlie loads, and they are subject to the last set of conditions; 

compare ^^^^ again, it will not in general be possible to obtain balance 

with two forces only. 

If the loads on a solid structure be balanced by three 
forces, then the three points of application, the direction of 
one al)Rolutoly, and the direction in a given determined plane 
of a second supporting force, are independent of the balance- 
condition ; but, those being otherwise fixed, this balance-con- 
dition determines the magnitudes of all the three supix)rting 
forces, the plane of the second, and the direction absolutely of 
the third — that is, as regards the second, the condition of 
balance fixes a plane in which it must lie, but not its direction 
in that plane ; and as regards the third it fixes the direction 
completely. 

In general the supporting forces of a solid structure, what- 
ever their number be, are determined in six elements by the 
condition of vector and locor balance. 

Solubility of Joints. — In a plane frame the stress-diagram 



CHAP. xii. SOLID STATIC LINKAGES 233 

for any particular joint-pin cannot be drawn out until all the 
forces except two acting on it have been found. 

In a solid structure the stress-diagram for any particular 
joint-pin can be drawn as soon as all the forces acting on it 
except three have been found. 

Thus in the plane problems the stress-diagram must be 
commenced at a joint where only two links meet, unless one Plat and 
of the special methods already explained be employed. But ^mnei 
in a solid structure there are no such joints. The stress- w>»P"** 
diagram is begun at a joint where three links meet, of which 
joints there are generally two in a stiff, non-redundant, three- 
dimensional linkage. 

These fundamental laws of solid linkages will have their 
truth made evident in the course of the following illustration, 
showing how the stress-diagram may be obtained. 

3. Fig. 98 shows the simplest possible solid linkage — 
namely, a tetrahedron. It has four joints and six links, thus 
fulfilling the condition of stiffness Z = 3.; — 6, or 6 = 3 x 4 — 6, 
ABC and A' B' C are two projections of the structure on two Tetra- 
planes at right angles to each other, the dimensions of either fr^iS. 
of which projections parallel to line G G may be derived from 
the other by projection perpendicular to G G, The lower 
view ABC will be called the plan, the upper the elevation, and 
the line G G the ground line. G G is taken as the plan of 
the vertical plane of projection of the elevation ; and G G is also 
the elevation of the horizontal plane of projection of the plan. 

It is impossible to carry out completely the system of 
cyclic nomenclature found so convenient in plane diagrams — Lettoring. 
namely, that of lettering the surface-pens lying between the order 
link-lines. The corresponding system would be to give a letter- 
name to each volumey or solid pen, and if this were practicable 
it would give a perfectly complete and consistent nomenclature 
for all parts of the frame and stress-diagrams. In the frame 
of Fig. 93 there is one solid inside closed pen, and there are 
fotir solid outside imclosed pens — namely, one corresponding to 
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each face of the tetrahedron. At each joint, if the four solid 
IK'ns uieetinf^ at it be taken in a certain cyclic order, the link- 
line common to any two successive solid pens may be called by 
the two letters which are the names of these pens ; and in this 
case the two corresi)onding letters in the stress-diagram would 
Tetra- be found at the two ends of the stress-line for this link. But 
frame ^^ ^^^^ drawing is on a flat sheet it is impossible to place the 
letters on the paper in such a way that they unambiguously 
indicate the volumes which they are intended to name. More- 
over, the choice of the correct cyclic order is difficult and con- 
fusing. 

Therefore, the ordinary system of naming the pens of flat 
structures is here applied to one of the projections, and the 
forces arranged in the proper cyclic order for this one view, 
the lettering of which serves as a complete guide throughout 
in building up and in reading the stress-diagram. In Fig. 93 
it is the j>/^iw that is thus lettered. The names ABC are 
given to tlie plans of the three upper faces of the tetrahedron. 
Lettering. Notice that tliese letters indicate not the faces themselves, but 
ofder*^ tho7>^/«.s of the faces. 12 3 4 are the names given to the 
j)l(tnH of the outside spaces bounded by the plans of the frame 
and of the outside load-lines. No name is given to the low^er 
face of the frame. This plan now gives a name to each inside 
and outside link, the left-handed cyclic order being preserved 
in the particular example now under consideration. The two 
letters of this name for each link arc now written along the 
elevation of the same link, the letters, however, being accented 
in order to distinguish readily plan from elevation. This 
accentuation, although it is here employed in this first ex- 
ample for the sake of clear description, will be found {ride 
subsequent examples) to be unnecessary in practice when the 
operator has become familiar with the method of procedure. 

It is to be noticed that, although the outside force 1 2, 
1' 2' acts at an outside joint, still in the plan this joint is 
inside ; and, therefore, the pen B in the plan has to be split 
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in two, Bj and B^, and an imaginary link Bj Bj and joint 
(1 2 Bj B,) introduced. 

The data are the dimensions of the structure ; the point Tctra- 
of application, the direction, and the magnitude of the load f^ama 
1 2, V 2' ; the direction of supporting force 3 4, 3' 4' ; and the 
direction of flie elevation of the supporting force 2' 3'. 

At each soluhle joint in a solid frame there act a numher 
of known forces that can be compounded into one known re- 
sultant, and three unknown forces acting along the lines of Tjrpicai 
three links whose stresses have not yet been determined. 
The top joint of Fig. 93 at which the known force 1 2, 1' 2' 
acts is, therefore, typical of the general problem. 

4. The mode of solution is to resolve the known force into 
two components — one perpendicular to the plane of two of the 
unknown forces, and the other parallel to this plane. The third 
unknown force being imagined similarly resolved into two 
components perpendicular and parallel to the same plane, it is 
clear that its perpendicular component must be equal and 
opposite to the perpendicular component of the known load. General 
Because the resultant of the first two unknown forces must be "** 
in the plane of these two, and therefore this resultant cannot 
help to balance the perpendicular component of the known 
load. 

Thus if from the joint in question along the line of the 
known force a length be plotted off representing to a con- 
venient scale that force-magnitude, and if from the end of 
this line be drawn another line parallel to one of the three 
* unsolved ' links ; and if the intersection of this last line with 
the plane of the other two unsolved links be determined ; then 
the length of this last line down to its intersection with the 
plane mentioned measures the stress along the parallel link. 
The scale, of course, is the same as that to which the known 
force has been plotted. This second force being thus deter- 
mined, the remaining two forces can be found at once by 
closing the polygon by lines parallel to the links. 



6. In Pig. 93 the force 1 2 is plotted to scale from the joint 
to the point//, and from this point is drawn a line parallel to 
thelinkAB to intersect the plancof AC.BC. The plana and 
elerationB of the lines A G, B G are produced to cut the groand 
line G G. The interaoetions with G G of the plana A C, B C 
give the plans of the points where these hnes cut the vertical 
plane ; the elevations of these points are found directly under- 
neath their plans on the elevations A' C', B' C' of the lines ; 
and these elevations being joined, the joining line is the vertical 
trace of the plane of A C, B C - -that is, the line in which this 
plane intenects the vertical plane. Itis marked V^cbu- The 
horizontal trace IIai;,iio is similarly found by taking on the 
lines A G, B G the plans of the iwints where the lines A' C' 
and B' C' cut G G and joining these plan-points. Only one of 
.these latter need bo found, however, because the vertical and 
horizontal traces necessarily intersect in G G ; and thus 
Hao,'bo can be found by joinuig one of them with the inter- 
section, already found, of V,[-,nc i"'' G G. The finding of 
both points, however, involves very little extra wort, and 
supplies a most useful and much-needed check on the accu- 
racy of the work. 

Through /and/' are now drawn lines parallel to AB and 
A' B'. These are plan and elevation of the line through point 
ff parallel to AB, A'B'. The plan/mn is also the plan of 
the line of intersection of a vertical plane through this same 
line and the plajie A C, B C. 

The plan cuts Hao,bc in a point m whose elevation is m', 
which point is a point in the above-mentioned hne of inter- 
section of plane A G, B G and the vertical plane passing through 
the line through / parallel to link AB; it is the point where 
this intersecting line cuts the horizontal plane. This same 
intersecting line meets the vortical plane in a point whose 
plan is n where the line || AB through / meets GG, this point 
having the elevation n' on Vacbc- Thus w! n' is the elevation 
of this intersecting linet while /mn is its horizontal projection. 
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The line || A B, A' B' through // lies in this vertica plane, 
whose plan is/n, and it will therefore meet the plane A C, B C 
in a point in the line in which this latter plane intersects 
the former. Thus n' in! meets the line f q' through f || A' B' 
in the intersection sought for — namely, q\ q' is now projected 
to q on fm. The projections of the stress on bar A B, A' B' 
are q'f and qf. Then from q is drawn a line || A C to meet 
the prolongation of B C ; and from q' is drawn a line || A' C 
to meet B'C produced. These give the projections of the 
stresses on the two bars A C, A' C and B C, B' C. 

But it is better to remove this last part of the construc- 
tion to another part of the paper, where the stress-diagram Typleai 
can be built up in plan and elevation free from confusion and jj^j^t 
without each stress-line being repeated. Thus in the plan 
stress-diagram tj fc, || Bj B^ represents to scale the force 1 2 
in horizontal projection, and to same scale ft/ 6/ represents 
its elevation. When q' is obtained by the preceding con- 
struction, there is plotted 6/ of ^^f q\ Then there is drawn Comtnie- 
fc, a II B A, and the point a is obtained by vertical projection ^jji^ 
from a. The two stress-quadrilaterals are now completed by 
drawing 

^^>c L p in plan and 
? >c' L , p/ in elevation. 

Next in the plan from the joint where 8 4 acts is plotted 
oiBf along A C to 7) a length =^ ac. Through the point |> so 
found, a line || 8 4 is drawn, and through its vertical projec- 
tion j>' on A' B' is drawn a line || 8' 4'. The elevation of the 
intersection of this line with plane A 4 and C 8 is next found. 
This involves the finding of the traces of this plane ; they are 
found as previously explained for the other plane and are 
marked Ha4,o (horizontal trace) and Va4, C3 (vertical trace). 
The intersection is marked / in elevation and r in plan. 
Then / p' and rp are the projections of the outside force 8 4. 
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From r is drawn a line parallel to A 4 to meet C S, and ihes^ 
give the other two strdsses acting on this joint in plan. These 
are inserted in the plan stress-dif^gram in their proper cyclic 
order ; and from them is deduced the vertical projections, the 
lines in the vertical stress-diagram being drawn parallel to the 
elevations of the corresponding links. 

There is next taken the joint at which force 2' S' acts. 
Here the stresses s r, s' c' and e 6,, e' 6/ are already known. 
The plane containing their resultant and the link B, 2 must 
also contain the outside force 2 8» 2' 3\ This outside force 
is, therefore, already partly determined, but the direction in 
this fixed plane is at the free choice of the designer. In this 
problem this element of choice is represented by the direction 
of one projection — namely, the vertical 2' 8' — being included in 
the data. This being so, the stress quadrilateral for the joint 

can be immediately completed in elevation; thus , ,^2', the 

line h^' 2' II (1' 2') B'. This gives 2' in elevation ; its plan is 
next found by projection downwards from 2' to 2 on line drawn 
through 1k^ \\ B^ 2. The point 2 so found is now joined to 3, 
and 2 8 gives the plan of this force in direction and magni- 
tude. 

Next the plan and elevation parallelograms for the ima- 
ginary joint 1 2 13.^ B, are drawn in ; and finally the points 
4,1, and 4', 1' are joined. These latter give the direction 
and magnitude in plan and elevation of the remaining sup- 
porting force. 

0. Tliis completes the drawing of the stress-diagram. The 
stresses are known by their plans and elevations. Their un- 
resolved magnitudes are to be found by compounding the plan 
with the vertical component measured from the elevation. A 
convenient mode of effecting this composition graphically for 
all the stresses in one * composition diagram ' is shown in Pig. 
95 {sec Section 8). 

7. When the stresses in a large and complicated structure 
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have to be investigated, generally the known loads are more 
or less numerous. The frame is supported by at least three 
forces acting at known points, and the first part of the problem 
is to calculate these supporting forces. Of these the condition 
of equilibrium is sufficient to determine six elements, as in 
the last problem, where the three magnitudes, the plan and 
elevation directions of one force, and the plan direction of 
another force are calculated. To find these six elements it is 
necessary to reduce the known loads to as simple a resultant General 
as possible; but, as has been explained in Chapter VIII., ^\^ 
Section 8, they cannot generally be reduced to a single resul- wpp^rt* 
tant force. Their simplest equivalent is a pair of non-inter* 
secting forces at right angles to each other. The mode of 
reducing them to this simplest form is fully given in'Chapter 
VIII., Section 8, Fig. 58 a. 

In Fig. 94, in the three orthogonal rectangular projections 
(tt) (f) and (<r), the three resultants of the projections of the 
known forces lie along the lines p^p^p^* These have been 
found by addmg together the several projections in three Penta- 
vcctor-diagrams so as to obtain the vector sum in each pro- coMtnic- 
jection, choosing for each a suitable pole, and from the three ^®* 
pencils radiatmg from these poles drawing three single pens. 

The three points a y8 7 are known as points in the lines of 
action of the three supporting forces 51, 84 and 45. In eleva- 
tion these three are all given at the same level and the ground 
line E is taken through them. It is taken so because in 
most engineciring problems it is easy to make one of the 
planes of projection (usually the plan) pass through the three 
points of support. 

Tlie plan directions of these three supporting forces are 
also among tlie data. The six elements to be calculated from 
the condition of equilibrium are in this example the tbree 
magnitudes and the three dii'ections in elevation. 

In this case the plans of the magnitudes can be found at 
once. In (tt) produce p^ or 12 to meet 34 in fi, and produce 
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46 and 51 to meet in v. Join /i.v. The r<.'fitilta,iit {p^ + 34) 
and also the resultant (45 + 61) most each lie along the line* 
ft V, and be equal and opposite. In ft convenient position on the 
part of the pai^er where the jAtin strtsa'dufjram is to lie drawn, 
plot d| (j, ^ p^, or simply take it as itlreatly obtaineil in the 
preVioti8 [inrt of the construction and mark it ij, i/,. Then 
draw (1,4' II 34 and d,i'f,irfi, and mtirk the intersection *'. 
Then diaw t' a' || 45 and d^ s' |] 51, marking their joint 6'. Then 
d,V, 4'l', and .j''i| are the three plan magnitudes sought. 

Next takB any point t' in (e) on p^ and project it hori- 
zontally to fi" on /), in {a). Measnre the horisontal distance 
of £" from V and plot it vertioally downwarde in («^) to 8 
from line OE on the vertical projection line through S*. In. 
the elevation streBB-diagram d, and d, are vertically over d, d, 
in («-), and in (t) d^d^ is horizontal, d^^ ia vertical and 
4|=/)„ the verticfd component of p; and (!,«' 41=^,. Thevholesrt 
of known forces has now its equivalent in (ir) as p along line 
12 and at level S', and p, through S. 

Next draw S X || jj^ in (tt) to meet in X the line a. y, and 
project X upwards to \' on p^ in (£). The same set of forces is 
also equivalent to p^ acting horizontally in the line 12 at the 
level of X' and />, acting vertically through X. 

Next mark $ in (ir) where />_ meets ay, and project S up- 
wards to 0' in (e) on the horizontal line through X'. 

Now suppose erected a 9-bar linkage, or pentahedron, on 
the base bj37 with its two other joints at (XX') and {Od"). 
At joint (X X') suppose p, to act, and the force p^ to act at joint 
{00'). Draw in the bars of this linkage in (ir) and (e) and 
letter the spaces in plan as shown. The right-hand cyclic 
order has been chosen. In plan the bars D E and E (1 2 3) 
lie coincidently with the bars E A, D B, and DC. In order 
to obtain places for the letters E and D the former two bars 
are represented by curved dotted lines ; but, of course, in order 
to draw lines parallel to these bars in the plan stress-diagram, 
the directions are taken from the straight line ety. It is 
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especially important to have these spaces clearly marked, be- 
cause D is divided by the external force line 1 2 into two, 
viz. Dj and Dg ; and E is divided into three, E,, Ej, Ej, by the 
external forces 1 2 and 2 3. This last 23 is p^^ which is really 
vertical and represented in the plan stress-diagram by^a point 
only, but in (tt) it is represented by a finite line for the same 
reason that curved lines are drawn to represent the above- 
mentioned bars. Note that the bar DB between the two 
joints X ^ is horizontal. 

The Unkage is taken of this shape with the faces a\y and 
X ^ 7 in the same vertical plane because so doing very much 
simplifies the resolution of the forces at joints X and 0. 

Taking first joint ^, the horizontal component of stress in 
B C normal to « 7 must balance that of p^ =f|= dj d^ in the same 
direction. Therefore draw d^c' \\BG and d^ c' (| « 7. This 
gives da c' the plan of stress in B C. In (e) draw d^ c' ([ B C 
and obtain c' by vertical upward projection from c' in (tt). 
Next in (g) draw c' c || D B and dj c || D C, and then c 6 || C B to Penuhe- 
meet d^d^ in b. These points, c and h in (s), give dji, 6 c, itmotioa 
and c d, the {e) projections of the stresses in D B, B C, and 
C D. Next in (tt) draw d^ b and d, c, both || « 7, and on these 
obtain b and c by projection downwards from b and c in (e). 
Check the accuracy of drawing by finding bc\\d^ c' || B C. 

Take next joint X. The force E, E3 and all the others, 
except that along A B, he in one vertical plane, and the plan* 
projection of their resultant must therefore lie along line « 7. 
Therefore, there is zero stress on A B, and a must be marked 
along with b in the stress- diagram both in (tt) and in (g). The 
known forces acting at this joint are ad^ and d^e' in (g). 
Draw a ^3 II A E and e' €3 1| D E, and mark the joint of these ^,. 
Draw dj e^ -^ e' e^ and e^ e^ ^ e* d^. Next in (tt) draw d, e, \ 
a 7, and find on it e^ and e^ (coinciding) l)y projection from 
f.^^3 in (f). Next find e^ in (tt) and {e) by completing the 
parallelograms e^ d^ d^e^. 

For the joint at « in (tt) draw 4' 4 || a 7 and a 4 || A 4, meet- 

R 



242 



GRAPHICS 



GBA^. m. 



Ptitekt. 

Aiml(kni« 
•tnwtiMi 



Composi- 

tion 

Diagram 



Bhort- 

hand 

lymboli 



i&g in 4. Then draw 4 3 4^ 4' d,, the point s filling in line 
^3 a produced. The plan of the stress-diagram for this joint 

a 

is now complete, viz. ae^Z4a. Complete it in (f) by drawing 
e, 8 1 E389 i.e. horizontal, and finding in this line the point s 
by projecting apwards from 8 in (tt) ; also finding 4 in the 
horizontal line through a by {Nrojecting upwards from 4 in 
(tt) ; and finally joining is 4. 

Next for joint fi there are already obtained in (rr) the lines 
cba4. Draw 4 6 4)= 4' 6', and join 6 c. The accuracy of the 
drawing is checked by finding 6 c 1 5 G. In (i) drawe6| C 5, i.e. 
horizontal, and find on this 6 by projection from 6 in (ir). Also 
join 4 5 in (t). The diagram for this joint in (c) is cb a i5e. 

Next, in both (ir) and (e) complete the parallelogram se^e^2, 
giving 2 coincident with 8 in (ir) and making 2 8 ={|r p. in («) ; 
and also the parallelogram 2e^ei 1, which in (i) gives 1 on 
the horizontal line e^ e,, and makes 1 2 ={|= ^1 ^s 41= ^i ^s- Join 
6 1 in both (e) and (tt), and check by finding in (^) 6 1 l^^d^. 

The diagram for joint 7 will now be found complete in both 
(tt) and (f), namely, 6\ e^d^c 5. 

The elevations of the three supporting forces have now 
been found, as well as their plans, and their resultant magni- 
tudes are found on the auxiliary * composition diagram ' by 
plotting from 0' horizontally and vertically the plans and the 
vertical components of the elevations. On this diagram is 
also seen the resultant magnitude of the datum-load, viz. 1 3. 

8. In these constructions, in which the stresses are shoiMi 
by elevation and plan, a point is very frequently to be found 
partly by help of projection from elevation to plan, or rice 
versa. In order to write out the construction for a compli- 
cated frame in a form that is not excessively tedious, it is 
advisable to adopt some shorthand symbol to represent this 
operation. In what follows the symbols used are tit and t. 
The phrase * (tt) rf 4^ c' means * find the point e in plan (tt) by 
drawing from rf, already found in plan, a line parallel to D E 
in plan, and projecting vertically downwards on to this line 
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from the point e already found in elevation.' Again ' (s) g ^f 
means * find/ in (e) by drawing from g in (g) parallel to G F 
in (je) and projecting upwards from / in (tt).* Not infre- 
quently the diagram for a joint cannot in the first place be 
drawn in correct cyclical order ; it has to be otherwise drawn 
at first, and after finding the closing lines the polygon has to 
be partially redrawn to put it into proper cyclic order. In that 
case temporary lines have to be drawn in the stress-diagram Short- 
parallel to frame-lines named differently. To express this symbols 
clearly the foregoing symbols are, when needful, expanded 
thus : * (tt) d t e II G E ' means * in (tt) draw from d a line || G E 
and find on it the point e by downward projection from e 

r^ D E ' 

in (e).' Also * p^ *^ j m lueans * draw from c and /two lines 

parallel to D E and L M, and mark their intersection k.* 
Again, *pq=iO' means * mark q coincident with already found 
point p.' 

9. In Fig. 95 is shown a more complicated solid structure. 
It represents a braced pier for a bridge, although, for the sake 
of greater clearness in the illustration, proportions have been 
chosen that deviate somewhat from those commonly found in 
such piers. The three views, (tt), (g), and (cr), are plan, front, 
and side elevations. The latter is used only in finding the projec- 
tion p of the resultant of the known loads, for the sake of de- Braced 

. . Pior 

termining the unknown supporting forces. In each projection 

those bars which do not lie on the nearer surfaces of the frame- 
work are drawn in long-dash lines, as if the bars were hidden 
from view. Although they are actually seen between the front 
bars, this makes the diagram less liable to confusion. A 
horizontal bracing diagonal crosses the rectangular base, and 
another horizontal diagonal crosses at the level of the second 
tier of joints. An examination of the relation between the 
number of joints and of links will show that the structure is 
stiff but non-redundant, there being sixteen joints and forty- 
two luiks. 

A 2 



In one reepeot the graphio BolatioQ of thia franmfOTk is 
easier than the general caae shown in Fig. 98. This resnhs 
from all the bars except two lying in fotir main planes, wbieh 
are, taken in pairs, perpendienlar to two places of easy pro* 
jection. Thus two of these planes are re^esented by single 
lines in the £ront elevation (i). Again, the plane eontaimng 
the horizontal bars meeting at any jmnt is also represented 
by a single line in '(<)■ This very much raniplifie« the part of 
the constmctiiKi equivalent to finding the components perpen- 
dicular to these planes ; this perpendienlar being in (<) normal 
to the line-prctjection of the plane. Otherwise expressed, these 
line-projectioiu ace the vertical traces of the planes, and thus . 
the tedioos operation of finding the traces of a large nnmber of 
planes is obviated ; this operation having, in fact, in' this ex- 
ample to be performed once only. As them^ority of engi- 
neering stmctnreB are of this character, the present problem 
is a fair illastration of the ease or difGcnlty experienced in 
applying the method in practice. 

The pier is secured to the foundation at the bases of the 
four main colun^ins, which rake inwards towards the vertical 
axis of symmetry. One, viz. 7 8, of the four forces exerted by 
the foundation ia supposed to be known both in magnitude 
and direction. The plan-directions of the other three are also 
given. Their magnitudes and directions in elevation are 
found by construction. This construction is shown in the 
figure by close dotted lines, but it is not here described, as it ia 
precisely similar to that last given in Fig. 94. 

At the four top joints are applied vertical loads, each 
equal to 28 tons. At six of the joints on one side act 
equal wind-forces, tbe elevation and plan-directions of which 
are given. The elevation-projection of each measures 12 
tons, and its plan -projection about 21 tons, the whole resul- 
tant magnitude of each being 21-7 tons. In the plan, the 
pens of which are lettered, these wind-force lines cut through 
the bars so as to cut up the pens very much and necessitate 
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the introduction of many imaginary joints. The right-hand 
cydic order is adopted, taking it from the lettering of the 
plan. The central pen in plan is named A. This is split up 
into four pens, Ap A^, A3, A^, in order to afford distinct names Braced 
for the four vertical loads. The plan of each of these is a 
point, but their plans are marked by short dotted lines for the 
sake of showing a boundary line between spaces A^ and A3, &c. 
Of course, in the plan stress-diagram a single point (marked a) 
represents all these four loads. 

These loads and the wind-forces are first plotted in plan 
and elevation, the wind-forces siLcceeding the vertical loads. 
The same set of forces is next plotted in the side elevation (o-), 
the magnitudes and directions being obtained from the com- 
ponents shown in the two other projections. Three poles are loadi and 
chosen : from them three single-pens are constructed ; and poroes 
by this means the three resultants, p^^ p^, and p^, are found- 
Then the construction of Fig. 94 is applied to find the support- 
ing forces, 8 9, 9 10, and 10 1, which are plotted in (s) and (tt), 
forming m each a closed polygon along with the previously 
known loads and 7 8. 

The first joint taken is (A I B) . Here the two links A I 
and B A are horizontal, and, therefore, the vertical component 
of the thrust of the strut I B must balance the load a^ a^. 
Also B A is normal to plane of (s). Therefore in (e) mark 6 

coincident with a^ and draw ^ i\ Next in (tt) draw aii and strau- 

^1 Diagram 

• > h. With the help of the nomenclature already mentioned, 

the construction (including these first steps) is described as 
follows. The points ihpqya^i in (e) are simple repetitions 
of i'h'p'q'y'a^'\\ 

Joint (A I B). (£) a,b=o ^ >t^ 

(tt) a i i ?^&. 



fte 



216 OBAPmCS 9B4P.XII, 

Joint (AEF). {M)aJ^o fe/^*» «;>**|Ai {.>*•• 

Joint (APGHI). (t)a,t:^a/t' •f>*p^jg^^. 
Owing to symmetry of constr action t %so. 
(,r)tA = o hy (,)h^g. 

Joint(ABCDE). (.)«,d',#84 Y>^|bc^o?CD 

(^) «4 * d^ d4^#8* j*>«- W b * c. 

Joint (HaOP). Both 00 and PH are horizontal; .\ 
vertical component o{ hg^s vertical component of o p. Bat 
OP is in same line with HG; .\opssgh. 

(e) go = hp^o. (tt) gr o = A p = 0. 

Joint (DCKL). {e)ck=^o d^l^'^23 ^k^^^K 

ij Zj z^ 2 3. Join Z3 rfj. 

^^3*^3 i3'2#23 ^p>fc. 

PUnaad Joint (KCBIH P Q J). {8)'^;>A^^^V ^. This gives 

Sleyatioii ' P I -^ l^ 

BUgram I' S' =<>• 

('jr)pq=0 P>j. (s)k^j. 

Joint (JQYE). YE is in line with JQ; .•. qj=syr and 

qy = o = rj. 

(e) q'l/ = jr = (yr) qy = ; r = 0. 
Joint (OGFEDLMN). 

{€)d,d^z^%6; joine^d^ hh^^^^^ hh4'^^'^> 

join d, I, I, m', # 6 6 '^/>m, \\ q jj ^^^ ^ 
Wg m^ ^ 6 6 ; join m^ l^ 



L 
L 
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m 
o 



6 



']>n (e) o ^ n* 



Joint (NMUV). (€)nt; = o m,u\^=e7 ""/^^^ | VU 

v^ Ufi ^ 6 7 ; join u^ m^. 

Joint (8, 9 X W) . (g) 8 tr = o ^>a; 

(tt) 9 i a; o^^*^* 

Joint (10, 1 T S). (g) io« = ^fi Braced 

^ Pier 

Joint(7 8WVUT). 

At this joint the horizontal diagonal bracing bar will be 
called V, Vj. At its other end it will be called Ej E^. In the 
stress-diagram its stress will be repeated and will appear as 
r, t?2 and r^ r^, the two equal and opposite pulls this bar exerts 
on the two joint-pins at its ends. At this joint the three 
unknown forces are w v, v^ t?^, and u t, the thrust t^7 = t^i 
being already found. These three are the stresses along the 
bars W V, V, V„ and U T. Find the traces in (tt) and (s) of 
the plane containing WV and V,V,. They are marked Plan and 
(w V, Vj Vj)^ and (w v, v, v,)^ in the diagrams, and are drawn strat*- 

in dash -dot ( ) lines. In both (tt) and (e) stress-dia- ^^•«™»* 

grams plot ^t^^lt^. Also in both (tt) and (e) plot from tr, 
the known stress t?j u^ along the bar V U ; thus (it) wv' ^vti^ 
and (s) wi/z^vuy This gives t^ v' the resultant of the known 
forces acting at the joint in both (tt) and («). Plot this back- 
wards from the joint in both plan and elevation of the pier to 
the point marked «. In (tt) from a draw a /9 7 P U T, meeting 
(w V, Vj Vj)^ in /3 and the ground-line in 7. Project fi to /3' 
on the ground-line, and 7 to y on (w v, v^ v,)^. Draw 7' /8' 




to meet in ii' the lint >' ij' f U T in («)• Project ij' downwardfl 
to 17 on aiS. Then i}'>' and 1; a are the (e) and (ir) prqjeetianB 
' of the BtresB on V 1. Then proceed thua :■ 



(X) (,«,'#., 


^jr.^a.!/ 


>.| 


1 wv 


(.)i,V#-'V 


•>,^11T' 


»■>"■ 1 


1 wV 


Jofal(BYX9,108). 








W.^#.,., 


^r'frrj, 


•>^. 


1 SK 
1 XY 


».'.*»•■ 


•■■•■i#»i»i- 


Join tr,. 



This givee trj^^r^y^ The force-bahuiee diagram in (w) tor 
this joint is now X9, lotr, r,y,x, the last line y,«'being tiio 
atreaa on bar Y X. 

(«) ftrilSB r,*r,|E,R,|V,V^ or rir.^WjC, 
r.ts, or r.y.^r/. Join*,*. 

Check bj finding y,« B Y X. This famiahes the first im- 
portant check on the accuracy of the drawing, althongh 
throughout the previous construction many Bubaidiary checks 
have been afforded by reason of a point being able to be 
derived in either of two ways, viz. either by projection to (e) 
from (tt) or vice versd, or else by drawing parallel to a line in 
same view as the point to be found. 
Joint (VWXYQPON). 

All the forces acting at this joint have already been found 
except that exerted by the horizontal bracing diagonal ; and a 
' second check is afforded here by finding that the reaoltaut of 
these already determined forces is parallel to this bar. The 
summation of the forces is not yet shown on the diagram ; in 
order to get them added together consecutively it is necessary 
to repeat some of them. Thus, beginning with the force v w, 
there is already plotted consecutively v, wxjr, in both (ir) and 
(f). Next mark g, and p, coincident with y, in both (ir) and 
(e), since 1/3 = = qp. 
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Then in both plot p^ o^ ^p o t\ n^ ^ v n n^ Oj ^ n o. 

Join OiO^ = the stress on the horizontal diagonal. This 
should be found parallel to this bar 0^ Oj in both (tt) and (e). 
This cheek is therefore a dauble one. 

Joint (KJRSTUML). All the stresses on the bars 
acting at this joint have already been found ; and, although 
they are not yet built consecutively into a polygon, this can 
be now done. If the drawing is accurate the polygon will 
close in both (tt) and (e). The double check obtained here is Braced 

Pier 

not really independent of that given at the previous joint ; if 
this previous check showed exact accuracy the latter one 
should also do so except for some new errors occurring in the 
necessary transference of the lines for the making of this last 
polygon. The polygon is 

From the plan and elevation stress-diagrams is con- 
structed the 'composition stress-diagram* in the manner 
already described. On it the whole stress on each bar in the CompAti- 
structure can be read ofif to scale along a diagonal line (not DS^am 
drawn) between two similarly named points on the vertical 
and horizontal axes. 

10. Although at one stage of the construction of the last 
figure it was found impossible to proceed directly from the 
part of the structure already solved to a contiguous soluble 
joint, this difficulty was surmounted by next taking two iso- 
lated soluble joints and from them working up to the point 
at which the difficulty occurred. This sort of difficulty occurs 
occasionally in solid structures, just as it does in plane ones, Kethod 
and it cannot always be evaded in the manner of the last ex- JeoSwu 
ample. For this reason recourse must sometimes be had to 
the * method of solid sections.* The complete section of the 
structure must cut six bars only whose stresses have not 
already been determined. The whole external load applied 
to the part of the structure lying to either side of the section 
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is known, and tlins the problem ia to find the bIx magnitadoe 
of six forces, wtiosc lines of action are known, studi u will 
balance a known load. 

The f<dlowing method Bnppoees that the six given bar-lines 
can be taken in -three pairs, eaefa of which pairs intersects. 
This is not an hypothesis invariably tme, bat it will cover 
most cases met in engineering practice. Zjet the three pairs 
intersect in the three points «/9 7. Call the plsjie of the pair 
meeting in « by the name A ; that of the pair meeting in P 
by B; and that of those meeting in y by 0. Let all the 
known forces acting on the Btmctnre on one side of the seoti(m 
be compounded to a pair of fcurces, one, say p„ lying in the 
plane tipf, the other, say p„ perpraidicnlar to this plane. 
The laWr cats the plane in a certiEtin point whose distances 
from the three lines »fi, fiy, and ya can be measured: 
Imagine now the forces exerted by the two bars in ptane A 
compounded into a single force, say a, acting through « ; and 
this again resolved into two components, one a, in the plane 
a /3 7, and the other a, perpendicular to it. The distance of 
the latter from line y being known, ite magnitude can be 
found because its moment round /3 7 balances that of p, round 
the same axis. The two pairs of stresB-forces acting at /? and 
7 are similarly treated, and the components at these poiuta 
perpendicular to plane afiy found by taking moments round 
y a and a ff. These moment calculations can each be carried 
out in the ordinary gcaphic manner. 

The component a^ lying in plane a ^8 7 of the stress-force 
at a can now be resolved into two components, one perpen- 
dicular to the line of intersection of plane A and plane ei^y 
and the other along this line. The former has a definite 
ratio to a, already found (viz. it equals a, x cotangent of 
angle between planes A and ^Py), and can be at once obtained 
by graphic construction. The other acts along a line of known 
direction and position. The problem is thus reduced to find- 
ing the magnitudes of three forces acting along known lines in 
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one plane « )8 7, such as to balance a known resultant force in 
this plane. The solution of this problem has already been 
several times used ; for instance, in the last figure. The 
three components of a are now compounded into a single force, 
and this once more resolved into two components along the 
two given lines of the bars lying in plane A ; these last being 
the stresses on these bars. The stresses on the four bars 
meeting at ^ and 7 are calculated in the same manner. 
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ABS 

Absolute, 88 

Abutment thrusts, 80, 132, 185, 

198, 201, 208 
Acceleration, 86, 109, 110, 112, 150 
Acceleration diagram, 148, 150, 

163, 156 
Acceleration image, 151 
Accuracy, 4, 6, 7, 21, 55 
Addition of accelerations, 110, 150 
Addition of angular velocities, 119, 

136, 138 
Addition of locors, 121, 142 
Addition of quantities, 18, 63, 71 
Addition of rotors, 112, 136 
Addition of vectors, 81 
Addition of velocities, 107 
Advantages of graphic method, 2 
Algebra, 15, 32 
Angles, plotting, 54 
Angular co-ordinates, 34, 36, 42 
Angular momentum, 87, 119, 139 
Angular velocity, 87, 119, 136, 163 
Approximation, degree of, 3, 4, 21 
Areas, 57 
Arithmetic, 15, 18 
Arrow-heads, 188 
Automatic test, 5 
Average height, 61 
Average position, 75, 94, 122, 124 
Average rotors, 112 
Average velocity, 107, 112 
Axial comi)onents, 123, 215 
Axial stresses, 215, 217, 219, 221, 

228 
Axis of resultant rotation, 100, 102, 

112, 137 
Axis of screw displacement, 101 
Axis of symmetry in kinematic 

diagrams, 154 
Axis of symmetry in stress-diagram, 

202 
Axis of zero moment, 74, 136 



Balance, conditions of, 163, 170, 
232 



CUL 

Balanced linkage, 164 

Balancing locor, 77, 129 

Base-plate, 144, 152 

Beam linkages, 215 

Bed-plate, 144, 152 

Bending moment, 75, 129, 164, 

215, 218 
Bending moments at joints, 167 
Bow's notation, 1, 7^5, 124 
Bows, 11 

Braced pier (plane), 221 
Braced pier (solid), 243 
Bridge structure, 203, 210 



Cantilever bridge, 210 

Centre, 95, 97, 122 

Centre-line, 122, 135, 165, 169 

Centripetal acceleration. 111, 151 

Centroids, 148 

Chain, 125, 169 

Change of velocity, 109, 150 

Circular sectional paper, 34 

Clerk Maxwell, 1, 178 

Closed diagram, 78, 164 

Compasses, 11 

Component looors, 123 

Composition of couples, 141 

Composition of forces, 124, 142 

Composition Btress-diagram, 238, 
242, 249 

Conies, 37 

Continuous quantity, 2 

Contracted description of stress- 
diagrams, 202, 242, 246 

Co-ordinates, 82, 38, 45, 50 

Co-planar displacement of rigid 
body, 98 

Co-planar locors added, 124 

Couples, 87, 119, 139 

Crane with two beams, 227 

Cremona, 1 

Crossing links, 193, 200 

Cube root, 29 

Cubic equations, 48 

Culmann, 1 
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CUB 

Cnrratare of integration carves, 69 
Cnrved figures, areas of, 59 
Curve-templates, 11 
Curves, construction of, 11, 50 
Cut-off, correction for, 62 
Cyclic order, 187, 189, 288 
Cjolioallettering, 76, 124, 179, 187, 
288 



Dbfotition of redundancy, 178, 

185 
Definition of stiffness, 178, 188 
Definitions, glossary of, xiz 
Difference of velocities, 108, 149 
Differential velocity diagrams, 147 
Direction, 84 
Directrix, 84 

Displacement diagrams, 146 
Displacement of centre, 95, 97 
Displacement of rigid body, 98, 103 
Displacement-rotors, 100, 112 
Distributed load, 167 
Distributed rolling load, 808 
Distributive law, 92 
Dividers, 11 
Division, graphic construction, 26, 

28 
Division of subject, 15 
Dynamics, 16 



Eabtu connections, ISO, 1K5 
Elevation and plan stresses, 236, 

241, 246 
Ellipse, 37, 38 

Equality, symbols of, 86, 122 
Equations, conic, 37 
Equations, cubic, 48 
Equations, general, 49 
Equations, quadra'tic, 46 
Equations, simple, 44 
Equations, simultaneous, 45 
Equations, solution of, 44, 48, 52 
Equations, straight line, 34 
Equilibrium, 163, 170, 172, 232 
Equivalence, symbols of, 80, 122 
Equivalent couples, 140 
Error, degree of, 3, 5, 21, 24 
Experimental results, tabulation 

of, 16 
External links, 180 
External loads, 180 



Fatigue, mental, 6 
Field, 89, 144 
Flexible joint, 165 



INT 

Flow, 87, 112 

Focal angular equations, 86, 42 

Focus and directrix, 84 

Feme, 86, 112 

Force oouplea, 87, 119, 189, 164, 

215 
Formnln, graphic representation 

of, 17 
Four-bar meohaniam, 158 
Four link joints, 2 in line, 196 
Fractional powers, 29 
Frame, 144 



GhBOHETBiCAL lolationa between 

locor and veetor diagnuna, 178 
Qirdera, 200, 208, 210 
Glossary, six 
Graph-algebra, 15, 82 
Ghraph-arithmetio, 15, 18 
Grapho-djmamica, 16 
Grapho-kmematioi, 16, 144 
Grapho-stotics, 16, 168, 216, 381 
Grapho-trigonometrv, 16, 54 
Gridiron parallel-nuer, 61 
Ground Ime, 127, 288 
Guide-bars, 154, 158 



Hamilton *8 nomenclature, 104 

Height, mean, of indicator dia- 
gram, 60 

Heights from theodolite measure- 
ments, 56 

Henrici, Professor, 1 

Higher pair, 145 

Hodograph, 110, 148, 155 

Hyperbola, 37, 39 



IiiLUSTRATioNS, iudex of, XV 
Imaginary links and joints, 191, 
197, 200, 211, 214, 223, 227, 246 
Indeterminate abutment thrusts, 

80, 132, 186 
Indicator diagrams, 60 
Inertia, centre of, 95, 97, 163 
Instantaneous axis, 149, 152 
Instantaneous rotors, 112, 119, 136 
Instantaneous velocities, 107, 110 
Instruments, 7 
Integral curve, 63, 66, 68 
Integral mass displacement, 97 
Integral momentum, 108, 152 
Integral powers, 29 
Integration, 19, 63 
Intersections beyond drawing- 
board, 133, 201 
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INT 

Intersections, ill- and well-condi- 
tioned, 21, 24, 28 
Irregular polygons, areas of, 58 



Joint- LINE, 169 

Joints, higher and lower pair, 145 

Joints, moments at, 167 

Joints, number, in mechanism, 145 

Joints, number of, in stiff linkage, 

183 
Joints, pin and eye, 165 
Joints, solubility of, 195, 219, 222, 

232, 235 
Joints, stififness of, 165 



Kinematics, 16, 144 
Kinetics, 16 



Lettering, 76, 152, 179, 193, 233 
Limits to advantages of graphics, 6 
Linear co-ordinates, 32 
Linear velocity diagram, 137 
Link, definition of, 164 
Linkage, 145, 164, laS 
Links, number, at one joint, 196 
Loads at external joints, 180 
Loads at internal joints, 190, 197, 

211, 214, 223 
Locor balance, 77, 129, 163 
Locor components, 123 
Locor couples, 139 
Locor moment, 121, 129 
Locor sum, 121, 126, 142 
Locors, 75, 86, 96, 121 
Lower pair, 145 



Machine, 145 
Mass, centre of, 97, 152 
Mathematical tabulation, 17 
Maximum stresses in girder, 205 
Maxwell, Clerk, 1, 178 
Mean, 94 
Mean height, 60 
Mean position, 94 
Mean velocity, 107, 152 
Mechanism, 144 
Mechanism-diagram, 146 
Mental fatigue, 6 
Moment-diagram, 74, 129, 164 
Moment- diagram for crankshaft, 

33 
Moment of angular momentum, 

139 
Moment of angular velocity, 136 



POL 

Moment of momentum, 75 
Moments at joints, 167 
Moments of forces, 71, 124, 129 
Moments of locors, 75, 121, 129 
Moments of parallel vectors, 71 
Moments of rotors, 136 
Moments of velocities, 75 
Moments, signs of, 79 
Momentum, 86, 112, 152 
Motion, dual relativity of, 90 
Motion, field of, 89 
Motion -paths, 146 
Multiplication, 20, 26, 28, 71 



Needle-piuckeb, 11 
Nomenclature, 76, 104, 152, 179, 

193, 233 
Non-planar displacement, 100 
Non-planar non-parallel locors 

added, 125 



Order of procedure, 187, 189, 195, 

234 
Outside links, 180 
Outside pens, 179 



Parabola, 37, 40 

Parallel displacement of pens, 131 

Parallel forces, 72 

Parallel links in section, 207 

Parallel non-planar locors added, 

134 
Parallel rotors added, 136 
Parallel ruler, 61 
Parallelograms, areas of, 58 
Parallels, drawing, 9 
Partial moment, 76, 164 
Pen, 125, 173, 179 
Pencils, 11, 125 
Pentahedral construction, 239 
Physical meanings, 93 
Pier, stress-diagram of (plane), 221 
Pier, stress-diagram of (solid), 243^ 
Pin-joint, 165 
Piston pressure, 27 
Pitoh-point, 161 
Plan and elevation stresses, 236, 

241, 246 
Planimeter, 62 
Plotting-angles, 54 
Polar co-ordinates, 33, 35, 41 
Polar velocity-diagram, 148 
Pole, 65, 75, 177, 179 
Pole-distance, 65, 72, 75, 130, 218, 

220 
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POL 

Polygons, artas of, 58 

Powers, 29 

Projection or partial resultants, 126, 

239,245 
Proportional displaoementof pens, 

181,226 
Protractors, 54 



Quadratic equations, 46 
Qnadrilaterala, areas of, 58 



Radial acceleration. 111, 151 
Badial coordinates, 84, 43 
Bapiditj, 5 
Beoiprocal duality, 90 
Reciprocal figures, 1, 178 
Rectilinear figurcB* 55, 58 
Redundancy in linkages, 178, 185 
Relativity, 88 

Repetition of stress-lines, 192, 247 
Reservoirs, 67 
Resolution of couples, 141 
Resolution of forces, 124 
Resolution of locors, 128 
Resultant locor, 75, 122, 135, 142, 

164, 225 
Resultant moment, 77, 129 
Resultant rotor, 138, 142 
lleuleaux*s ccntroids, 118 
Bigid-bar mechanism, 140 
Rigidity, 08, IKi, 177, 183 
Rolling load, 203 
Roof truss, 202, 207 
Roof with four beams, 218 
Roof with three beams, 222 
Rotation, plus and minus, 33 
Rotations, 87, 100, 102, 112 
Rotor couples, 139 
Rotor moment, 186 
Rotors, 75, 87, 112, 121, 136 
Rule of signs for sectional moment, 

79 

Scale of acceleration diagram, 151 
Scale of moment-diagram, 73, 130, 

218 
Scale of multiplication product, 

23, 73, 130 
Scale of velocity-diagram, 149 
Scales, different kinds of, 2 
Scales, materials, sections, and 

divisions for, 7 
Screw displacement, 101 
Sectional tablet, 28, 45 
Sections, method of plane, 182, 

197, 206, 215, 219, 227 



TBT 

Sections, method of solid, 949 
Set squares, 8 

Shear stresses, 215, 217, 281, SS8 
Shorthand symbols for stress-dia- 
grams, 202, 242, 846 
Simple equations, 44 
Simultaneous quadratie equations, 

47 
Simultaneous simple equations, 45 
Single-pen, 125, 169 
Six-bar mechanism, 155 
Slide-rule, 68 
SUding joints, 154, 158 
Solid joint, general solution, 835 
Solid static linkages, 231 
SolubUity of joint, 195, 219, 888, 

282,285 
Space, 88 
Special terms and symbols, glossary 

of, xiz 
Spire, height of, 56 
Splines, 18 

Square sectional paper, 82 
Stability, 172, 232 
Stotic Unkages, 168, 215, 281 
.Steam-engine mechanism, 154 
Stiffened aroh, 197 
Stiff-joint, 166 
Stiffness in linkages. 177, 183, 185, 

223, 231, 213 
Straight-edges, 8 
Straight line, 34 
Stress, 86, 112, 170 
Stress-diagram, 179, 195, 207, 210, 

233, 239, 245 
Stresses in plan and elevation, 236, 

241, 240 
Stresses, origin of, 170 
Stresses, signs of, 188 
Substituted triangulated truss, 215, 

227 
Subtraction of quantities, 18 
Supporting forces, 132, 232, 239, 

244, 250 
Surface rotors, 87 
Survey, 67 

Symmetrical bridge, 203 
Symmetrical roof, 202 
Symmetry, axis of, 154, 202 



Tabulation, 16 

Tangential acceleration, 150 

Tangents, use of, 50 

Test of accuracy in stress-diagram, 

6, 196, 199, 202, 204, 209, 213, 

22G, 248 
Tetrahedral frame, 233 
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THR 

Three-link joints, two in line, 194 

Time-rates, 107 

Toothed-gear, IGO 

Traces of planes, 236, 244, 247 

Transcendental equations, 48 

Trial and error, 167, 197, 210, 216, 

222 
Triangles, 66, 68 
Trigonometry, 16, 64 
T-squares, 8 
Two-joint links, 169 
Two-link joints without load, 194 
Two-pen linkage, 173 



Unit, choice of, 24, 28 



WIN 

Variation of moment-diagram, 131 
Variation of single-pen linkage, 

173 
Vector addition, 92 
Vector differences, 108 
Vectors, 4, 71, 76, 84, 92, 96 
Velocity, 86, 108 
Velocity diagram, 148 
Velocity image, 149 
Volumetric centre, 97 



Wabben girder, 200 
Water storage, 67 
Wheelteeth, 160 
Wind-forces, 244 



END OF PART I. 
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Crown 8vo. 105. (>d. 

Op. s Unconscious Memory. 

Crown Svo. 7*. M. 

Op. 6. Alps and Sanctuaries of 
Piedmont and the Canton 
Ticino. Illustrated. Pott 4to. 
lox. 6d. 

Op. 7. Selections from Ops. x-6. 

With Remarks on Mr. G. J. Romanes* 
' Mental Evolution in Animals '. Cr. Svo. 
js, 6d. 



BUTLER {Samuel).— Works BY.— 
cofitinued. 

Op. 8. Luck, or Cunning, as the 
Main Means of Organic 
Modification ? Cr. Svo. 7 j. td. 

Op. 9. Ex Voto. An Account of 

the Sacro Monte or New Jenisalem at 
Varallo-Sesia. los. 6d. 

Holbein's * La Danse '. A Note on 

a Drawing called ' La Danse '. 35. 

OARLYLE.-Thom^s Carlyle: a 

History of His Life. By J. A. Froude. 
1 795- 1 835, 2 vols. Crown Svo. 7*. 
1 834- 1 88 1, 2 vols. Crown Svo. 75. 

CA SE. — Physical Realism : being 

an Analytical Philosophy from the Physical 
Objects of Science to the Physical Data 
of Sense. By Thomas Case, M.A., 
Fellow and Senior Tutor, C.C.C. Svo. 15s. 

CHETWYND. — Racing Remini- 
scences and Experiences of 
the Turf. By Sir George Chet- 

WYND, Bart. 2 vols. Svo. 2ii. 

C7^/LD.— Church and State under 
the Tudors. By Gilbert W. 

Child, M.A. Svo. 15s. 

CHISHOLM.—iiBXi6boo\i of Com- 
mercial Geogjaphy. By G. G. 

Chisholm. With 29 Maps. Svo. 165. 

CHURCH.— Sir Richard Church, 
C.B., G.C.H. Commander-in- 
Chief of the Greeks in the War of Inde- 
pendence : a Memoir. By Stanley 
LAN R- Poole, With 2 Plans. Svo. 5*. 

GLIVE.— Poems. By V. (Mrs. 
Archer Clive), Author of * Paul 
Ferroll '. Including the IX. Poems. 
Fcp. Svo. 6s. 

CLODD.— The Stoiy of Creation : 

a Plain Account of Evolution. By Ed- 
ward Clodd. With 77 Illustrations. 
Crown Svo. 31. 6d. 

CLUTTERBUCK {W. J.).— WORKS 
BY. 

The Skipper in Arctic Seas. 

With 39 Ilmstrations. Cr. Svo. los. 6d. 

About Ceylon and Borneo: 

being an Account of Two Visits to Ceylon, 
one to Borneo, and How we Fell Out on 
our Homeward Journey. With 47 Illus- 
tratioos. Crown Svo. 

OOLENSO.— The Pentateuch and 
Book of Joshua. Cd^^a^i 
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C70Jl/ri\r.~-Atherstone Priory: a 

Tale. By L. N. Comyn. O. 8vo. 2s. 6</. 

CONINGTON {John),^WORKS BY. 
The £neid of VirgiL Translated 

into English Verse. Crown 8vo. 65. 

The Poems of Virgil. Translated 

into English Prose. Crown 8vo, 6s. 

COX — A General History of 

Greece, from the Earliest Period 

to the Death of Alexander the Great ; 
with a sketch of the subsequent History 
to the Present 'lime. By the Rev. Sir 
G. VV. Cox, Bart., M.A. With 1 1 Maps 
and Plans. Crown 8vo. 7s. 6d. 

CRAKE {Rex\ A, D.).— lVORKS BY. 

Historical Tales. Crown Svo. 5 

vols. 25. 6d. each. 

Edwy the Fair; or, The First Chronicle of 
^4^scendune. 

Aifgar the Dane; or, the Second Chronicle 
of -.-Esccndune. 

The Rival Heirs: being the Third and 
Last Chronicle of /Escendune. 

The House of Waldeme. A Tale of the 
Cloister and the Forest in the Days of 
the Barons' Wars. 

Brian Fitz-Count A Story of Wallingford 
Castle and Dorchester Abbey. 

History of the Church under 
the Roman Empire, A,D. 

30-476. Crown Svo. yj. 6d. 

CREIGHTON. — History of the 
Papacy during the Reforma- 
tion. By Mandell Crekjhton, 

D.D., LL.I). , r.isiiop of Peterborough. 
8v(). Vols. I. and II., 1 3 78- 1 464, 32s. ; 
\i)h. III. and IV., 1464-15 18, 24s. 

CRUMP (A.).— WORKS BY. 

A short Enquiry into the For- 
mation of Political Opinion, 

from the leign of the Great Families to 
the Advent of Democracy. Svo. 75. bd. 

An Investigation into the Causes 
of the Great Fall* in Prices 

which took place coincident ly with the 
Demonetisation of Silver by Germany. 
Svo. 65. 

CUD WORTH— An Introduction 

to Cudworth's Treatise con- 

' cerning Eternal and Immu- 

table Morality. By \v. l^. 

Scott, Crown Svo. 3s. 



C7(7^ZOi\r.— Russia m Central Asia 
in 1889, and the Ang^lo- 
Russian Question. By the Hon. 

George N. Curzon, M.P. 8vo. 215. 

DA^ TE,—hsL Commedia di Dante. 

A New Text, carefully Revised with 
the aid of the most recent Editions and 
Collations. Small Svo. 6s. 

DAVIDSON (W. L,).— Works by. 

The Logic of Definition Ex- 
plained and Applied. C r. 8 vo. 6x. 

Leading and Important English 
Words Explained and Ex- 
emplified. Fcp. Svo. y. 6d. 

DELAND {Mrs.).— WORKS BY. 

John Ward, Preacher : a Story. 

Crown Svo. 25. boards, 2s. 6d. cloth. 

Sidney : a Novel. Crown Svo. 6s. 
The Old Garden, and other Verses. 

Fcp. Svo. 5*. 

DE LA SAUSSAYE.—A Manual of 
j the Science of Religion. By 

' Professor Chantepik de la Sau^saye. 

Translated by Mrs. Colylr Fergusson 
{ni'c Max MtJLLEk). Revised by the 
Author. Crown Svo. i2-f. 6^/. 

DE REDCLIFFE.— The Life of the 
Right Hon. Stratford Can- 
ning: Viscount Stratford De 

RedclifTe. By Stanley Lane- 
Poole. Cabinet Edition, abridged, with 
3 Portraits, i vol. Crown Svo. 75. 6d. 

DE SALIS (Mrs.).— Works by. 
Cakes and Confections k la 

Mode. Fcp. Svo. IX. 6d. boards. 

Dressed Game and Poultry a 
la Mode. Fcp. 8vo. is. 6d. bds. 

Dressed Vegetables a la Mode. 

Fcp. Svo. IS. td. boards. 

Drinks k la Mode. Fcp. Svo. is. 

6d. boards. 

Entrees a la Mode. Fcp. Svo. 

15. 6d. boards. 

Floral Decorations. Suggestions 

and Descriptions. Fcap. Svo. 15. 6d. 

Oysters a la Mode. Fcp. Svo. 

\ \s. 6c{. hoards. 
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DESALIS{Mrt.).— Works BY. -cont. 
Puddings and Pastry \ la Mode, i 

Fcp. 8vo. i-i. t<i. briards. I 

Savouries k la Mode. Fcp. 8vo. I 

IS. (>d. boards. | 

Soups and Dressed Fish ^ la , 

Mode. Fcp. 8vo. i^. 6d. boards. ( 
Sweets and Supper Dishes k la j 

Mode. Fcp. 8vo. IS. 6d. boards. I 
Tempting Dishes for Small 

Incomes. l-"t p Svo. i.t. 6d. 
Wrinkles and Notions for every 

Household. Crown 8vo. 2S. 6d. 

DE TOCQUEVILLB.— Democracy 
in America. By Alexis de 
ToCQUF.vn.i.i'. a vols. Ctown Svo. i6i. | 

DOUOALL.— Beggars All: a Novel. 

DOWKI.L A History of Taxa- 
tion and Taxes in England '. 



21S. Vols. 111. aud IV. liie Hislory of \ 

DOYLE (A. Conan).— WORKS BY. j 
Micah Clarke. A tale of Mon- 

iiioutli's Itcliellion. \Vith Frontispiece 
and Vienette. Crown Kvo. 3J. 6rf. 

The Captain of the Polestar; 

and other Tales. Crown Svo. 6j. 

DRANE.—The History of St. 
Dominic. i:y Aucusn Theo- 

ixiKA Drake, j; Illnsii-Jiiniis. Svo. 151. 

Dublin University Press Series 

(The) : n Sents of Works under- 
i.iki-n hv \\\i rri.vosi and Senior Fellows 

..f'r.M.iij College, IJublJn. 

Abbott's (T. K. ) Codex Rescriptus Dub- 
linensia of St Matthew. 41"- ="- 
Evangeliorum Versio Ante- 

hieronTiiiiAtia ex Codice UMchuio 

(Dnblineiui). 2 vols: Crown 8vo, lu. 
Allmkn's iG. J. 1 Greek Geometiy from 

Thalea to Euclid. S-,.. icu. W 
Bunuide iW S.) and Panton's ^A. W.) 

Theory of Equations. Svo. lai. W. 
Casejr's ijohoi Sequel to Endid's Ele- 

■neats. down 8v,i. jj, M. 



Dublin University Press Series 

(The), ^(onlinued. 



Graves' (R. P.) Life of Sir William 
Hunilton. 3 vols. ijj. each. 

Griffin (R. W.I on Parabola, Ellipse, 
aDd Hyperbola. Crown Svo. 6j. 

Hobart'3 (W. K.) Medical LaoRuage of 
St. Luke. Svo. \bi. 

Leslie's (T. E. Cliffe) Essays in Politi- 
cal Economy. Svo. loj. 6rf. 

Macalister's (A.) Zoo!oe7 and Mor- 
phology of Vertebrata. Svc lOi. M. 

MacCullagh's Ci^satA) MathematicBl 
and other Tracts. 8vo. iji. 

Magnire's (T.) Parmenides of Plato, 
Text, with Irtrodnclion, Analysis, &e. 
Svo. 7J. 6rf. 

Monck's (W. H. S.) Introduction to 
Logic. Crown Svo. S^- 

Roberts' (R. A.) Examples on the Ana- 
lytic Geometiy of Plane Conies. Cr. 



Stubbs' I J. W. ] History of the UniTersity 
of Dublin, from its Founclalmn 10 the End 
of H>c Eichteenlh Ccniiiry. Svo. H. trf. 

Thonihill's (W J.) The.«neid of Virgil, 

freely translated into English Blank 
Verse. C.o.vn Sv„. ?,<. W. 



M. 



Cro 

Webb's (T. E.) Goethe's I 

lation and Notes. S%o. Ill 

The Veil of Isia : a 

Wilkins' (G.) The Growth of 



\ Ho- 
Epochs of Modem History. 

Edited by C. Colbeck. M.A. 19 vols. 

Fcp. Svo. " iiii M-ip-, ?! W. each. 
Airy's lO. I The English Restoration and 

Louis XIV. 1164^-16781. 
Church's (Very Rev. R. W.) The Be- 
" ig of the Middle A«<t^ H;-.-^-^ 
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Epochs of Modem HvsXoTY.—cont, 

Cox's (Rev. Sir G. W.) The Crusades. 
With a Map. 

Creirhton's (Rev. M.) The Ag^e of 
Elizabeth. With 5 Maps. 

Gairdner's (J. ) The Houses of Lancaster 
and York: with the Conquest and 
Loss of France. With 5 Maps. 

Gardiner'sCS. R.)The First Two Stuarts 
and the Puritan Revolution (1603- 
1660). With 4 Maps. 

The Thirty Years' War (1618- 

1648). With a Map. 

Gardiner's (Mrs. S. R.) The French 
Revolution (1789-1795). With 7 Maps. 

Hale's (Rev. E.) The Fall of the Stuarts ; 
and Western Europe (1678 -1697). 

W'ith II Maps and Plans. 

Johnson's (Rev. A. H.) The Normans in 
Europe. With 3 Maps. 

Longman's (F. W. ) Frederick the Great 
and the Seven Years' War. With 2 
Maps. 

Ludlow's (T. M.) The War of American 
Independence (1775-1783). Wiih4Maps. 

McCarthy's (Justin) The Epoch of Re- 
form (1830-1650). 

Moberly's (Rev. C. E.) The Early Tu- 
dors. 

Morris's (E. E.) The Age of Anne. 

With 7 Maps ami Plans. 

The Early Hanoverians. With 



IS. 



9 Maps and Plan; 

Seebohm's (F.) The Era of the Protes- 
tant Revolution. With 4 Maps. 

Stubbs' (Right Rev. W.) The Early 
Plantagenets. With 2 Maps. 

Warburton's (Rev. W.) Edward the 
Third. With 3 Maps. 

Epochs of Church History. Ed- 
ited by Mandeli. Creighton, D.D., 
Bishop of Peterborough. Fcp. 8vo. 2s. 
6d, each. 

Balzani's (U.) The Popes and the Ho- 
henstaufen. 

Brodrick's (Hon. G. C.) A History of 
the University of Oxford. 

Carr's (Rev. A.) The Church and the 
Roman Empire. 

Gwatkin's (H. M.) The Arian Contro- 
versy. 

Hunt's (Rev. W.) The English Church 
in the Middle Ag^es. 

Mullinger's (J. B.) A History of the 
University of Cambridge. 

Overton's (Rev. l H.) The EvangeVicai 
Revivml in the "Eigrhteenth Century. 



Epochs of Church History.— <-<?«/. 

Perry's (Rev. G. G.) The History of 
the Reformation in kngland. 

Plummer's (A.) The Church of the Early 
Fathers. 

Poole's (R L.) Wycli£fe and Early 
Movements of Reform. 

Stephen's (Rev. W. R. W.) Hildebrand 
and his Times. 

Tozer's (Rev. H. F.) The Church and 
the Eastern Empire. 

Tucker's (Rev. H. W.) The English 
Church in other Lands. 

Wakeman's (H. O.) The Church and the 
Puritans (i57o-i65a) 

Ward's (A. W.) The Counter-Reforma- 
tion. 

Epochs of Ancient History. 

Edited by the Rev. Sir G. W. Cox, 
Bart., M.A., and by C. Sankey, M.A. 
10 volumes, Fcp. 8vo. with Maps, 25. td. 
each. 

Beesly's (A H.) The Gracchi, Marius, 
ana Sulla. With 2 Maps. 

Capes' (Rev. W. W.) The Early Ro- 
man Empire. From the Assassination of 
Julius Caesar to the Assassination of Domi- 
tian. With 2 Maps. 

The Roman Empire of the 

Second Century, or the Age of the 
Antonines. With 2 Maps. 

Cox's (Rev. Sir G. W.) The Athenian 
Empire from the Flight of Xerxes to 
the Fall of Athens. With 5 Maps. 

The Greeks and the Persians. 

With 4 Maps. 

Curteis's (A. M.) The Rise of the Mace- 
donian Empire. With 8 Map». 

I hue's (W.) Rome to its Capture by the 
Gauls. With a Mao. 

4 

Merivale's (Very Rev. C.) The Roman 
Triumvirates. With a Map. 

Sankev's (C.) The Spartan and 
TheSan Supremacies. With 5 Maps. 

Smith's (R. B.) Rome and Carthage, 
the Punic Wars. With 9 Maps and 
Plans. 

Epochs of American History. 

Edited by Dr. Aliikrt Bi'shnell Hart, 
Assistant Professor of History in Harvard 
College. 

Hart's (A. B.) Formation of the Union 
(1763-1829). Fcp. 8vo. {In preparation. 

Thwaites's (R. G.) The Colonies (1492- 
1763). Fcp. 8vo. 3i. 6rf. [Ready, 

^N'v\aotL'ft (W,) Division and Re-union 
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Epochs of English History. 

Complete in One Volume, with 27 Tables 
and Pedigrees, and 23 Maps. Fcp. 8vo. 

*^* For details of Parts see Longmans & Co/s 
Catalogue of School Books. 

EWALD (Heinrich),— WORKS BY, 

The Antiquities of Israel. Trans- 
lated from the German by H. S. Solly, 
M.A. 8vo. 125. 6d. 

The History of Israel. Trans- 
lated from the German. 8 vols. 8vo. 
Vols. I. and II. 245. Vols. III. and IV. 
2IJ. Vol. V. 185. Vol. VI. ids. Vol. 
VII. 215. Vol. VIII., with Index to the 
Complete Work, 185. 

FARNELL.— Greek Lyric Poetry: 

a Complete Collection of the Surviving 
Passages from the Greek Song-Writers. 
Arranged with Prefatory Articles, Intro- 
ductory Matter, and Commentary. By 
George s. Farnell, M.A. With 5 
Plates. 8vo. 165. 

FARRAR{Veii, Archdeacon),— WORKS 
BY, 

Darkness and Dawn ; or, Scenes 

in the Days of Nero. An Historic Tale. 
2 vols. 8vo.' 285. 

Language and Languages. A 

Revised Edition o^ Chapters ofiLanguage 
and Families of Speech, Crown 8vo. 05. 

FITZWYGRAM. — Horses and 
Stables. By Major-General Sir 
F. FiTZVVYGRAM, Bart. With 19 pages 
of Illustrations. 8vo. 55. 

FORD,— The Theory and Practice 
of Archery. By the late Horace 

Ford. New Edition, thoroughly Re- 
vised and Re-written by W. Butt, M.A. 
With a Preface by C. J. Longman, M. A., 
F.S.A. 8vo. 145. 

FOUARD,— The Christ the Son of 
God : a Life of our Lord and Sa- 
viour Jesus Christ. By the Abb^ Con- 
stant FoUARD. With an Introduction 
by Cardinal Manning. 2 vols. Crown 
8vo. 145. 

FOZ. — The Early History of 
Charles James Fox. By the 

Right Hon. Sir G. O. Trevelyan, Bart. 
Library Edition, 8vo. i8i. 
Cabinet Edition, Crown 8vo. 6j. 

FRANCIS.— A Book on Angling; 

or, Treatise on the Art of Fishing in 
every branch ; including full Illustrated 
List of Salmon Flies. By Francis 
Francis. With Portrait and Coloured 
Plates. Crown 8vo. 151. 



FREEMAN.— The Historical Geo- 
graphy of Europe. By E. A 

Freeman. With 65 Maps. 2 vols. 8vo. 
315. 6d, 

FROUDE {James A,),— WORKS BY. 

The History of England, from 

the Fall of Wolsey to the Defeat of the 
Spanish Armada. 12 vols. Crown 8vo. 
35. 6d, each. 

The Divorce of Catherine of 
Aragon ; the Story as told by the 

Imperial Ambassadors resident at the 
Court of Henry VIII. In usuin Lai' 
corum, 8vo. its. 

Short Studies on Great Sub- 
jects. Cabinet Edition, 4 vols. 

Crown 8vo. 245. Cheap Edition, 4 vols. 
Crown 8vo. 35. 6</. each. 

Caesar: a Sketch. Crown Svo. 3^. 

The English in Ireland in the 
Eighteenth Century. 3 vols. 

Crown 8vo. 185. 

Oceana; or, England and her 

Colonies. With 9 Illustrations. 

Crown Svo. 2s, boards, 25. 6d, cloth. 

The English in the West Indies ; 

or, the Bow of Ulysses. With 9 Illus- 
trations. Crown Svo. 2s. boards, 2J. 6d, 
cloth. 

The Two Chiefs of Dunboy; 

an Irish Romance of the Last Century. 
Crown Svo. 3s. dd, 

Thomas Carlyle, a History of his 

Life. 1795 to 1835. 2 vols. Crown Svo. 
75. 1834 to 1 88 1. 2 vols. Crown Svo. ^s, 

GALLWEY, — l^e\teTS to Young 
Shooters. (First Series.) On 
the Choice and Use of a Gun. By Sir 
Ralph Payne-Gallwey, Bart, with 
Illustrations. Crown Svo. 75. 6d, 

GARDINER {Samuel Rawson).— 
' WORKS BY, 

History of England, from the 

Accession of James I. to the Outbreak 
of the Civil War, 1603-1642. 10 vols. 
Crown Svo. price 6*. each. 

A History of the Great Civil 
War, 1642-1649. (3 vols.) Vol. 

I. 1642- 1644. With 24 Maps. Svo. 215. 
(out of print). Vol. II. 1644-164'/. 
With 21 Maps. 8vo. X6^. '^O^^ '^^^^- 
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GARDINER (Samuel RatMon).^ 
WORKS BY. -^continued. 

The Student's History of Eng- 
land. Vol. I. B.C. 55 — A.D. 1509, 

with 173 Illustrations. Crown 8vo. 4^. 
Vol. II. 1509-1689, with 96 Illustrations. 
Crown 8vo. 45. Vol. III. (1689-1865). 
Crown 8vo. 45. Complete in i vol. 
Crown 8vo. 125. 

A School Atlas of English His- 
tory. A Companion Atlas to the 

* Student's History of England \ With 
66 Maps and 22 Plans of Battles, &c. 
Fcap. 4to. 5J'. 

a I BERNE,— Works by, 
Nigel Browning. Crown Sva 5^. 
Miss Devereux, Spinster. A 

Novel. 2 vols. Crown 8vo. 17*. 

GOETHE.— Faust A New Transla- 
tion chiefly in Blank Verse ; with Intro- 
duction and Notes. By James Adey 
Birds. Crown 8vo. 6s. 

Faust. The Second Part. A New 

Translation in Verse. By James A dry 
Birds. Crown 8vo. 6i. 

GREEN.— The Works of Thomas 
Hill Green. Edited by R. L, 

Neti'LFshii'. (3 vols.) Vols. I. and II. 
— Philosoj)hical Works. 8vo. 165. each. 
Vol. 111. — Miscellanies. With Index to 
the three Volumes and Memoir. 8vo. 215. 

The Witness of God and Faith : 

Two Lay Sermons. By T. II. Green. 
Fcp. 8vo. 25. 

GUEVILLE, A Journal of the 
Reigns of King George IV., 
King William IV., and Queen 
Victoria. By C. C. V. (iRKviLLE. 

Kdited by H. Rkevr. 8 vols. Crown 
8vo. 6s. each. 

GWILT. — An Encyclopaedia of 
Architecture. By Joseph Gwilt, 

F.S. A. Illustrated with more than 1700 
Engravings on Wood. 8vo. 525. 6</. 

//.l(/r;.47^y>.— Life and its Author: 

an Essav in Verse. By Ella Hagc;ard. 
With a Memoir by H. Rider Ha(;oard, 
and Portrait. Fcp. 8vo. 3s. 6r/. 

HAGGARD {II. Ruh'v).~WORKS BY. 

She. With 32 Illustrations by M. 
Greifeenhac.en and C. H. M. Kerr. 
Crown 8vo. 35. 6<1. 

Allan Quatermain. With 31 Illus- 
trations by C. H. M. Kerr. Crown 8vo. 
js. 6(i. 



HAGGARD (H Bider.)^WORKS BY. 
— continued. 

Maiwa's Revenge ; or. The War 

of the Little Hand. Crown 8vo. is. 
boards; 15. 6d. cloth. 

Colonel Quaritchy V.C. A Novel 

Crown Svo. 35. 6d. 
Cleopatra: being an Account of 

the F*an and Vengeance of Hannachis, 
the Royal Egyptian. With 29 Full-page 
Illustrations by M. Greiffenhagen and 
R. Caton Woodville. Crown Svo. 31. 6d. 

Beatrice. A Novel. Cr. 8vo. 65, 
Eric Brighteyes. With 17 Plates 

and 34 Illustrations in the Text by 
Lancelot Speed. ^ Crown Svo. 65. 

HAGGARD and LANG.— The 
World's Desire. By H. Rider 

Haggard and Andrew Lang. Crown 
Svo. 65. 

HALLIWELL'PHILLIPPS, —A 
Calendar of the Halliwell- 
Phillipps' collection of Shake- 
spearean Rarities formerly 
preserved at Hollinebury 
Copse, Brighton. Second 

Edition. Enlarged by Ernest E. 
Baker, F.S. A. 8vo. los. 6d. 

HARRISON.— Myths of the Odys- 
sey in Art and Literature. 

Illustrated wilh Outline Drawings. Hy 
Jank E. Harrison. 8vo. 185. 

HARRISON.— The Contemporary 
History of the French Revo- 
lution, compiled from the ^Annual 
Register', liy V. Baykord Harrison. 
Crown Svo. 35. 6(L 

HARTE (Rre().— lVORKS BY. 

In the Carquinez Woods. Fcp. 

8vo. 15. boards ; is. 6</. cloth. 

On the Frontier. i6mo. is. 
By Shore and Sedge. i6mo. is. 
HARTWIG (Dr.).— Works by. 
The Sea and its Living Wonders. 

With 12 Plates and 303 Woodcuts. •Svo. 
I05. 6ii. 

The Tropical World, ^^'ith 8 

Plates and 172 Woodcuts. 8vo. los. 6(i. 

The Polar World. With 3 Maps, 

8 Plates and 85 Woodcuts. 8vo. 105. 6d. 

The Subterranean World. With 

3 Maps and 80 Woodcuts. 8vo. 105. 6d. 

The Aerial World. With Map, 

% Y\tvX^«. ?cv\dL^V^'ciCid<i\3As. Svo. IDS. 6c/. 
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HA VELOC K. — Memoirs of Sir 
Henry Havelock, K.C.B. By 

John Clark Marshman. Crown 8vo. 



3i. 6d, 



HEARN(W, Edward).— Works BY. 

The Government of England: 

its Structure and its Development. 8vo. 
165. 

The Aryan Household : its Struc- 
ture and its Development. An Introduc- 
tion to Comparative Jurisprudence, 8vo. 
165. 

HISTORIC TOWNS. Edited by 

E. A. Freeman, D.C.L., and Rev. 
William Hunt, M.A. With Maps and 
Plans. Crown Svo. 3s. td. each. 

Bristol By Rev. W. Hunt. 
Carlisle. ByRev.MANDELLCREicH- 

TON. 

Cinque Ports. By Montagu 

HUKROWS. 

Colchester. By Rev. E. L. Cutts. 
Exeter. By E. A. Freeman. 

• 

London. By Rev. W. J. Loftie, 

Oxford. By Rev. C. W. Boase. 

Winchester. By Rev. G. W. Kit- 
chin, D.D. 

New York. By Theodore Roose- 
velt. 

Boston (U.S.). By Henry Cabot 
Lodge. 

York. By Rev. James Raine. 

[In Preparation, 

HODGSON {Shadworth H,).— WORKS 
BY. 

Time and Space : a Metaphysical 

Essay. Svo. 165. 

The Theoiy of Practice : an 

Ethical Enquiry. 2 vols. Svo. 245. 

The Philosophy of Reflection : 

2 vols. Svo. 215. 

Outcast Essa3rs and Verse 
Translations. Essays : The 

Genius of De Quincey — Dc Quincey as 
Political Economist — ^The Supernatural 
in English Poetry; with Note on the 
True Symbol of Christian Union — Eng- 
lish Verse. Verse Translations: Nineteen 
Passages from Lucretius, Horace, HomeT, 
&c. Crown Syo. &s. td. 



\ 



HOWITT.— Visits to Remarkable 
Places, Old Halls, Battle-Fields, 

Scenes, illustrative of Striking Passages 
in English History and Poetry. By 
William Hovvitt. With. 80 Illustra- 
tions. Crown Svo. 35. dd. 

HULLAH {John).— WORKS BY. 

Course of Lectures on the His- 
tory of Modern Music. 8vo. 
85. &. 

Course of Lectures on the Tran- 
sition Period of Musical His- 
tory. 8vo. I OS. 6d. 

HUMK'^The Philosophical Works 
of David Hume. Edited by T. 

H. Green and T. H. Grose. 4 vols. 
Svo. 565. Or Separately, Essays, 2 vols. 
2S5. Treatise of Human Nature. 2 vols. 
28s. 

HUTCHINSON (Horace).— WORKS 
BY. 

Creatures of Circumstance: A 

Novel. 3 vols. Crown Svo. 25*. 6d. 

Famous Golf Links. By Horace 

G. Hutchinson, Andrew Lang, H. S. 
C. Evkrard, T. Rutherford Clark, 
&c. With numerous Illustrations by F. 
P. Hopkins, T. Hodoes, H. S. King, 
and from Photographs. Crown Svo. 6s. 

HUTH.— The Marriage of Near 
Kin, considered with respect to 

the Law of Nations, the Result of Ex- 
perience, and the Teachings of Biology. 
By Alfred H. Huth. Royal Svo. 215. 

INGELOW {Jean).— WORKS BY. 
Poetical Works. Vols. I. and H. 

Fcp. Svo. I2J. Vol. HL Fcp. Svo. 5s. 

Lyrical and other Poems. Se- 
lected from the Writings of Jean 
Ingelow. Fcp. Svo. 2s. 6^. cloth plain ; 
35. cloth gilt. 

Very Young and Quite Another 
Story : Two Stories. Cr. Svo. 6s. 

JAMESON (Mrs.).- WORKS BY. 

Sacred and Legendary Art With 

19 Etchings and 187 Woodcuts. 2 vols. 
Svo. 205. net 

Legends of the Madonna. The 

Virgin Mary as represented in Sacred 
and Le^nvdax^i KsV* '^'^Scw vv ^^nsSwx^-^ 
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JAMESON (Mrs.).— WORKS BK.— 
continued. 

Legendsof the Monastic Orders. 

With II Etchings and 88 Woodcuts, i 
vol. 8vo. I05. net. 

History of Our Lord. His Types 

and Precursors. Completed by Lady 
Eastlake. With *)! Etchings and 281 
Woodcuts. 2 vob. 8vo. 20s. net. 

JEFFERIES (Richard),— WoRKS BY, 

Field and Hedgerow : last Essays. 

With Portrait. Crown 8vo. 35. 6rf. 

The Story of My Heart: my 

Autobiography. With Portrait and new 
Preface by C. J. I^ngman. Crown ' 
8vo. y. 6d. I 

JENNimiS.—Bcclesia. AngUcana. I 

A History of the Church of Christ in 
Kngland, from the Earliest to the Present i 
Times. By the Rev. Arthur Charles 
Jennings, M.A. Crown 8vo. 71. 6d. 

JOHNSON.— The Patentee's Man- 
ual ; a Treatise on the I-aw and 

Practice of Letters Patent. By J. John- 
son and J. H. Johnson. 8vo. ios. 6d. 

JORDAN (William Leirjh ton).— The 
Standard of Value. By William 

Lkighton Jordan. 8vo. 6s. 

JUSTINIAN.— The Institutes of 
Justinian ; Latin Text, chiefly 

that of Huschkc, with English Inlroduc- 
tiou. Translation, Notes, and Summary, 
hy Thomas C. Sandars, M.A. Svo. i8s. 

KALISCII (M. M.).— WORKS BY. 

Bible studies. Part I. The Pro- 
phecies of Halaam. Svo. 105. 6d. Part 
II. The Book of Jonah. Svo. 1 05. 6t/. 

Commentary on the Old Testa- 
ment; with a New Translation. 

Vol. I. Genesis, Svo. 18s. or adapted for 
the General Reader, 1 25. Vol.11. Exotlus, 
155. or adapted for the General Reader, 
125. Vol. III. Leviticus, Part I. 15s. or 
adapted for the General Reader, 85. 
\o\. IV. Leviticus, Part II. 155. or 
adapted for the General Reader, 85. 

KANT (Immaimp1).— ]V0RKS BY. 

Critique of Practical Reason, and 
other Works on the Theory of 
Ethics. Translated by T. K. Ab- 
bott, ILD. With Memoir. .8vo. 125. 6</. 

Introduction to Logic, and his 
Essay on the Mistaken Sub- 
tilty of the Four Figures. 

Translated by T. K. Abbott. Notes by 
S. T. Colendge. Svo. 65. 



jr^i^i^^Z>y.— Pictures in Rhyme. 

By Arthur Clark Kennedy. With 
4 Illustrations by Mauricr Greiffen- 
HAGEN. Crown Svo. 65. 

JST/LL/CA-.— Handbook to MiU's 
SjTStem of Logic. By the Rev. 

A. H. KiLLicK, M.A. Crown Svo. 3s. 6d, 
KNIGHT (E. F.).— WORKS BY. 

The Cruise of the * Alerte ' ; the 

Narrative of a Search for Treasure on the 
Desert Island of Trinidad. With 2 Maps 
and 23 Illustrations. Crown Svo. los. 6a. 

Saye Me from my Friends: a 

Novel. Crown Svo. 65. 
LADD (George T.).— WORKS BY, 

Elements of Physiological Psy- 
chology. 8vo. 2 IS. 

Outlines of Physiological Psy- 
chology. A Text-book of Mental 

Science for Academies and Colleges. 
Svo. I2S. 

LANG (Andrew).— Works BY, 
Custom and Myth: Studies of 

Early Usage and Belief. With 15 Illus- 
trations. Crown Svo. 75. td. 

Books and Bookmen. With 2 

Coloured Plates and 17 Illustrations. Cr. 
Svo. 6i. 6r/. 

Grass of Parnassus. A Volume 

of Selected Verses. Fcp. Svo. 65. 

Angling Sketches. With Illus- 
trations by W. G. Brown Murdoch. 
Crown Svo. 75 ()d.. 

Ballads of Books. Edited by 

Andrew Lang. Fcp. Svo. 65. 

The Blue Fairy Book. Edited by 

Andrew Lang. With 8 Plates and 130 
Illustrations in the Text by H. J. Ford 
and G. P. Jacomb Hood. Cr. Svo. 6s. 

The Red Fairy Book. Edited by 

Andrew Lang. With 4 Plates and 96 
Illustrations in the Text by H. J. Ford 
and Lancelot Speed. Crown Svo. 6j. 

The Blue Poetry Book. Edited 

by Andrew Lang. With 12 Plates and 
S8 Illustrations in the Text by H.J. Ford 
and Lancelot Speed. Crown Svo. 6s. 

LAVISSE.—Getiev3.\ View of the 
Political History of Europe. 

By Ernest Lavisse, Professor at the 
Sorbonne. Translated, with the Author's 
sanction, by Charles Gross, Ph.D. 
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Lit Til/?/).— Poems. By Nina F. 

Layard. - Crown 8vo. 6x. 
LECKY{W. E. H.).— WORKS BY. 

History of England in the 
Eighteenth Century. 8vo. Vols. 

I. & II. 1700-1760. 365. Vols. III. 
&IV. 1760-1784. 36s. Vols. V.&VI. 
1784-1793. 36i. Vols. VII. & VIII. 
1793-1800. 361. 

The History of European Morals 
from Augustus to Charle- 
magne. 2 vols. Crown 8vo. 165. 

History of the Rise and Influ- 
ence of the Spirit of Rational- 
ism in Europe. 2 vols. Crown 

Svo. its. 

Poems. Fcp. 8vo. 5^. 

LEES and CLUTTERBUCK.—B. C. 

1887, A Ramble in British 
Columbia. By J. A. Lkes and 

W. J. Clutterbuck. With Map and 
75 Illustrations. Crown Svo. 65. 

LEOER.—A History of Austro- 
Hungary. From the Earliest 

Time to the year 1889. By Louis Leger. 
With a Preface by E. A. Frreman, 
D.C.L. Crown Svo. los. 6d. 

LEWES.— The History of Philo- 
sophy, from Thales to Comte. 
By George Henry Lewks. 2 vols. 
8vo. 32*. 

LIDDELL.— The Memoirs of the 
Tenth Rojral Hussars (Prince 
of Wales' Own) : Historical and 

Social. Collected and Arranged by 
Colonel R. S. I^iddell, late Command- 
ing Tenth Royal Hussars. With Portraits 
and Coloured Illustration. Imperial Svo. 
635. 

LLOYD.— The Science of Agricul- 
ture. By F. J. Lloyd. Svo. i2x. 

LONGMAN (Frederick W.).— lVORKS 

BY. 

« 

Chess Openings. Fcp. 8vo. 2s. 6d. 

Frederick the Great and the 
Seven Years' War. Pep. 8vo. 

2S. 6d. 

Longman's Magazine. Published 

Monthly. Price Sixpence. 
Vols, I -17. Svo. price 55. each. 



Longmans' New Atlas. Political 

and Physical. For the Use of Schools 
and Private Persons. Consisting of 40 
Quarto and 16 Octavo Maps and Dia- 
grams, and 16 Plates of Views. Edited 
by Geo. G. Chisholm, M.A., B.Sc 
Imp. 4to. or Imp. Svo. 12s. 6d. 

LOUDON (J. C.).— Works by. 
Engrclopaedia of Gardening. 

With 1000 Woodcuts. Svo. 215. 

Encyclopaedia of Agriculture; 

Laying-out, Improvement, 



the 



and 



Management of Landed Property. With 
1 100 Woodcuts. Svo. 21S. 

Encyclopaedia of Plants; the 

Specific Character, &c., of all Plants found 
in Great Britain. With 12,000 Wood- 
cuts. Svo. 42J. 

LUBBOCK.— The Origin of Civil- 
isation and the Primitive Condi- 
tion of Man. By Sir J. Lubbock, Bart.^ 
M.P. With 5 Plates and 20 Illustrations 
in the Text. Svo. iSs. 

LYALL.— The Autobi6graphy of a 
Slander. BxEdnaLyall, Author 

of ' Donovan,' &c. Fcp. Svo. n. sewed. 

LYDE.—An Introduction to An- 
cient History : being a Sketch of 

the History of Egypt, Mesopotamia,. 
Greece, and Rome. With a Chapter on 
the Development of the Roman Empire 
into the Powers of Modem Europe. By 
Lionel W. Lyde, M.A. With 3 
Coloured Maps. Crown Svo. 35. 

MACAU LAY {Lord).— WORKS OF. 

Complete Works of Lord Ma- 
caulay : 

Library Edition, S vols. Svo. £$ 55. 
Cabinet Edition, 16 vols. Post Svo. £^ i65. 

History of England from the 
Accession of James the 
Second : 

Popular Edition, 2 vols. Crown Svo. $s. 
Student's Edition, 2 vols. Crown Svo. 125. 
People's Edition, 4 vols. Crown Svo. i6x. 
Cabinet Edition, S vols. Post Svo. 4S5. 
Library Edition, $ vols. Svo. £^, 

Critical and Historical Essa3rs» 
with Lajrs of Ancient Rome» 

in I volume : 

Popular Edition, Crown Svo. 2S. td. 
Authorised Edition, Crown Svo. 2S. td. or 
35. 6d. gilt edg4G&. 
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MA CA ULA Y (Z>)rc/).— WORKS OF.— 
continued. 

Critical and Historical Essajrs : 

Student's Edition, i vol. Crown 8vo. 65. 
People's E<Ution, 2 vols. Crown 8vo. 85. 
Trevelyan Kdition, 2 vols. Crown Svo. 95. 
Cabinet Edition, 4 vols. Post Svo. 24J. 
Library Edition, 3 vols. Svo. 56s. 

Essays which may be had separately 

price 6</. each sewed, is. each cloth : 

Addison and Walpole. 
Frederick the Great. • 
Croker's Boswell's Johnson. 
Hallani's Constitutional History. 
Warren Hastings. (3</. sewed, td cloth.) 
The Earl of Chatham (Two Essays). 
Ranke and Gladstone. 
Milton and Machiavelli. 
Lord Bacon. 
Lord Clive. 

Lord Byron, and The Comic Dramatists of 
the Restoration. 



The Essay on Warren Hastings annotated 
by S. Hales, is. td. 

The Essay on Lord Clive annotated by H. 
COURTHOPE BOWEX, M.A., 2s. 6d. 

Speeches : 

People's Etliiion, Crown Svo. 3s. 6</. 

Lays of Ancient Rome, &c. : 

Illustrated by G. Scharf, Fcp. 410. los. td. 

Bijou Edition, iSmo. 

2s. td. gilt lop. 

Popular Edition, 

Ecp. 410. 6r/. sewed, is. cloth. 

Illustrated by J. R. Weguelin, Crown Svo. 
T^s. €>d. clolh extra, gill edges. 

Cabinet Edition, Post Svo. ^s. 6d. 

Annotated Edition. Fcp. Svo. is. sewed, 
IS. 6d. clolh. 

Miscellaneous Writings : 

People's Edition, i vol. Crown Svo. 4s. 6d. 
Library Edition, 2 vols. Svo. 21s. 

Miscellaneous Writings and 
Speeches : 

Ptipular Edition, i vol. Crown Svo. 2s. 6d. 

Student'-^ Edition, in i \'o\. Crown Svo. 6s. 

Cabinet Kdition, including Indian Penal 
Code, Lays of Ancient Rome, and Mis- 
cellaneous Poems, 4 vols. Post Svo. 24s. 

Selections from the Writings 
of Lord Macaulay. Edited, 

with Occasional Notes, by the Right Hon. 
Sir G. (). Tkevelyan, Bart. Cr. Svo. 6s. 



MACAULAY (Lr^nl).— WORKS OF,— 
continued. 

The Life and Letters of Lord 
Macaulay. By the Right Hon. 

Sir G. O. Trevelyan, Bart. : 

Popular Edition, i vol. Crown Svo. 2s. 6rf. 
Student's Edition, I vol. Crown Svo. 6j. 
Cabinet Edition, 2 vols. Post Svo. 12s. 
Library Kdition, 2 vols. Svo. 36s. 

MACDONALD (Geo,),— WORKS BY. 

Unspoken Sermons. Three 

Series. Crown Svo. 3s. 6d. each. 

The Miracles of Our Lord 

Crown Svo. 3s. 6rf. 

A Book of Strife, in the Form 
of the Diary of an Old Soul : 

Poems. 1 2 mo. 6s. 

MACFARREN {Sir G. A.).— WORKS 
BY. 

Lectures on Harmony. 8vo. i is. 
Addresses and Lectures. Crown 

Svo. 6s. 6d. 

MA GKA IL. — SelectEpigrams from 
the Greek Anthology. Edited, 

with a Revised Text, Introduction, Trans- 
lation, and Notes, by J. \V. Mackail, 
M.A. Svo. 16s. 

MACLEOD (Henn/ D.).— IFORKS BY. 

The Elements of Banking. 

Crown Svo. 3s. 6(/. 

The Theory and Practice of 
Banking. Vol. I. Svo. 12s. 

Vol. II. 14s. 

The Theory of Credit. 8vo. 

Vol. I. ys. 6d. ; Vol. II. Part I. 4s. 6d. ; 
Vol. II. Part II. los. 6d. 

M'^CUL LOCH.— The Dictionary of 
Commerce and Commercial Navi- 

j^alion of the late J. R. MCCulloch. 
Svo. with 1 1 Maps and 30 Charts, 63s. 

MA C VINE. — Sixty-Three Years* 
Angling, from the Mountain 

Streamlet to the Mighty Tay. By John 
Mac:vine. Crown Svo. ids. 6d. 

MALM ES BURY.— Memoirs of an 
Ex- Minister. By the Earl of 

Malmesbury. Crown Svo. 7s. 6d. 

MAyNERING.— With Axe and 
Rope in the New Zealand 
Alps. By George Edward Man- 

NERINC, Member of the Alpine Club. Svo. 
1 2 J. 6</. 
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MANUALS OF CATHOLIC 
PHILOSOPHY {Stofiyhursf 

Series) : 

Log^C. By Richard ¥. Clarke^ 

S.J. Crown 8vo. $5. 

First Principles of Knowledge. 

By John Rickaby, S.J. Crown 8vo. 55. 

Moral Philosophy (Ethics and 
Natural Law). By Joseph Rick- 

ABY, S.J. Crown 8vo. 55. 

General Metaphjrsics. By John 

RiCKABY, S.J. Crown Svo. $s. 

Psychology. By Michael Mahbr, 

S.J. Crown Svo. 6j. 6d. 

Natural Theology. By Bernard 

BoEDDER, S.J. Crown Svo. 6*. 6d. 
MARTI NE A U {James),-- WORKS BY. 

Hours of Thought on Sacred 
Things. Two Volumes of Ser- 
mons. 2 vols. Crown Svo. ^s, 6d. each. 

Endeavours after the Christian 

Life. Discourses. Cr. Svo. js. 6d. 

The Seat of Authority in Re- 
• ligion. 8vo. i4f. 

Essays, Reviews, and Ad- 
dresses. 4 vols. Cr.8 vo. ys. 6d. each. 

I. Personal: Poll- III. Theological: 

tical. . i Philosophical. 

II. Ecclesiastical : j IV. Academical : 
Historical. { Religious. 

MASON.— Th^ Steps of the Sun: 

Daily Readings of Prose. Selected by 
Agnks Mason. i6mo. 35. 6</. 

MATTHEWS{Bran(Jer).- WORKSBY. 
A Family Tree, and other Stories. 

Crown Svo. 65. 

Pen and Ink : Papers on Subjects 

of more or less Importance. Cr. Svo. 5*. 

With My Friends : Tales told in 

Partnership. With an Introductory 
Essay on the Art and Mystery of Colla- 
boration. Crown Svo. 6s. 

MAUNDER'S TREASURIES. 
Biographical Treasury. With 

Supplement brought down to 1SS9, by 
Rev. Jas. Wo<jd. Fcp. Svo. 6j. 

Treasury of Natural History; 

or, Popular Dictionary of Zoology. Fcp. 
Svo. with 900 Womlcuts, 6s. 

Treasury of Geography, Physical, 

Historical, Descriptive, and Political. 
With 7 Maps and 16 Plates. Fcp. Svo. 95. 

[Continued, 



MAUNDER'S TREASURIES. 

— continued. 

Scientific and Literary Trea- 
sury. Fcp. Svo. 6j. 

Historical Treasury : Outlines of 

Universal History, Separate Histories of 
all Nations. Fcp. Svo. 65. 

Treasury of Knowledge and 

Library of Reference. Com- 
prising an English Dictionary and Gram- 
mar, Universal Gazetteer, Classical 
Dictionary, Chronology, Law Dictionary, 
&c. Fcp. Svo. 6s. 

The Treasury of Bible Know- 
ledge. By the Rev. J. Ayre, M.A. 

With 5 Maps, 15 Plates, and 300 Wood- 
cuts. Fcp. Svo. 65. 

The Treasury of Botany. 

Edited by J. Lindley, F.R.S,, and 
T. Moore, F.L.S. With 274 Woodcuts 
and 20 Steel Plates. 2 vols. Fcp. Svo. I2S. 

MAX MULLER (F.).--- WORKS BY. 

Selected Essajrs on Language, 
Mythology and Religion. 

2 vols. Crown Svo. 165. 

The Science of Language, 

Founded on Lectures delivered at the 
Royal Institution in 1S61 und 1S63. 2 
vols. Crown Svo. 2H. 

Three Lectures on the Science 
of Language and its Place in 
General Education, delivered 

at the Oxford University Extension 
Meeting, 1SS9. Crown Svo. 3*. 

Hibbert Lectures on the Origin 
and Growth of Religion, as 

illustrated by the Religions of India. 
Crown Svo. 7*. tii. 

Introduction to the Science of 

Religion ; Four Lectures delivered 

at the Royal Institutioji. Crown Svo. 75. td. 

Natural Religion. ^ The Gifford 

Lectures, delivered before the University 
of Glasgow in iSSS. Crown Svo. lOi. 6</. 

Physical Religion. The Gifford 

Lectures, delivered before the University 
of Glasgow in 1S90. Crown Svo. 105. 6a. 

The Science of Thought 8vo. 

215. 

Three Introductonr Lectures on 
the Science of Thought. 8vo. 

2s. 6d, 

[Continued on next ^<x^t. 
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MAX MULLER (F.).— IVORJ^ Br.- 
continufd. 

Bioeraphies of Words, and the 
Home of the Aiyas. Crown 

8vo. ^s. 6d, 

A Sanskrit Grammar for Be- 

finners. New and Abridged 
dition. By A. A. MacDonell. Cr. 
8vo. 6s. 

MAY. — The Constitutional His- 
tory of England since the 

Accession of George III. 1 760-1870. 
By the Right Hon. Sir Thomas 
Erskinr May, K.C.B. 3 vols. Crown 
8vo. 185. 

MEADE (L. T.).— WORKS BY. 

The O'Donnells of Inchfawn. 

With Frontispiece by A. Chasbmore. 
Crown 8vo. 6j. 

Daddy's Boy. With Illustrations. 

Crown 8vo. 5*. 

Deb and the Duchess. With 

Illustrations by M. E. Edwards. Crown 
8vo. 5s. 

House of Surprises. With Illus- 
trations by Ei)iT}l M. SCANNKLL. Cr. 
8vo. 3s. 6(/. 

The Beresford Prize. With Illus- 
trations by M. K. Edwards. Crown 
8vo. 55. 

MKATH{Th: Karl of).— WORKS BY. 
Social Arrows : Reprinted Articles 

on various Social Subjects. Crown 8vo. 

Prosperity or Pauperism ? 

Physical, Industrial, and Technical 
Training. (Edited by the Earl of 
Meath.) 8vo. 55. 

MELVILLE if(j. J. Whijtc).— Novels 

BY. Crown 8vo. 15. each, boards; \s. 
bd. each, cloth. 

The Gladiators. Holmby House. 

The Interpreter. Kate Coventry. 

Good for Nothing. Dig^by Grand. 

The Queen's Maries. General Bounce. 

MENDELSSOHN.— Th^ Letters of 
Felix Mendelssohn. TiansVaied 

hy Lady Wallace. 2 vols. Ctowu ^vo. 

lOS. 



MERIVALE {The Very Bev. Chas.).-- 

Works by. 

History of the Romans under 
the empire. Cabinet Edition, 

8 vols. Crown 8to. 48s. 
Popular Edition, 8 vols. Cr. 8vo. 35. 6<f.each. 

The Fall of the Roman Republic : 

a Short History of the Last Century of 
the Commonwealth. i2mo. ys. 6d. 

General History of Rome from 
B.c. 753 to A.D. 476. Cr. 8vo. js.Sd. 

The Roman Triumvirates. With 

Maps. Fop. 8vo. 25. 6d. 

MILES.— 'The Correspondence of 
William Augustus Miles on 
the French Revolution, 1789- 
1817. Edited by the Rev. Charles 
PopHAM Miles, M.A. 2 vols. 8vo. 325. 

i//LL.— Analjrsis of the Pheno- 
mena of the Human Mind. 

By James Mill. 2 vols. 8vo. 285. 
MILL {John Stuart).— WORKS BY. 

Principles of Political Economy. 

Library Edition, 2 vols. 8vo. 305. 
People's Edition, i vols. Crown 8vo. 51. 

A System of Log^ic. Cr. 8vo. 5^. 
On Liberty. Crown 8vo. is. 4//. 
On Representative Government 

Crown 8vo. 25. 

Utilitarianism. 8vo. 51. 

Examination of Sir William 
Hamilton's Philosophy. 8vo. 

1 6s. 

Nature, the Utility of Religion, 
and Theism. Three Essays. 8vo. 
55. 

MOLESWORTH {Mrs.).- WORKS BY. 
Marrying and Giving in Mar- 
riage : a Novel. Illustrated. Fcp. 

Svo. 2s. bd. 

Silverthoms. Illustrated. Crown 

Svo. 5s. 

The Palace in the Garden. Illus- 
trated. Crown 8vo. 55. 

The Third Miss St. Quentin. 

Crown Svo. 65. 

Neighbours. Illustrated. Crown 

8vo. 65. 

. T\\^S\.or^ oC a. Spring Morning, 
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AfOO/^jE?.— Dante and his Early 
Biographers. By Edward 

Moore, D.D., Principal of St. Edmund 
Hall, Oxford. Crown 8vo. 45. 6rf. 

MULE ALL.— Hxstors of Prices 
since the Year 1850. By 

Michael G. Mulhall. Cr. 8vo. 65. 

MURRAY.— Pl Dangerous Cats- 
paw: a Story. By David Christie 
Murray and Henry Murray. Crown 
8vo. 25. td, 

MURRAY and HERMAN.— VJM 
Darrie: a Story. By Christie 

Murray and Henry Herman. Crown 
Svo. 25. boards; 25. 6d, cloth., 

NANSEN.— The First Crossing of 
Greenland. By Dr. Fridtjof 

Nansen. With 5 Maps, 12 Plates, and 
150 Illustrations in the Text. 2 vols. 
Svo. 365. 

NAPIER— The Life of Sir Joseph 
Napier, Bart., Ex-Lord Chan- 
cellor of Ireland. By Alex. 

Charles Ewald, F.S.A. With Por- 
trait. Svo. 155. 

NAPIER.— The Lectures, Essajrs, 
and Letters of the Right Hon. 
Sir Joseph Napier, Bart., late 

Lord Chancellor of Ireland. Svo. 12s. 6d. 

NESBIT.— Leases of Life : Verses. 

By E. Nesbit. Crown Svo. 55. 

NEWMAN,— The Letters and Cor- 
respondence of John Henry 

Newman during his Life in the 
English Church. With a brief Autobio- 
graphical Memoir. Arranged and Edited 
by Anne Mozley. With Portraits. 2 
vols. Svo. 305. net. 



NEWMAN (Cardinal).— Works BY. 
Apologia pro Vit& Sua. Cabinet 

Edition, Crown Svo. 65. Cheap Edition, 
Crown Svo. 35. td. 

Sermons to Mixed Congrega- 
tions. Crown Svo. 6s. 

Sermons on Various Occasions. 

Crown Svo. 65. 

The Idea of a University defined 
and illustrated. Cabinet Edition, 

Crown Svo. 71. Cheap Edition, Crown 
Svo, js, 6d, 



NEWMAN (Cardinal).- WORKS BY, 
— continued. 

Historical Sketches. 3 vols. Cr- 

Svo. 65. each. 

The Arians of the Fourth Cen* 

tury. Cabinet Edition, Crowi> 

Svo. 65. Cheap Edition, Cr. Svo. 35. td. 

Select Treatises of St. Athan* 

asius in Controversy with the 

Arians. Freely Translated. 2 vols. Cr. 
Svo. i$j. 

Discussions and Arguments on 
Various Subjects. Cabinet 

Edition, Crown Svo. 65. Cheap Edition, 
Crown Svo. 35. 6d. 

An Essay on the Development 
of Christian Doctrine. Cabinet 

Edition, Crown Svo. 65. Cheap Edition^ 
Crown Svo. 35, td. 

Certain Difficulties felt by An- 
glicans in Catholic Teaching 
Considered. Cabinet Edition,. 

Vol. I., Crown Svo. 75. 6d. ; Vol. II., Cr. 
Svo. 55. 6rf. Cheap Edition, 2 vols. Cr* 
Svo. 3s. 6d. each. 

The Via Media of the Anglican 

Church, illustrated in Lectures^ 

&c. 2 vols. Crown Svo. 65. each. 

Essays, Critical and Historical. 

Cabinet Edition, 2 vols. Crown Svo. 125. 
Cheap Edition, 2 vols. Crown Svo. 75. 

Essays on Biblical and on Ec- 
clesiastical Miracles. Cabinet 

Edition, Crown Svo. 65. Cheap Edition^ 
Crown Svo. 35. td. 

Tracts, i. Dissertatiunculae. 2. On 

the Text of the Seven Epistles of St. 
Ignatius. 3. Doctrinal Causes of Arian- 
ism. 4. Apollinarianism. 5. St. Cyril's 
Formula. 6. Ordo de Tempore. 7. 
Douay Version of Scripture. Crown Svo. 

S5. 

An Essay in Aid of a Grammar 
of Assent. Cabinet Edition, 

Crown Svo. 75. 6<f. Cheap Edition, 
Crown Svo. 35. td. 

Present Position of Catholics in 

England. Crown 8vo. 75. 6d, 
Callista : a Tale of the Third C«sr 

tUt^. C^\i\Ti^ ^«A\<\WV> ^W^fT^ ^H^* ^* 
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NEWMAN (OirdinaJ).— WORKS OF,— 
continued. 
Loss and Gain : a Tale. Cabinet 

Edition, Crown 8vo. 65. Cheap Kdition, 
Crown 8vo. 35. 6d. 

The Dream of Gerontius. 1 6mo. 

td. sewed, n. cloth. 

Verses on Various Occasions. 

Cabinet Edition, Crown 8vo. 6s. Cheap 
Edition, Crown Svo. 35. tyd. 

* ^* Eor Cardinal Newman's other Works 
see Messrs. l^ongmans & Co. 's Catalogue 
of Tlteological Works. 

NORRIS.— Mrs. Fenton: a Sketch. 

By W. E. NoRRis. Crown Svo. 65. 
NORTON (Charles L.).— WORKS BY. 

Political Americanisms : a Glos- 
sary of Terms and Phrases Current at 
Pifferent Periods in Anierican Politics. 
Fcp. Svo. 25. 6d. 

A Handbook of Florida. With 

49 Maps and Plans. Fcp. Svo. 5s. 

0'/?i?/^iY.— When we were Boys: 

a Novel. By William O'Brien, M.P. 

Crown Svo. 2s. 6rf. 

oLIPHANT (Mrs.). -Novels by. 

Madam. Cr. 8vo. u.bds. ; is. 6d cl. 
In Trust. Cr. 8vo. i^. bds.; is. 6^. cl. 
Lady Car: the Sequel of a Life. 

Crown 8vo. 2S. bd. 

OMAN.~h History of Greece from 
the Earliest Times to the 
Macedonian Conquest. By C. 

W. C. Oman, M.A., F.S.A. With 
Maps and Plans. Crown Svo. 45. 6d. 

(niEILLY.—UuTstXtigh Dene: a 

Tale. By Mrs. O'Kkilly. Illustrated 
by M. Ellkx Edwards. Cr. 8vo. 55. 

P^lf//..— Principles of the History 
of Language. By Hermann 

Paul. Translated by H. A. Strong ! 
Svo. 1 05. 6t/. ' 

PAYN (Jfunrs). — Novels by. 
The Luck of the Darrells. Cr. 

8vo. IS. boards ; is. td. clolh. i 

Tfticlcer than Water. Cro\sT\?>vo.\ 

IS. boards ; is. 6d. clolh. 



PEERING {Sir Philip).— WORKS BY. 

Hard Knots in Shakespeare. 

8vo. 7s. 6d. 

The 'Works and Days ' of Moses. 

Crown Svo. 35. 6d. 

PHILLIPPS- WOLLEY.— Snap : a 

Legend of the Lone Mountain. By C. 
Philupps-Wolley. With 13 Illustra- 
tions by H. G. Willi NK. Cr. 8vo. 6s. 

POLE.— The Theory of the Mo- 
dern Scientific Game of Whist 

By VV. Pole, F.R.S. Fcp. Svo. 2s. 6d. 

POLLOCK.— The Seal of Fate: 

a Novel. By Lady Pollock and \V. 
H. Pollock. Crown 8vo. 65. 

POOL/j;.— Cookery for the Diabetic. 

By W. H. and Mrs. Poole. With Pre- 
face by Dr. Pavy. Fcp. Svo. 25. 6d. 

PRENDERG AST. — Ireland, from 
the Restoration to the Revolu- 
tion, 1 660- 1 690. By John P. Pren- 

DERGAST. Svo. 5*. 

PRINSEP.—Virginie : a Tale of One 

HuiulreJ Years Ago. By Val Prinsrp, 
A.R..\. 3 vols. Crown Svo. 255. 6d. 

PROCTOR (/?. A.).~ Works by. 
Old and New Astronomy. 12 

Parts, 25. td. each. Supplementary Sec- 
tion, 15. Complete in i vol. 4I0. 365. 
[/;/ course of publication. 

The Orbs Around Us; a Series of 

Essays on the >roon and Planets, Meteors 
and Comets. With Chart and Diagrams. 
Crown 8vo. 55. 

Other Worlds than Ours ; The 

Plurality of Worlds Studied under the 
Lij^ht of Recent Scientific Researches. 
With 14 Illustrations. Crown Svo. 55. 

The Moon ; her Motions, Aspects 

Scenery, and Physical Condition. With 
Plates, Charts, Woodcuts, &c. Cr. Svo. 55. 

Universe of Stars; Presenting 

Researches into and New Views respect- 
ing the Constitution of the Heavens. 
With 22 Charts and 22 Diagrams. Svo. 
1 05. bd. 

Larger Star Atlas for the I.ibrar)% 

\v\ 12 Circular Maps, with Introduction 
aw<\ 1 \\vVv. ^ ^-^vi^. ^ ^V\cv , I ^5 . or Maps 
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PROCTOR (R. A.).— lVORArS BY. 
— continued. 

The Student's Atlas. In Twelve 

Circular Maps on a Uniform Projection 
and one Scale. 8vo. 5s.. 

New Star Atlas for the Library, 

the School, and the Observatory, in 12 
Circular Maps. Crown 8vo. 5s, 

Light Science for LeisureHours. 

Familiar Essays on Scientific Subjects. 
3 vols. Crown 8vo. 5s. each. 

Chance and Luck ; a Discussion of 

the I^ws of Luck, Coincidences, Wagers, 
Ix)tteries, and the Fallacies of Gambling, 
&c. Crown 8vo. 2j. boards ; 2s. 6</. cloth. 

Studies of Venus-Transits. With 

7 Diagrams and 10 Plates. 8vo. 5*. 

How to Play Whist : with the 
Laws.and Etiquette of Whist. 

Crown 8vo. 35. bd. 

Home Whist: an Easy Guide to 

Correct Play. i6nio. .u. 

The Stars in their Seasons. 

An Easy Guide to a Knowledge of the 
Star Groups, in 12 Maps. Roy. 8vo. 5*. 

Star Primer. Showing the Starry 

Sky Week by Week, in 24 Hourly Maps. 
Crown 4to. 2S. 6r/. 

The Seasons pictured in 48 Sun- 
Views of the Earth, and 24 

Zodiacal Maps, &c. Demy 4to. 55. 

Strength and Happiness. With 

9 Illustrations. Crown 8vo. 5/. 

Strength : How to get Strong and 

keep Strong, with Chapters on Rowing 
and Swimming, Fat, Age, and the Waist. 
With 9 Illustrations. Crown 8vo. 25. 

Roug;h Wajrs Made Smooth. 

Familiar Essays on Scientific Subjects. 
Crown 8vo. 5s. 

Our Place Among Infinities. A 

Series of Kssays contrasting our Little 
Abode in Space and Time with the Infi- 
nities around us. Crown 8vo. 55. 

The Expanse of Heaven. Essays 

on the \Vonders of the Firmamenl. Ct. 
Bvo. $s. 



PROCTOR (R. A.).— WORKS BY.— 
continued. 

The Great Pjrramid, Observa- 
tory, Tomb, and Temple. 

With Illustrations. Crown 8vo. 5s. 

Pleasant Ways in Science. Cr. 

8vo. 55. 

M3rths and Marvels of Astro- 
nomy. Crown 8vo. 5X. 

Nature Studies. By Grant Allen, 

A. Wilson, T. Foster, E. Clodd, and 
R. A. Proctor. Crown 8vo. 55. 

Leisure Reading^. By E. Clodd, 

A. Wilson, T. Foster, A. C. Ranyard, 
and R. A. Pro<.:tor. Crown 8vo. 5*. 

PRYCE. — Tti^ Ancient British 
Church : an Historical Essay. 
By John Prycr, M.A. Crown 8vo. 65. 

i?^A'60A/A.— The Rise of Consti- 
tutional Government in Eng- 
land: being a Series of Twenty 

Lectures on the History of the English 
Constitution delivered to a Popular 
Audience. By Cyril Ransome, M.A. 
Crown 8vo. 6j. 

RAWL1NS0N.—T)i^ History of 
Phoenicia. By George Rawlin- 

SON, M.A., Canon of Canterbury, &c 
With numerous Illustrations. 8vo. 245. 

/^^^Di?;/?.— Echoes of Thought: 

a Medley of Verse. By Emily E. 
Readrr. Fcp. 8vo. 5*. cloth, gilt top. 

RENDLE and NORM AN.— Tht Inns 
of Old Southwark, and their 

Associations. By William Rkndlr, 
F.R.C.S., and Philip Norman, F.S.A. 
With numerous Illustrations. Roy.8vo.285. 



RIBOT.—The Psychology of At- 
tention. ByTn. RiBOT. Crown 

8vo. 3*. 

RICH.— A Dictionary of Roman 
and Greek Antiquities. With 

2000 Woodcuts. By A. Rich. Crown 
8vo. 75. 6d. 

RICHARDSON.— national Health. 

Abridged from ' The Health of N«&m&>v&' . 
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RILEY,— Athos; or, the Mountain 

of the Monks. By Athelstan Rilry, 
M.A., F.R.G.S. With Map and 29 
Illustrations. 8vo. 215. 

BILE y:— Old-Fashioned Roses : 

Poems. By James Whitcomb 
kli.F.Y. i2mo. 55. 

liOCKIIILL.—Tht Land of the 
Lamas : Notes of a Journey 

through China, Mangolia and Tibet. 
With 2 Maps and 6 Illustrations. By 
William Woidvii.le Rockhii.l. 8vo. 
155. 

nOGET.—A History of the ' Old 
Water-Colour' Society (now 

the Royal Society of Painters in Water- 
Colours). With Biographical Notices of 
its Older and all its Deceased Members 
and Associates. By John Lewis Roget, 
M.A. 2 vols. Royal 8vo. 425. 

n 00 ET.— Thesaurus of English 
Words and Phrases. Classified 

and Arranged so as to facilitate the Ex- 
pression of Ideas. By Peter M. Roget. 
Crown 8vo. los. td, 

RON A LDS. — The Fly - Fisher's 
Entomology. By Alfred 

Ron A IDS. With 20 Coloured Plates. 

8vO. 1^5. 

noSSETTI.—A Shadow of Dante: 

being an Essay towards studying Himself, 
his World, and his Pilgrimage. By Maria 
FraN( KscA RossF.TTi. With Illustra- 
tions. Crown 8vo. los. 6d. 

RUSSELL.--A Life of Lord John 
Russell (Earl Russell, K.G.). 

By Si'ENH KR Wali»ole. W'ith 2 Por- 
traits. 2 vols. 8vo. 365. Cabinet Edition, 
2 vols. Crown 8vo. 125. 

SEEBOHM {Frpjhric).— WORKS BY. 

The Oxford Reformers— John 
Colet, Erasmus, and Thomas 
More ; a History of their Fellow- 
Work. 8vo. 145. 

The English Village Commu- 
nity Examined in its Relations to 

the Manorial and Tribal Systems, &c. 13 
Maps and Plates. Svo. i6s. 

The Era, of the Protestant 

Revolution. With Map. Yep. 

Svo. 2S. 6d. 
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SEWELL,~Stor\tsaxiA Tales. By 

Elizabeih M. Sewell. Crown Svo. 
IS. 6d. each, cloth plain ; 25. td. each, 
cloth extra, gilt edges : — 

Amy Herbert. Laneton Parsonage. 

The Earl's Daughter. ■ Ursula. 
The Experience of Life. : Gertrude. 
AGlimpse of the World. I Ivors. 
Cleve Hall. Home Life. 

Katharine Ashton. | After Life. 
Margaret Percival. 

SHAKESPEARE. — Bowdler's 
Family Shakespeare, i Vol. 

8vo. With 36 Woodcuts, 14s. or in 6 

vols. Fcp. Svo. 215. 

Outline of the Life of Shake- 
speare. By J. O. Halliwell- 

Phillipps. 2 vols. Royal Svo. ;f I u. 

A Calendar of the Halliwell- 
Phillipps' Collection of Shake- 
spearean Rarities Formerly 

Preserved at IloUingbury Copse, Brighton. 
Enlarged by Ernkst E. Baker, F.S.A. 
Svo. I05. 6d. 

Shakespeare's True Life. By 

James Walter. W^ith 500 Illustrations. 
Imp. Svo. 21J. 

The Shakespeare Birthday 
Book. By Mary F. Dunbar. 

32mo. 15. 6d. cloth. With Photographs, 
32mo. 55. Drawing- Room Edition, with 
Photographs, Fcp. 8vo. I05. 6d. 

SHORT,— Sketch of the History 
of the Church of England 

to the Revolution of 1688. By T. V. 
Short, D.D. Crown 8vo. 75. 6d. 

SILVER library (The).— Cr. 

Svo. 3J. 6</. each volume. 

Baker's (Sir S. W.) Eight Years in 
Ceylon. W^ith 6 Illustrations. 3^. 6d. 

Baker's (Sir S. W.) Rifle and Hound in 
Ceylon. With 6 Illustrations. 35. 6d. 

Brassey's (Lady) A Voyag^e in the 'Sun- 
beam'. With 66 Illustrations. 35. 6d. 

Clodd's (£.) Story of Creation: a Plain 
Account of Evolution. With 77 Illustra- 
tions. 3J. 6d. 

Doyle's (A. Conan) Micah Clarke. A 

Tale of Monmouth's Rebellion. 35. 6d. 

Frcude's (J. A.) Short Studies on GreAt 
S>aiVk\^ct&. \ vols. 35. 6d. each. 
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SILVER LIBRARY (The).— 
continued, 

Fronde's (J. A.) Thomas Carlyle : a 
History of his Life. i795-i835« 2 vols. 
1834- 1881. 2 vols. 71. each. 

Froude's (J. A.) The Two Chiefs of 
Diinboy : an Irish Romance of the Last 
Century, y. 6d, 

Gleir's (Rev. G. R.) Life of the Duke 
of Wellington. With Portrait, y. 6d. 

Hagg:ard's (H. R.) She: A History of 
Adventure. 32 Illustrations, y. 6d, 

HM'gard's (H. R) Allan Quatermain. 
with 20 Illustrations, y, (yd. 

Hafi^md'a (H. R) Colonel Quaritch, 
V.C : a Tale of Country Life. 3J. 6^/. 

Hagnu-d's (H. R) Cleopatra. With 29 
FuU-page Illustrations, y, (xi, 

Howitt's (W.) Visits to Remarkable 
Places. 80 Illustrations, y, 6d, 

JefTeries' (R.) The Story of My Heart : 

My Autobiography. With Portrait. 3^. 6d. 

JefTeries' (R.) Field and Hedgerow. Last 
Essays of. With Portrait, y. 6d, 

Macleod's (H. D.) The Elements of 
Banking, y. td. 

Marshman's (T. C.) Memoirs of Sir 
Henry Havelock. y, 6d. 

Merivale's (Dean) History of the 
Romans under the Empire. 8 vols. 
y. 6d. each. 

Miirs (J. S.) Principles of PoUtical 
Economy, y, 6d. 

Mill's (J. S.) System of Logic 3^. 6d, 

Newman's (Cardinal) Historical 
Sketches. 3 vols. 3^. 6d. each. 

Newman's (Cardinal) Apologia Pro 
Vita Sua. 3J. 6c/. 

Newman's (Cardinal) Callista: a Tale 
of the Third Century, y. td, 

Newman's (Cardinal) Loss and Gain: 

a Tale. y. td. 

Newman's (Cardinal) Essays, Critical 
and Historical. 2 vols. 7^. 

Newman's (Cardinal) An Essay on the 
Development of Christian Doctrine. 
y, 6d. 

Newman's (Cardinal) The Arians of 
the Fourth Century, y. 6d, 

Newman's (Cardinal) Verses on Various 
Occasions, y, 6d, 

Newman's (Cardinal) Parodual and 
Plaxa Sermonf. 8 vols, y, dd. eacYi. 



SILVER LIBRARY (The).— 

continued. 

Newman's (Cardinal) Selection^ adapted 
to the Seasons of the Ecclesiastical Year, 
from the ' Parochial and Plain Sermons '. 
y, 6d. 

Newman's (Cardinal) Sermons bearing 
upon Subjects of the Day. Edited 
by the Rev. W. J. Copeland, B.D., late 
Rector of Famham, Essex, y. 6r/, 

Newman's (Cardinal) Difficulties felt by 
Anglicans in Catholic Teachings Con- 
sidered. 2 vols. 3^. 6d, each. 

Newman's (Cardinal) The Idea of a 
University Defined and Illustrated. 
y. td. 

Newman's (Cardinal) Biblical and 
Ecclesiastical Miracles, y. 6d, 

Newman's (Cardinal) Discussions and 
Arguments on Various Subjects. 
3^. 6d. 

Newman's (Cardinal) Grammar of 
Assent 3^. 6d. 

Newman's (Cardinal) The Via Media 
of the Anglican Church, illustrated in 
Lectures, &c. 2 vols. y. 6d. each. 

Stanley's (Bishop) Familiar History of 
Birds. 160 Illustrations, y. 6d. 

Wood's (Rev. J. G.) Petland Revisited. 
With 33 Illustrations, y. 6d. 

Wood's (Rev. J. G.) Strange Dwellings : 
With 60 Illustrations, y. 6d. 

Wood's (Rev. J. G.) Out of Doors. 

II Illustrations, y. td. 

SMITH {Grego7^j).—Fr2i Angelico, 

and other Short Poems. By Gregory 
Smith. Crown 8vo. 45. 6d. 

SMITH {R Bo8tcorfh).—Carthsige 
and the Carthagenians. By 

R. BoswoRTH Smith, M.A. Maps, 
Plans, &c. Crown 8vo. 6s. 

Sophocles. Translated into English 
Verse. By Robert Whitelaw, M.A. 
Assistant-Master in Rugby School ; late 
Fellow of Trinity College, Cambridge. 
Crown 8vo. &s. 6a. 

STANLEY.— A Familiar History 
of Birds. By E. Stanley, D.D. 

With 160 Woodcuts. Crown 8vo. 35. 6rf. 
STEEL (J. H,).— lVORfCS BY. 

A Treatise on the Diseases of 
the Dog^; being a Manual of 

Canine Pathology. Es^cval^ •«^a5$<k^ 
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STEEL {J. H.y— WORKS BY.-^onl. 

A Treatise on the Diseases of 

the Ox ; being a Manual of 

lk)vine Pathol gy. Especially adapted for 
the use of Veterinary Practitioners and 
Students. 2 Plates and 117 Woodcuts. 
8vo. 151. 

A Treatise on the Diseases of 
the Sheep; being a Manual of 

Ovine Pathology. Especially adapted 
for the use of Veterinary Practitioners 
and Students. With Coloured Plate and 
99 WotKlcuts. 8vo. 12S. 

STEPHEJSr.'-Rssays in Ecclesi- 
astical Biography. By the 



Right Hon. 
8vo. 7*. 6d. 



Sir 



J- 



Stf.phen. Crown 



STEPHENS.— A History of the 
French Revolution. By H. 

Morse Stephens, Balliol College, 
Oxford. 3 vols. 8vo. Vol. I. and II. 185. 
each. [Ready, 

STEVENSON (Boht. Louu),-^WORICS 
BY. 

A Child's Garden of Verses. 

Small Fcp. Svo. 5s. 

The Dynamiter. Fcp. Svo. is. 

sewed ; 15. 6r/. clolh. 

Strange Case of Dr. Jekyll and 
Mr. Hyde. Fcp. 8vo. is. swd. : 

15. 6(/. cloth. 

STEVENSON ami OSBOUBNE.— 
The Wrong Box. By Robert 

Louis SrKVEN.s<:>N and Lloyd Os- 
noiJKNK. Crown Svo. 55. 

6T067v.— Deductive Logic By 

St. G>:()R(;k Siock. Fcp. 8vo. 35. td. 

' STONEHKNaR '.—The Dog in 
Health and Disease. By 

' >TONFHKNGE '. With 84 Wood En- 
j^ravin^s. Square Cnnvii Svo. 75. 6d. 

S TR NG, L O GEM A N, ami 
W/fEELKB. -Introduction to 
the Study of the History of 
Language. By Herbkrt A. 

Strom;, NLA., LL.D. ; Wii.i.em S. 
LocEMAN ; and Benjamin Ide 
Wheei.ek. Svo. ios. 6(f. 

STUTEIELD.— The Brethren of 

Mount Atlas: being the First Part 

of nil African Thcosophical SVory. By 

Hugh E. M. .Stltfirld, Y.R.Ci.S. 

Author of 'El Maghreb: T200 Mv\es 

Kide through Marocco'. Crown %vo. 



Supernatural Religion; an In- 
quiry into the Reality of Divine Reve- 
lation. 3 vols. Svo. 36J. 

Reply (A) to Dr. Lightfoot's 
Essays. By tlie Author of * Super- 
natural Religion \ Svo. 6*. 

SWINBURNE.— Picture Logic ; an 

Attempt to Popularise ihe Science of 
Reasoning. By A. J. Swinburne, B. A. 
Post Svo. $s. 

SYMES (James),— WORKS BY. 

Prelude to Modem History: 

being a Brief Sketch of the World's 
History from the Third to the Ninth 
Century. With 5 Maps. Crown Svo. 
2X. bd. 

A Companion to School His- 
tories of England ; being a 

Series of Short Essays on the most Im- 
portant Movements, Social, Literary, and 
Political, in English History. Crown 
Svo. 25. 6d. 

Political Economy : a Short Text- 
Book of Political Economy. With Prob- 
lems for Solution, and Hints for Sup- 
plementary Reading. Crown Svo. 2s. 6d. 

TA YLOR.—A Student's Manual of 
the History of India, from the 

Earliest Period to tjie Present Time. By 
Colonel Meadows Taylor, C.S.l., &c. 
Crown Svo. 75. 6(/. 

THOMPSON (D, Greenl&(f).-- WORKS 
BY. 

The Problem of Evil : an Intro- 
duction to the Practical Sciences. Svo. 
lOi. 6r/. 

A System* of Psychology. 2 vols. 

8vo. 36s. 

The Religious Sentiments of 
the Human Mind. 8vo. -js. 6d. 

Social Progress: an Essay. Svo. 

7s. 6^. 

The Philosophy of Fiction in 

Literature : an Essay. Cr. 8vo. 6s. 
Three in Norway. By Two of 

Thkm. With a Map and 59 Illustrations. 
Cr. 8vo. 25. boards ; 2s. 6<f. cloth. 

TIREBUCK.-Dorrie: a Novel. By 



NVia.T^'ax'iV' ^.t- 



^ACiVJTv'^X^., ^S, 
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TOYNBEE.—l^ecturts on the In- 
dustrial Revolution of the 
i8th Century in England. 

By the late Arnold Toynbee, Tutor 
of Balliol College, Oxford. Together 
with a Short Memoir by B. JoWETT, 
Master of Balliol College, Oxford. 
8vo. lOJ. 6d, 

TREVELYAN (Sir G, 0., Bart.).— 
WOR/CS BY. 

The Life and Letters of Lord 
Macaulay. 

Popular Edition, Crown 8vo. 25. Qd. 
Student's Edition, Crown 8vo. 6s. 
Cabinet Edition, 2 vols*. Cr. Svo. I2s. 
Library Edition, 2 vols. Svo. 365. 

The Early History of Charles 

James rox. Library Edition, 

8vo. i8i. Cabinet Edition, Cr. 8vo. 6j. 
TROLLOPE{Anthony).— Novels BY. 
The Warden. Crown Svo. is. 

boards; is. 6<f. cloth. 

Barchester Towers. Crown Svo. 

IS. boards ; is. bd. cloth. 

VILLE.— The Perplexed Farmer: 

How is he to meet Alien Competition ? 
By George Vili.e. Translated from the 
French by WiLMAM Crookes, F.R.S., 
V.P.C.S., &c. Crown Svo. 51. 

F/i?6;/L.— Publi Vergili Maronis 
Bucolica, Georgica, iEneis; 

The Works of ViRGiL, Latin Text, with 
English Commentary and Index. By 
B. H. Kennedy, D.D. Cr. 8vo. los. bd. 

The iEneid of Virgil. Translated 

into English Verse. By JOHN CoNiNG- 
TON, M.A. Crown 8vb. 6s. 

The Poems of Virgil. Translated 

into English Prose. By John Coning- 
TON, M.A. Crown 8vo. 6s. 

The Eclogues and Georgics of 

Virgil. Translated from the 

Latin by J. W. Mackail, M.A., Fellow 
of Balliol College, Oxford. Printed on 
Dutch Hand-made Paper. Royal i6mo. 

WAKEMAN and HASSALL.— 

Essajrs Introductory to the 
Study of English Constitu- 
tional History. By Resident 

Members of the University of Oxford. 
Edited by HENRY Offley Wakeman, 
M.A., and Arthur Hassall, M.A. 
Crown Svo, 6s» 



WALFOED. — The Mischief of 
Monica: a Novel. By L. B. 

Walford. Author of * Mr. Smith,' &c., 
&c. 3 vols. Crown Svo. 2$s. 6d, 

WALKER.— The Correct Card ; or 

How to Play at Whist ; a Whist Cate- 
chism. By Major A. Campbell- 
Walker, F.R.G.S. Fcp. Svo. 25. 6d. 

WALPOLE.—HistOTY of England 
from the Conclusion of the 
Great War in 1815 to 1858. 

By Spencer Walpole. Library Edition. 

5 vols. Svo. £^ I OS. Cabinet Edition. 

6 vols. Crown Svo. 65. each. 

WELLiNGTON.—Ufe of the Duke 
of Wellington. By the Rev. G. 

R. Gleig, M.A. Crown Svo. 3*. 6d. 

WELLS. — Recent Economic 
Changes and their Effect on the 

Production and Distribution of Wealth 
and the Well-being of Society. By 
David A. Wells. Crown Svo. ioj. 6tf. 

WENDT.—Psipers on Maritime 

Legislation, with a Translation 

of the German Mercantile Laws relating 
to Maritime Commerce. By Ernest 
Emil Wendt. Royal Svo. £1 iis.6d, 

WEYMAN.— The House of the 

Wolf : a Romance. By Stanley 

J. Weyman. Crown Svo. 65. 

WHATELY {E. Jafiey—WORASBY. 
English Synonyms. Edited by 

R. Whately, D.D. Fcp. Svo. 3s. 

Life and Correspondence of 
Richard Whately, D.D., late 

Archbishop of Dublin. With Portrait. 
Crown Svo. los. 6d. 

WHATELY (Archbishop). — WORATS 
BY. 
Elements of Logic. Crown Svo. 

45. 6d. 

Elements of Rhetoric. Crown 

Svo. 45. 6d. 

Lessons on Reasoning. Fcp. 

Svo. n. 6d. 

Bacon's Essajrs, with Annotations. 

Svo. los. 6d. 

Whist in Diagrams : a Supplement 

to American Whist, Illustrated ; being a 
Series of Hands played through, Illus- 
trating the American leads> tUe. ^ca:«* -s^"*^-* 
the for»& c>l Tvc«saR. , -mx^ ^^^cs^-^JmiA. kssqjsjr. 
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A CATALOGUE OF BOOKS IN GENERAL UTERATURE. 



WILCOCKS.—T)MtStaL Fisherman, 

Comprising the Chief Methods of Hook 
and Line Fishing in the British and other 
Seas, and Remarks on Nets, Boats, and 
BoatinfT. By J. C. Wilcocks. Pro- 
fusely Illustrated. Crown 8vo. 6x. 

R^/LL/C'F.— Popular Tables for 

giving Information for ascertaining the 
value of Lifehold, Leasehold, and Church 
Property, the Public Funds, &c. By 
Charles M. Willich. Edited by 
H. Bence Jones. Crown 8vo. los. td. 

WILLOUGHBY.—Rast Africa and 
its Big Game. By Capt. Sir 

John C. Willoughbv, Bart. Illus- 
trated by G. D. Giles and Mrs. Gordon 
Hake. Royal 8vo. 2is, 

WITT {Pro/.y—WORhS BY, Trans- 
lated by Frances Younghusband. 

The Trojan War. Crown 8vo. 2s. 
Myths of Hellas ; or, Greek Tales. 

Crown 8vo. 31. 6</. 

The Wanderings of Ulysses. 

Crown Svo. 3s. td. 

The Retreat of the Ten Thou- 
sand ; being the story of Xeno- 

plion's * Anabasis '. With Illustrations. 
Crown Svo. 35. 'Sd. 

WOLFF (li^nnj W,). — WORK'S BY. 

Rambles in the Black Forest. 

Crown bvo. 7s. 6(/. 

The Watering Places of the 

Vosges. Crown Svo. 4^. 6d. 

The Country of the Vosges. 

With a Map. Svo. I2s. 

WOOD {Rrr. J. G.).— Works by. 

Homes Without Hands ; a De- 
scription of the Habitations of Animals, 
classed according to the Principle of Con- 
struction. With 140 Illustrations. Svo. 
1 05. 6tf. 

Insects at Home; a Popular 

Account of British Insects, their Struc- 
ture, Habits, and Transformations. With 
700 Illustrations. Svo. I05. 6d. 

Insects Abroad; a Popular Account 

of Foreign Insects, their Structure, 
Ha}>its. and Transformalious. >N'\\\v 
600 liiiistrations. Svo. los. ^tl. 
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WOOD (Rev. J. G.).— WOR/CS BK.— 
continued. 

Bible Animals; a Description of 

every Living Creature mentioned in the 
Scriptures. With 112 Illustrations. Svo. 
los. 6d, 

Strange Dwellings ; a Description 

of the Habitations of Animals, abridged 
from ' Homes without Hands '. With 
60 Illustrations. Crown Svo. 35. 6d. 

Out of Doors; a Selection of 

Original Articles on Practical Natural 
History. With II Illustrations. Crown 
Svo. 31. 6d, 

Petland Revisited. With 33 

Illustrations. Crown Svo. 35. bd. 

WORDSWORTH.— Annals of My 
Early Life, 1806-46. By 

Charles Wordsworth, D.C.L., 
Bishop of St. Andrews. Svo. 15J. 

WYLIE.-^History of England 
under Henry IV. By James 

Hamilton Wvlie. 2 vols. Vol. I., 
1399-1404. Crown Svo. los. 6d. Vol. IT. 

[In the Press. 

YOUATT { William),— WORK'S BY, 
The Horse. Revised and enlarged. 

8vo. Woodcuts, 75. 6d. 

The Dog. Revised and enlarged. 

8vo. Woodcuts, 65. 

ZELLRR {Dr. E.).— WORK^S BY. 

History of Eclecticism in Greek 

Philosophy. Translated by 
Sarah F. Allkyne. Cr. 8vo. 105. dJ. 

The Stoics, Epicureans, and 

Sceptics. Translated by the Rev. 

O. J. Rkichel, M.A. Crown Svo. 155. 

Socrates and the Socratic 

Schools. Translated by the Rev. 

O. J. Reiciiel, M.A. Cr. 8vo. los. 6d. 

Plato and the Older Academy. 

Translated by Sarah F. Allev.nf and 
Alfred (jOODWIn, B.A. Crown Svo. 
185. 

The Pre-Socratic Schools: a 

History of Greek Philosophy from the 
Earliest Period to the time of Socrates. 
Translated by Sarah F. Allevne. 2 
vols. Crown Svo. 30s. 

Outlines of the History of Greek 
Philosophy. Translated by 
S.VKAH F. Alleyne and Evf.ly.n 
\v.v.ovt. vixci>»{^'iN^, LOS. 6d. 
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